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This volume is dedicated to Charles P. Boyer
on the occasion of his 65th birthday



Preface

The articles in this volume originate either from lectures presented at the conference
Riemannian Topology and Geometric Structures on Manifolds or from discussions
directly surrounding the topics pertaining to this event. Held in Albuquerque from
October 10 to October 14, 2006, the conference had three objectives: to provide a
forum for the analysis of recent advances in the areas of positive sectional curvature,
Kählerian and Sasakian geometry, and their interrelation to mathematical physics; to
create a platform for the discussion of the growth that these fundamental ideas have
experienced in recent past; and to examine the open problems of interest in these
fields. The conference was used also as an occasion to celebrate Charles P. Boyer’s
65th birthday in recognition of his academic achievements while on the faculty at
the University of New Mexico.

The objectives of the conference are all reflected in this volume. The interrelation
of the subjects is such that ordering the articles alphabetically by authors is a good
as any way of presenting them all. With due deference to all outside contributors,
this is exactly what I have chosen to do, simply leaving for last the one contribution
to these proceedings written by the hosts. Be as it may, I hope that you all enjoy the
ubiquitousness of the subjects and ideas in all of these articles.

I acknowledge the financial support of the National Science Foundation, the
Efroymson Foundation, and that of an anonymous donor for the realization of the
Riemannian Topology Conference and the preparation of these proceedings. At a
time where support for mathematical sciences is dwindling, it would have been very
hard to accomplish this much without their backing. In an area of the country where
support for mathematics is next to nonexistent, it would have been impossible to do
so without it.

I thank all the referees for their careful job in reviewing the contributions to this
volume and, where appropriate, for their thoughtful suggestions for improvements
of the contributions that they reviewed.

And I thank all the contributors to these proceedings. With submissions that they
all could have sent for publication to excellent mathematics journals, they made
possible the volume that I present here.
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To the extent that I could properly say this volume was made in Albuquerque, I
hope that its universal quality can be thought of as a testimony that mathematics can
flourish anywhere, transcending any barrier that there may be. Mathematics is for
and at the service of everyone.

January 2008 Santiago R. Simanca

Last July 8 was a sad day for us. For on that day Krzysztof Galicki, the coeditor of
these proceedings, suffered an accident while hiking in the Swiss Alps. He remained
in a coma until his death in Albuquerque on September 24. Kris’ fatal accident
caused a deep feeling of loss among all of us. I present this volume in his memory.
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Charles P. Boyer — An Autobiographical Sketch

Charles P. Boyer was born April 27, 1942, in Norristown, Pennsylvania. After work-
ing as an electronic technician for General Electric in the early 1960s, he graduated
from Penn State University in 1966, and then enrolled in the graduate program in
physics at Penn State where he completed his Ph.D in 1972. His dissertation used
the representation theory of noncompact Lie groups in models of elementary parti-
cles. Charles’ early work stressed the mathematics more than the physics by using
the representation theory of Lie groups to study properties of the solutions to partial
differential equations of mathematical physics much of which was done in collabo-
ration with E. Kalnins and W. Miller Jr.

After postdoctoral positions at the then Centro de Investigaciones en Matemáticas
Aplicadas y en Sistemas (CIMAS) of the Universidad Nacional Autónoma de
México (UNAM) and Le Centre de Recherches Mathematiques of the University
of Montreal, he emigrated permanently to Mexico where he became a researcher
at UNAM. While in Mexico, Charles’ interests changed to the area of differential
geometry and topology, where he collaborated with Polish general relativist Jerzy
Plebanski and Mexican topologist Samuel Gitler.

Charles spent a one-year sabbatical in the Mathematics Department of Harvard
University. After the large devaluation of the Mexican peso in 1982, he returned to
the United States taking a position at the then Clarkson College of Technology in
upstate New York. He accepted a position at the University of New Mexico in 1988
where he is currently employed.

Charles is best known for the proof of the Atiyah–Jones conjecture with Jacques
Hurtubise, Ben Mann, and Jim Milgram, as well as his work with Kris Galicki and
others on Sasakian geometry. In particular, together with János Kollár, Boyer and
Galicki used Sasakian geometry to show the existence of an abundance of Einstein
metrics on odd-dimensional spheres including exotic spheres.

Charles is married to University of New Mexico Law Professor Margaret
Montoya. They have two daughters, Diana and Alejandra, and Charles has a son,
Chuck, who currently resides in Hawaii, where he is a professor of Spanish.

Charles is a lover of Mexican culture with many friends in Mexico. He retains
strong ties to Mexico with frequent visits of both a professional and personal nature.

Charles P. Boyer’s List of Publications

1. The Matrix Elements of the Most Degenerate Representations of SO0(p,1). J. Mathematical
Phys. 12 (1971), 8, pp. 1599–1603.

2. On the Decomposition SO0(p − 1,1) ⊂ SO0(p,1) for Most Degenerate Representations.
J. Mathematical Phys. 12 (1971), 10, pp. 2070–2075, with Farhad Ardalan.

3. On the Supplementary Series of SO0(p,1). J. Mathematical Phys. 14 (1973), 5, pp. 609–617.
4. Quantum Field Theory on a Seven Dimensional Homogeneous Space of the Poincaré Group.

J. Mathematical Phys. 15 (1974), 7, pp. 1002–1024, with G.N. Fleming.
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5. Deformations of Inhomogeneous Classical Lie Algebras to the Algebras of the Linear
Groups. J. Mathematical Phys. 14 (1973), 12, pp. 1853–1859, with K.B. Wolf.

6. sl(4,R) as a Spectrum-Generating Algebra for the Coulomb Systems. Lettre a Nuovo
Cimento, 8 (1973), 7, pp. 458–460, with K.B. Wolf.

7. Deformations of Lie Algebras and Groups and Their Applications. Rev. Mexicana Fı́s. 23
(1974), pp. 99–122.

8. The Group Chain SO0(n,1) ⊃ SO0(1,1)×SO(n−1): A Complete Solution to the ‘Missing
Label’ Problem. J. Mathematical Phys. 15 (1974), 5, pp. 560–564, with K.B. Wolf.

9. The Algebra and Group Deformations Im[SO(n)×SO(m)]⊃ SO(n,m), Im[U(n)×U(m)] ⊃
U(n,m) and Im[Sp(n)×Sp(m)]⊃ Sp(n,m) for 1 ≤ m < n. J. Mathematical Phys. 15 (1974),
12, pp. 2096–2101, with K.B. Wolf.

10. The Maximal ‘Kinematical’ Invariance Group for an Arbitrary Potential. Helv. Phys. Acta,
47 (1974), pp. 589–605.

11. A Classification of Second Order Raising Operators for Hamiltonians in Two Variables.
J. Mathematical Phys. 15 (1974), 9, pp. 1484–1489, with W. Miller, Jr.

12. Lie Theory and Separation of Variables. VI. The Equation iUt +�2U = 0. J. Mathematical
Phys. 16 (1975), 3, pp. 499–511, with E.G. Kalnins and W. Miller, Jr.

13. Lie Theory and Separation of Variables. VII. The Harmonic Oscillator in Elliptic Coordi-
nates and Ince Polynomials. J. Mathematical Phys. 16 (1975), 3, pp. 512–517, with E.G.
Kalnins and W. Miller, Jr.

14. Canonical Transforms. III. Configuration and Phase Descriptions of Quantum Systems Pos-
sessing an sl(2,R) Dynamical Algebra. J. Mathematical Phys. 16 (1975), 7, pp. 1493–1502,
with K.B. Wolf.

15. The 2:1 Anisotropic Oscillator, Separation of Variables, and Symmetry Group in Bargmann
Space. J. Mathematical Phys. 16 (1975), 11, pp. 2215–2223, with K.B. Wolf.

16. Conformal Symmetry of the Hamiltonian-Jacobi Equation and Quantization. Nuovo
Cimento B, 31 (1976), 2, pp. 195–210, with M. Penafiel.

17. Lie Theory and Separation of Variables for the Equation iUt +�2U −
(

α
x2

1
+ β

x2
2

)
U = 0.

SIAM J. Math. Anal. 7 (1976), 2, pp. 230–263.
18. Symmetry and Separation of Variables for the Helmholtz and Laplace Equations. Nagoya

Math. J. 60 (1976), pp. 35–80, with E.G. Kalnins and W. Miller, Jr.
19. Symmetries of Differential Equations in Mathematical Physics. Group Theoretical Methods

in Physics (Fourth Internat. Colloq., Nijmegen, 1975), pp. 425–434. Lecture Notes in Phys.,
Vol. 50, Springer, Berlin, 1976.

20. Symmetries and Exterior Differential Forms. Memorias del Simposio Internacional de
Fı́sica-Matemática, Mexico City.

21. Finite SL(2,R) Representation Matrices of the D+
k Series for all Subgroup Reductions. Rev.

Mexicana Fı́s. 25 (1976), pp. 31–45, with K.B. Wolf.
22. Symmetry Breaking Interactions for the Time Dependent Schrödinger Equation. J. Mathe-

matical Phys. 17 (1976), 8, pp. 1439–1461, with R.T. Sharp and P. Winternitz.
23. Some Comments on Symplectic Structures in Complex Riemannian Geometry. Group The-

oretical Methods in Physics (Proc. Fifth Internat. Colloq., Univ. Montréal, Montreal, Que.,
1976), pp. 261–265. Academic Press, New York, 1977.

24. Heavens and their Integral Manifolds. J. Mathematical Phys. 18 (1877), 5, pp. 1022–1031,
with J.F. Plebanski.

25. Symmetries of the Hamiltonian-Jacobi Equation. J. Mathematical Phys. 18 (1977), 5,
pp. 1032–1045, with E.G. Kalnins.

26. Symmetry and Separation of Variables for the Hamilton-Jacobi Equation W 2
t −W 2

x −W 2
y =0.

J. Mathematical Phys. 19 (1978), 1, pp. 200–211, with E.G. Kalnins and W. Miller, Jr.
27. A Relationship between Lie Theory and Continued Fraction Expansions for Special Func-

tions. Padé and rational approximation (Proc. Internat. Sympos., Univ. South Florida,
Tampa, Fla., 1976), pp. 147–155. Academic Press, New York, 1977, with W. Miller, Jr.
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28. General Relativity and G-structures. I. General Theory and Algebraically Degenerate
Spaces. Rep. Math. Phys. 14 (1978), 1, 111–145, with J.F. Plebanski.

29. R-Separable Coordinates for Three-Dimensional Complex Riemannian Spaces. Trans. Am.
Math. Soc. 242 (1978), pp. 355–376, with E.G. Kalnins and W. Miller, Jr.

30. Separable Coordinates for Four-Dimensional Riemannian Spaces. Comm. Math. Phys. 59
(1978), 3, pp. 285–302, with E.G. Kalnins and W. Miller, Jr.

31. Formal Algebraic Models of Graded Differential Geometry. J. Pure Appl. Algebra, 18
(1980), pp. 1–16.

32. Complex General Relativity, H and HH spaces — A Survey of One Approach. General rel-
ativity and gravitation, Vol. 2, pp. 241–281, Plenum, New York-London, 1980, with J.D.
Finley, III and J.F. Plebanski.

33. Graded G-Structures. Group Theoretical Methods in Physics (W. Beiglbock, A. Bohn and
E. Takasugi, Eds.) Springer, New York, 1979.

34. Separation of Variables in Einstein Spaces, Proceedings of the Second Marcel Grossmann
Meeting on General Relativity, North-Holland, Amsterdam, 1982.

35. Separation of Variables in Einstein Spaces. I. Two Ignorable and One Null Coordinates.
J. Phys. A 14 (1981), 7, pp. 1675–1684, with E.G. Kalnins and W. Miller, Jr.

36. Separation of Variables in Einstein Spaces. II. No Ignorable Coordinates. Gen. Relativity
Gravitation 12 (1980), 9, pp. 733–741.

37. Gravitational Instantons. Proceedings of the UNAM Workshop on Gauge Theories (Univ.
Nac. Autónoma México, Mexico City, 1979). Hadronic J. 4 (1980/81), 1, pp. 2–18.

38. The Theory of G∞-Supermanifolds. Group Theoretical Methods in Physics (K.B. Wolf Ed.)
Springer, New York (1980), with S. Gitler.

39. Killing Vectors in Self-dual Euclidean Einstein Spaces. J. Mathematical Phys. 23 (1982), 6,
pp. 1126–1130, with J.D. Finley, III.

40. On the Structure of Supermanifolds. Contemporary Mathematics, Vol. 12, pp. 53–59 (1982).
41. Completely Integrable Relativistic Hamiltonian Systems and Separation of Variables in Her-

mitian Hyperbolic Spaces. J. Mathematical Phys. 24 (1983), 8, pp. 2022–2034, with E.G.
Kalnins and P. Winternitz.

42. The Theory of G∞-Supermanifolds. Trans. Am. Math. Soc. 285 (1984), 1, pp. 241–267, with
S. Gitler.

43. Separation of Variables for the Hamilton-Jacobi Equation on Complex Projective Spaces.
SIAM J. Math. Anal. 16 (1985), 1, pp. 93–109, with E.G. Kalnins and P. Winternitz.

44. An Infinite Hierarchy of Conservation Laws and Nonlinear Superposition Principles for
Self-dual Einstein Spaces. J. Math. Phys. 26 (1985), 2, pp. 229–234, with J.F. Plebanski.

45. The Geometry of Complex Self-dual Einstein Spaces. Nonlinear phenomena (Oaxtepec,
1982), pp. 25–46, Lecture Notes in Phys., 189, Springer, Berlin, 1983.

46. Stäckel-equivalent Integrable Hamiltonian Systems. SIAM J. Math. Anal. 17 (1986), 4,
pp. 778–797, with E.G. Kalnins and W. Miller.

47. Conformally Self-dual Spaces and Maxwell’s Equations. Phys. Lett. A 106 (1984), 3,
pp. 125–129, with J.F. Plebanski.

48. Response to Query “On the Solvability of the Nonlinear P.D.E. θxxθyy−θ 2
xy +θxp +θyq = 0.”

Notices Am. Math. Soc. 35, 380 (1985).
49. Conformal Duality and Compact Complex Surfaces. Math. Ann. 274 (1986), pp. 517–526.
50. The Curved Twistor Construction for the Self-dual Einstein Equations — An Integrable

System. Systèmes dynamiques non linéaires: intégrabilité et comportement qualitatif,
pp. 23–39, Sém. Math. Sup., 102, Presses Univ. Montréal, Montreal, QC, 1986.

51. A Note on Hyper-Hermitian Four-Manifolds. Proc. Am. Math. Soc. 102 (1988), pp. 157–
164.

52. Self-Dual and Anti-Self-Dual Hermitian Metrics on Compact Complex Surfaces. Mathemat-
ics and general relativity (Santa Cruz, CA, 1986), pp. 105–114, Contemp. Math., 71, Am.
Math. Soc., Providence, RI, 1988.

53. Homology Operations on Instantons. J. Differential Geom. 28 (1988), 3, pp. 423–465, with
B. Mann.
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L2-Cohomology of Spaces with Nonisolated
Conical Singularities and Nonmultiplicativity
of the Signature

Jeff Cheeger and Xianzhe Dai

Abstract We study from a mostly topological standpoint the L2-signature of certain
spaces with nonisolated conical singularities. The contribution from the singulari-
ties is identified with a topological invariant of the link fibration of the singularities.
This invariant measures the failure of the signature to behave multiplicatively for
fibrations for which the boundary of the fiber is nonempty. The result extends eas-
ily to cusp singularities and can be used to compute the L2-cohomology of certain
noncompact hyperkähler manifolds that admit geometrically fibered end structures.

1 Introduction

In this paper, we study the L2-cohomology and L2-signature for certain spaces with
nonisolated conical singularities. We call these generalized Thom spaces. Appropri-
ately formulated, our results extend easily to cusp singularities as well. Our main
theorem identifies the contribution to the L2-signature from a singular stratum with
a topological invariant of the link fibration of the stratum. As an immediate applica-
tion, we get a proof of the adiabatic limit formula of [13], in the case of odd dimen-
sional fiber, without resorting to the quite nontrivial analytical results of [24]. This
was actually one of original motivations. A second motivation was to study certain
spaces with singularities that can be viewed as generalizations of Thom spaces.1

The L2-cohomology of spaces with conical singularities has been studied ex-
tensively in [9, 10]; see also [9, 12] for the relation with intersection cohomology,
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and [12,26] for the Cheeger–Goresky–MacPherson conjecture. For case of the cusp
singularities, see [31, 32], and for Zucker’s conjecture, see [22, 28]. For hyperbolic
manifolds, see [23, 25].

The singular spaces that we consider can be described as follows. Recall that a
compact Riemannian manifold M with finite isolated conical singularities is mod-
eled on the finite cone. That is, M is a compact topological space such that there
are finite many points p1, · · · , pk, so that M \ {p1, · · · , pk} is a smooth Riemannian
manifold, and a neighborhood of each singular point pi is isomorphic to a finite
metric cone, C[0,a](Zi), on a closed Riemannian manifold Zi. In addition to isolated
conical singularities, we also allow finitely many closed singular strata of positive
dimension, whose normal fibers are of metric conical type. A prominent feature of
these spaces is that the link fibration of a singular stratum need not be trivial. The
discussion in this generality is necessary because we wish to identify the contri-
bution to the L2-signature from the singular strata in terms of global topological
invariants of the link fibration.

A neighborhood of a singular stratum of positive dimension can be described as
follows. Let

Zn → Mm π→ Bl (1.1)

denote a fibration of closed oriented smooth manifolds. Denote by CπM the mapping
cylinder of π . This is obtained by attaching a cone to each of the fibers. Indeed,
we have

C[0,a](Z) →CπM → B . (1.2)

The space CπM also comes with a natural quasi-isometry class of metrics. A
metric can be obtained by choosing a submersion metric on M:

gM = π∗gB +gZ .

Then, on the nonsingular part of CπM, we take the metric,

g1 = dr2 +π∗gB + r2gZ , (1.3)

and complete it.
The general class of spaces with nonisolated conical singularities as above can

be described as follows. A space X in the class will be of the form

X = X0 ∪X1 ∪·· ·∪Xk, (1.4)

where X0 is a compact smooth manifold with boundary, and each Xi (for i = 1, . . . ,k)
is the associated mapping cylinder, Cπi Mi, for some fibration, (Mi,πi), as above. We
require that the restriction of the metric to Xi is quasi-isometric to one of the form
(1.3). Spaces with more complicated singularities can be obtained by iterating this
construction, namely, by allowing the base and fiber of the fibration, (1.1), to be
closed manifolds with nonisolated conical singularities.
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Consider again the space, CπM, in (1.2). By coning off the boundary, ∂M, we
obtain what we call a generalized Thom space T . Thus, T = CπM ∪M C(M) is a
stratified space with two singular strata, namely, B and a single point.

The metric on T is constructed as follows. Equip C(M) with the conical metric

g2 = dr2 + r2gM .

Perturb g1, g2 near r = 1 so that they can be glued together so as to obtain a smooth
metric, g, on T . We will call (T,g) a generalized Thom space; see the example
below. Clearly, a different choice of gM will give rise to a metric quasi-isometric
to g.

Example 1. Let ξ π→ B be a vector bundle of rank k. Then we have the associated
sphere bundle:

Sk−1 → S(ξ ) π→ B.

The generalized Thom space constructed out of this fibration coincides with the
usual Thom space equipped with a natural metric.

We now introduce the topological invariant that gives the contribution to the
L2-signature for each singular strata. In [13], in studying adiabatic limits of eta in-
variants, the second author introduced a global topological invariant associated with
a fibration. (For adiabatic limits of eta invariants, see also [5,6,11,30].) Let (Er,dr)
be the Er-term with differential, dr, of the Leray spectral sequence of (1.1). Define
a pairing

Er ⊗Er → R
φ ⊗ψ 	→ 〈φ ·drψ,ξr〉

,

where ξr is a basis for Em
r naturally constructed from the orientation. In case m =

4k−1, when restricted to E
m−1

2
r , this pairing becomes symmetric. We define τr to be

the signature of this symmetric pairing and put

τ = ∑
r≥2

τr .

It is shown in [13] that, unlike the case of fibrations whose fibers are closed
manifolds, when the fibers have nonempty boundary, the signature does not always
behave multiplicatively, even in a generalized sense; compare [1, 27]. The failure
of such multiplicative behavior is intrinsically measured by the τ invariant of the
associated boundary fibration; see [13].

Bismut and Cheeger studied related questions by introducing spaces with conical
singularities as a technical tool; see [3, 4] . They showed that if one closes up the
fibration of manifolds with boundary by attaching cones to the boundary of each
fiber, then for the corresponding fibration of manifolds with singularities, then the
L2-signature does in fact behave multiplicatively. One reason for studying general-
ized Thom spaces is to understand the difference between the approaches of [13]
and [3, 4].
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In this chapter, we restrict attention to the case in which the fiber Z of (1.1) is
either odd dimensional or its middle dimensional L2-cohomology vanishes. Further-
more, we make the same assumptions for the links of the isolated conical singular
points of the base and the fiber. (The general case requires the introduction of an
“ideal boundary condition” as in [10, 11].) The result of [9] shows that H∗

(2)(T ), the
L2-cohomology of T, is finite dimensional and the Strong Hodge theorem holds.
In fact, H∗

(2)(T ) agrees with the middle intersection cohomology of Goresky and
MacPherson [14,15]. Consequently, the L2-signature of T is a topological invariant.
Here, in defining the signature, we take the natural orientation on CπM and glue
to C(M) with the reverse of its natural orientation, in order to obtain the orienta-
tion on T .

Theorem 1.1. The L2-signature of the generalized Thom space T is equal to −τ:

sign(2)(T ) = −τ.

Let τ(Xi) denote the τ invariant for the fibration associated with Xi. Theorem 1.1
combined with Novikov additivity of the signature yields the following. (Note the
reversing of the orientation.)

Corollary 1.2. For the space X of the form (1.4), the L2-signature is given by

sign(2)(X) = sign(X0)+
k

∑
i=1

τ(Xi) .

Example 2. Consider again the sphere bundle of a vector bundle,

Sk−1 → S(ξ ) π→ B .

Let Φ denote the Thom class and χ the Euler class. Then the Thom isomorphism
gives

H∗(D(ξ ),S(ξ )) ⊗ H∗(D(ξ ),S(ξ )) → R

↑ π∗(·)∪Φ ↑ π∗(·)∪Φ

H∗(B) ⊗ H∗(B) → R

φ ψ → [φ ∪ψ ∪χ][B] .

Thus, sign(D(ξ )) = −sign(2)(T ) is the signature of this bilinear form on H∗(B).
Since in this case, the spectral sequence degenerates at E2, and d2ψ = ψ ∪ χ , it
follows that the invariant, sign(D(ξ )), agrees with τ . According to Theorem 1.1,
the same result is still true even if the sphere bundle does not arise from a vector
bundle.

In spirit, our proof of Theorem 1.1 follows Example 2. Thus, we first establish an
analog of Thom’s isomorphism theorem in the context of generalized Thom spaces.
In part, this consists of identifying the L2-cohomology of (T,g) in terms of the
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spectral sequence of the original fibration. The Mayer–Vietoris argument as in [9]
shows that

Hi
(2)(T ) =

⎧
⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

Hi
(2)(CπM,M), i > m+1

2

Im(Hi
(2)(CπM,M) → Hi

(2)(CπM)), i = m+1
2

Hi
(2)(CπM), i < m+1

2

.

(Recall that m = dimM is the dimension of the total space of the fibration and n =
dimZ is the dimension of the fiber.)

Let Er(M) = ⊕E p,q
r (M), dp,q

r : E p,q
r (M) → E p+r,q−r+1

r (M), denote the Leray
spectral sequence of the fibration (1.1). (For some of the notation in the following
theorem, we refer to Section 4.)

Theorem 1.3. The following are isomorphisms.

Hk(Cπ(M),M) ∼=⊕p+q=k,q≥(n+3)/2 [Im(dp,q−1
q−(n−1)/2)

∗⊕

⊕ Im(dp,q−1
q−(n−1)/2+1)

∗)⊕·· ·⊕E p,q−1
∞ (M)] ,

and
Hk(Cπ(M)) ∼=⊕p+q=k,q≤(n−1)/2 [Imdk−(n+3)/2,(n+1)/2

(n+3)/2−q ⊕

⊕ Imdk−(n+5)/2,(n+3)/2
(n+5)/2−q ⊕·· ·⊕E p,q

∞ (M)] .

Moreover, in terms of these identifications, the map,

Hk(Cπ(M),M) → Hk(Cπ(M)) ,

is given by ⊕dr.

Remark. It can be shown that Theorem 1.1, Corollary 1.2, and Theorem 1.3 have
extensions to the case of iterated conical singularities.

From the standpoint of index theory, the L2-signature is of particular interest. For
the case of fibrations with smooth fibers, it was considered in [4].

Let Z and B of (1.1) be closed smooth manifolds. Let AM denote the signature op-
erator on M with respect to the metric gM . In addition, let AM,ε denote the signature
operator on M with respect to the metric gM,ε , where

gM,ε = ε−1π∗gB +gZ .

Define the η̃-form as in [3,5]. Let the modified, L-form, L, be defined as in [4]. Let
RB denote the curvature of B. According to [4] the following holds.

Theorem 1.4 (Bismut–Cheeger). If the fiber of (1.1) is odd dimensional, then

sign(2)(T ) = − lim
ε→0

η(AM,ε)+
∫

B
L
(

RB

2π

)
∧ η̃ .
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Remark. Since the smooth part of T is diffeomorphic to (0,1)×M, its contribution
to the index formula vanishes. In the above formula, the first term arises from the
isolated conical point, and the second term arises from the singular stratum B.

Combining Theorem 1.4 with our result on the L2-signature, Theorem 1.1, we
recover the following adiabatic limit formula of [13]; see also [5, 6, 10, 30].

Corollary 1.5. With the same assumptions as in Theorem 1.4,

lim
ε→0

η(AM,ε) =
∫

B
L
(

RB

2π

)
∧ η̃ + τ.

Note that if (1.1) actually bounds a fibration of manifolds with boundary, then the
above adiabatic limit formula is a consequence of the signature theorem of Atiyah–
Patodi–Singer [2] and the Families Index Theorem for manifolds with boundary of
Bismut–Cheeger [3].2 On the other hand, it seems difficult to decide whether every
fibration (with odd dimensional fibers) actually bounds and it is generally believed
that this is not the case. The method of attaching cones enables one to avoid this
issue.

In the case in which (1.1) consists of closed smooth manifolds, in place of a cone,
one can attach a cusp to each fiber. The metric at infinity of a locally symmetric
space of rank one is of this type. Essentially because the Poincaré lemma for metric
cusps gives the same calculation as for metric cones, similar results hold in this case.

The study of the L2-cohomology of the type of spaces with conical singularities
discussed here turns out to be related to work on the L2-cohomology of noncom-
pact hyperkähler manifolds that is motivated by Sen’s conjecture; see, e.g, [16, 17].
Hyperkähler manifolds often arise as moduli spaces of (gravitational) instantons and
monopoles, and so-called S-duality predicts the dimension of the L2-cohomology of
these moduli spaces (Sen’s conjecture). Many of these spaces can be compactified
to given a space with nonisolated conical singularities. In such cases, our results can
be applied. We would also like to refer the reader to the work of Hausel–Hunsicker–
Mazzeo [16], which studies the L2-cohomology and L2-harmonic forms of non-
compact spaces with fibered geometric ends and their relation to the intersection
cohomology of the compactification. Various applications related to Sen’s conjec-
ture are also considered there.

In the general case, i.e., with no dimension restriction on the fiber, the
L2-signature for generalized Thom spaces is discussed in [19]. In particular,
Theorem 1.1 is proved for the general case in [19]. However, one of ingredi-
ents there is the adiabatic limit formula of [13], rather than the direct topological
approach taken here. As mentioned earlier, one of our original motivations was to
give a simple topological proof of the adiabatic limit formula. In [18], the methods
and techniques introduced in our old unpublished work are used in the more general
situation to derive a very interesting topological interpretation for the invariant τr.
This circumstance provided additional motivation for us to write up this work for
publication.

2 In this case, the invariant, τ , enters because it measures the nonmultiplicativity of the signature
as in [13].
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2 Review of L2-Cohomology

We begin by reviewing the basic properties of L2-cohomology; for details, see [9].
Let (Y,g) denote an open (possibly incomplete) Riemannian manifold. We denote
by [g] the quasi-isometry class of g; i.e., the collection of Riemannian metrics g′ on
M such that for some positive constant c,

1
c

g ≤ g′ ≤ cg.

Let Ωi = Ωi(Y ) denote the space of C∞ i-forms on Y and L2 = L2(Y ) the L2

completion of Ωi with respect to the L2-metric induced by g. Define d to be the
exterior differential with the domain

domd = {α ∈Ωi(Y )∩L2(Y ); dα ∈ L2(Y )}.

Put Ωi
(2)(Y ) = Ωi(Y )∩L2(Y ). As usual, let δ denote the formal adjoint of d. In

terms of a choice of local orientation for Y , we have δ = ±∗ d∗, where ∗ is the
Hodge star operator. We define the domain of δ by

domδ = {α ∈Ωi(Y )∩L2(Y ); δα ∈ L2(Y )} .

Note that d, δ have well-defined strong closures d̄, δ̄ . That is, α ∈ dom d̄ and
d̄α = η if there is a sequence α j ∈ domd such that α j → α and dα j → η in L2.

Usually, the L2-cohomology of Y is defined by

Hi
(2)(Y ) = kerdi/Imdi−1 .

One can also define the L2-cohomology using the closure d̄. Put

Hi
(2),#(Y ) = ker d̄i/Im d̄i−1 .

In fact, the natural map,

ι(2) : Hi
(2)(Y ) −→ Hi

(2),#(Y ) ,

is always an isomorphism.
In general, the image of d̄ need not be closed. The reduced L2-cohomology is

defined by

H̄i
(2)(Y ) = ker d̄i/Im d̄i−1 .

The space of L2-harmonic i-forms Hi
(2)(Y ) is the space,

Hi
(2)(Y ) = {θ ∈Ωi ∩L2;dθ = δθ = 0}.
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When Y is oriented, the Hodge star operator induces the Poincaré duality isomor-
phism

∗ : Hi
(2)(Y ) →Hn−i

(2) (Y ), . (2.1)

Remark. Some authors define the space of harmonic forms differently, using the
Hilbert spaces adjoint of d̄; see for example, [29]. In this case, the Hodge star oper-
ator does not necessarily leave invariant the space of harmonic forms.

Clearly, there is a natural map

Hi
(2)(Y ) → Hi

(2)(Y ) . (2.2)

The question of when this map is an isomorphism is of crucial interest. The most
basic result here is the Kodaira decomposition,

L2 = Hi
(2) ⊕dΛi−1

0 ⊕δΛi+1
0 ,

which leaves invariant the subspaces of smooth forms. It follows then that

ker d̄i = Hi
(2) ⊕dΛi−1

0 .

Adopting the terminology of [9], we will say that the Strong Hodge Theorem
holds if the natural map (2.2) is an isomorphism. By the above discussion, if Im
d̄ is closed, then the map in (2.2) is surjective. In particular, this holds if the L2-
cohomology is finite dimensional.

On the other hand, if we assume that Stokes’ theorem holds for Y in the L2

sense, i.e.,
〈d̄α, β 〉 = 〈α, δ̄ β 〉 (2.3)

for all α ∈ dom d̄, β ∈ dom δ̄ , or equivalently, for all α ∈ domd, β ∈ domδ , then
one has

Hi
(2)(Y ) ⊥ Im d̄i−1,

and hence,
Hi

(2)(Y ) ⊥ Im d̄i−1 .

Thus, (2.2) is injective in this case. Moreover,

Hi
(2)(Y ) ∼= H̄i

(2)(Y ), (2.4)

and
Hi

(2)(Y ) = H̄i
(2)(Y )⊕ Im d̄i−1/Im d̄i−1. (2.5)

Here, by the closed graph theorem, the last summand is either 0 or infinite dimen-
sional.

To summarize, if the L2-cohomology of Y is finite dimensional and Stokes’ the-
orem holds on Y in the L2-sense, then the L2-cohomology of Y is isomorphic to the
space of L2-harmonic forms and therefore, when Y is orientable, Poincaré duality
holds as well. Consequently, the L2 signature of Y is well-defined in this case.
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Next, we recall the relative de Rham theory [7] and relative L2-cohomology. Let
f : S → Y denote a map between manifolds. Define a complex, (Ω∗( f ),d), by

Ωp( f ) = Ωp(Y )⊕Ωp−1(S), d(ω,θ) = (dω, f ∗(ω)−dθ) . (2.6)

Clearly, d2 = 0, and hence, the corresponding cohomology H∗( f ) is well defined.
Put α(θ) = (0,θ), β (ω,θ) = ω , and consider the short exact sequence,

0 →Ωp−1(S) α→Ωp( f )
β→Ωp(Y ) → 0, (2.7)

where the differential of the complex Ω∗−1(S) is −d. There is an induced a long
exact sequence on the cohomology,

· · · → H p( f )
β ∗
→ H p(Y )

f ∗→ H p(S) α∗
→ H p+1( f ) → ·· · . (2.8)

If S is a submanifold of M and i : S → Y is the inclusion map, we define the
relative cohomology, H∗(Y,S), to be H∗(i). To define the relative L2-cohomology
H∗

(2)(Y,S), we assume further that S has trivial normal bundle in Y and that the metric
in a neighborhood of S is quasi-isometric to the product metric. Then H∗

(2)(Y,S) can
be defined as the cohomology of the complex,

Ω∗
(2)(Y,S) = Ω∗

(2)(Y )⊕Ω∗−1
(2) (S) ,

with dom(d) = {(ω,θ) | dω ∈ L2, dθ ∈ L2.}. It follows that the long exact se-
quence for the pair (Y,S) is also valid in L2-cohomology.

We note that L2-cohomology is quasi-isometry invariant and conformally invari-
ant in the middle dimension. Also, Künneth formula holds for the L2-cohomology.
Furthermore, given an open cover {Uα}α , the Mayer–Vietoris principle holds for
the L2-cohomology, provided there is a constant, C, such that there is a partition of
unity { fα} subordinate to {Uα}, such that |dfα | ≤ C, for all α . Hence, the Leray
spectral sequence in L2-cohomology is valid for a fibration, if such a partition of
unity, subordinate to a trivializing open cover, can be found on the base.3 Clearly,
this holds for the fibrations considered here.

3 L2-Cohomology of Generalized Thom Spaces

In this section, we begin to specialize to the case of generalized Thom spaces. Thus,
we retain the notation of (1.1)–(1.3). The results in this section are special cases,
and in some instances, refinements, of those that hold for more general stratified
pseudomanifolds; see [9] and also [29]. For completeness and later purposes, we
provide a somewhat detailed account.

3 This can be shown by the usual double complex construction as in [7].
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Let N be a Riemannian manifold, possibly incomplete. For simplicity, we as-
sume that m = dimN is odd. Further, we assume that for N, the L2-cohomology
is finite dimensional and that Stokes’ theorem holds in the L2 sense. Then for the
finite cone, C[0,1](N), over N, we have the following facts from [9].

(1) The L2-cohomology is finite dimensional and Stokes’ theorem holds in the L2

sense. Consequently, the Strong Hodge Theorem holds for the cone.

(2) For i ≤ m/2, the restriction map induces an isomorphism,

Hi
(2)(C[0,1](N)) ∼= Hi

(2)(N) ,

and for i ≥ (m+1)/2,
Hi

(2)(C[0,1](N)) = 0 .

The above results are consequences of the following lemmas; for proofs, see [9].

Lemma 3.1. Let θ be an i-form on N that is in L2. Let θ̃ denote the extension of
θ to C[0,1](N) so that θ̃ is radially constant. Then θ̃ ∈ L2(C[0,1](N)) if and only if
i < (m+1)/2.

When there is no danger of confusion, we will just write θ for θ̃ .
For some a∈ (0,1), define the homotopy operator K0 as follows. If α=φ+dr∧ω

is an i-form and i < (m+1)/2, then

K0α =
∫ r

a
ω .

If i ≥ (m+1)/2, then

K0α =
∫ r

0
ω.

Lemma 3.2 (Poincaré lemma). For α ∈ dom d̄,

(d̄K0 +K0d̄)α = α−α(a), i < (m+1)/2

and
(d̄K0 +K0d̄)α = α, i ≥ (m+1)/2.

We now turn to the case of fibrations whose fibers are cones.

Theorem 3.3. The L2-cohomology of CπM is finite dimensional, and Stokes’ theo-
rem holds in the L2 sense. Hence, the Strong Hodge Theorem holds.

Proof. By the Mayer–Vietoris principle, verifying finite dimensionality reduces to
verifying finite dimensionality for a product fibration. Since the L2-cohmology is a
quasi-isometry invariant, we can use the product metric. Then the Künneth formula
yields the desired result.

It was proved in [9] that if the L2-Stokes theorem holds locally, then it holds
globally. Further, the validity of the L2-Stokes theorem is a quasi-isometry invariant.
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Thus, once again we can reduce to a product situation, and the validity of the L2-
Stokes theorem follows from its validity for C[0,1](Z) and B. ��

Finally, we give a vanishing statement for L2-cohomology that is a direct gen-
eralization of the one that holds in the case in which the base consists of a single
point; [9]. Put dimB = �, dimZ = n.

Lemma 3.4.
Hi

(2)(CπM) = 0 for i ≥ l +
n+1

2
.

Consequently,
Hm+1

(2) (CπM,M) � Hm(M) ∼= R .

Proof. Assuming the first statement, the second follows from the long exact se-
quence

→ Hi
(2)(CπM,M) → Hi

(2)(CπM) → Hi
(2)(M) → Hi+1

(2) (CπM,M) → .

To prove the first statement, we make use of K0, the chain homotopy operator for
cones. By defining K0 fiberwise, we can naturally extend K0 to a cone bundle. If
α = φ +dr∧ω and degα ≥ l + n+1

2 , put

K0α =
∫ r

0
ω .

Clearly, from what was shown for the case of a single cone, if α ∈ L2(CπM), then
K0α ∈ L2(CπM). Now we verify

(d̄K0 +K0d̄)α = α.

Again, everything is local on B and quasi-isometric invariant, therefore, we can
check it for a product fibration with product metric. In this case

d̄ = d̄C[0,1](Z) +dB ,

and (d̄C(Z)K0 +K0d̄C(Z))α = α . Hence it suffices to check

(dBK0 +K0dB)α = 0.

Note that α can be written as linear combinations of forms of type, (φ +dr∧ω)⊗
τB, where φ +dr∧ω lives on C[0,1](Z). Then

dB(K0α) = dB

(∫ r

0
ω⊗ τB

)
= (−1)degω

(∫ r

0
ω
)
⊗dτB,

K0dBα = (−1)degω+1
(∫ r

0
ω
)
⊗dτB .

These terms cancel one another. ��
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4 Spectral Sequences

In this section, we recall some basics concerning spectral sequences; a general ref-
erence is [7].

A filtered differential complex (K,d) is a differential complex that comes with a
filtration by subcomplexes

K = K0 ⊃ K1 ⊃ K2 ⊃ ·· · . (4.1)

A graded filtered complex, (K,d), has in addition, a grading K = ⊕n∈ZKn. In this
case, the filtration (4.1) induces a filtration on each Kn: Kn

p = Kn ∩Kp.
One has the following general result; see [7].

Theorem 4.1. Let (K,d) denote a graded filtered differential complex such that the
induced filtration on each Kn has finite length. Then the short exact sequence,

0 →⊕Kp+1 →⊕Kp →⊕Kp/Kp+1 → 0 ,

induces a spectral sequence, (E p,q
r , dr), which converges to the cohomology group

H∗(K,d).

In fact, if d : Kn → Kn+1 is of degree one, then

E p,q
r =

d−1(K p+q+1
p+r )∩K p+q

p

d−1(K p+q+1
p+r )∩K p+q

p+1 +K p+q
p ∩d(K p+q−1

p−r+1 )
, (4.2)

where the differential, dr, is naturally induced by d.
We now recall Serre’s filtration and the Leray spectral sequence of the fibration

(1.1). A p-form ω is in Fi if

ω(U1,U2, . . . ,Up) = 0,

whenever p− i+1 of the tangent vectors, Uj, are vertical. If the fibration is equipped
with a connection, there is a splitting

T M = T HM⊕TV M ∼= π∗T B⊕TV M .

Thus, Λ∗M = π∗Λ∗B⊗Λ∗TV M. Formally, we can use a(y,z)dyα ∧ dzβ with y the
local coordinates of B, z local coordinates of Y to indicate such a splitting. With this
convention, Serre’s filtration can be simply described as

Fi = {a(y,z)dyα ∧dzβ : |α| ≥ i}.

The global definition shows that this filtration is independent of the particular choice
of local coordinates.

Definition. The horizontal degree of ω is at least i, h-deg ω ≥ i, or equivalently, the
vertical degree of ω is at most p− i (p = degω), v-deg ω ≤ p− i, if ω ∈ Fi.
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Serre’s filtration, together with the grading given by the degree of differential
form, gives rise to the Leray spectral sequence of the fibration, (Er,dr), which con-
verges to the cohomology of the total space M. Moreover, the E2 term is given by

E2 = ⊕E p,q
2 , E p,q

2 = H p(B,Hq(Z)) , (4.3)

where Hq(Z) denotes the flat bundle over B, for which the fiber over b ∈ B is the
q-th L2-cohomology of the fiber π−1(b).

Now assume that both the base B and the vertical tangent bundle TV M are ori-
ented. When the fibration is equipped with a submersion metric, we can identify
Hq(Z) with the bundle of fiberwise L2-harmonic q-forms. This induces a fiberwise
metric on Hq(Z). Note that Hq(Z) is a flat vector bundle over B. Via Hodge theory
for cohomology with coefficients in a flat bundle, we obtain an inner product on
E p,q

2 = H p(B,Hq(Z)).
The E3 term of the spectral sequence is given by the cohomology groups of the E2

term with respect to the differential d2. Therefore, finite dimensional Hodge theory
gives us

E2 = E3 ⊕ Imd2 ⊕ Im(d2)∗, (4.4)

when the adjoint is defined with respect to the inner product introduced above. This
in turn, induces an inner product on the E3 terms. By iterating this construction, we
obtain inner products on each of the Er, with the associated Hodge decomposition.

The above discussion extends to fibrations whose base and fibers are closed man-
ifolds with conical singularities, if we replace the usual cohomology with the L2-
cohomology.

5 The Generalized Thom Isomorphism

This section is devoted to the proof of Theorem 1.3, which is a generalization of
the Thom isomorphism theorem. As explained in the introduction, the statement
consists of identifying the L2-cohomology of CπM and (CπM,M) in terms of the
Leray spectral sequence of M. Additionally, the map,

H∗
(2)(CπM,M) → H∗

(2)(CπM) ,

is identified in terms of the differential of the spectral sequence. We begin with
H∗

(2)(CπM).
Note that since CπM is fibered over B,

C[0,1](Z) →CπM → B ,

we also have a spectral sequence, (E p,q
r (CπM)d̄ p,q

r ), converging to the L2-
cohomology of CπM. On the other hand, the pullback of the inclusion i : M →CπM,

i∗ : Ω∗(CπM) →Ω∗(M),
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is filtration preserving. Hence, i∗ induces homomorphism

ir : E p,q
r (CπM) → E p,q

r (M)

which commutes with the differentials.
Now

E p,q
2 (CπM) = H p(B,Hq(C(Z))) =

⎧
⎨
⎩

0 , q > n/2

H p(B,Hq(Z)) = E p,q
2 (M), q < n/2

.

It follows that E p,q
r (CπM) = 0, for all q > n/2 and r ≥ 2. Moreover, by the Poincaré

Lemma 3.2, the identification here is given by i2, i.e.,

ip,q
2 =

{
0, q > n/2
Ident, q < n/2 .

It follows that

d̄ p,q
2 =

{
0, q > n/2
dp,q

2 , q < n/2 ,

and thus

E p,q
3 (CπM) = E p,q

3 (M), if q < (n−1)/2,

E p,(n−1)/2
3 (CπM) = ker dp,(n−1)/2

2 = E p,(n−1)/2
3 (M)⊕ Imdp−2,(n+1)/2

2 .

This implies that for q < (n−1)/2, ip,q
3 = Ident.

Also, because ip,(n−1)/2
3 is induced by

Ident: E p,(n−1)/2
2 (CπM) → E p,(n−1)/2

2 (M) ,

one sees that ip,(n−1)/2
3 is the natural projection,

E p,(n−1)/2
3 (CπM) = ker dp,(n−1)/2

2 → ker dp,(n−1)/2
2

Imdp−2,(n+1)/2
2

= E p,(n−1)/2
3 (M) .

Hence, because ir commutes with d̄r, dr, we get

d̄ p,q
3 = dp,q

3 , if q < (n−1)/2 ,

and

d̄ p,(n−1)/2
3 | Imdp−2,(n+1)/2

2 = 0 ,

d̄ p,(n−1)/2
3 |E p,(n−1)/2

3 (M) = dp,(n−1)/2
3 .
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It follows that

E p,q
4 (CπM) = E p,q

4 (M) if q < (n−1)/2−1,

E p,(n−3)/2
4 (CπM) = ker dp,(n−3)/2

3

= E p,(n−3)/2
4 (M)⊕ Imdp−3,(n+1)/2

3 ,

E p,(n−1)/2
4 (CπM) = ker dp,(n−1)/2

3 ⊕ Imdp−2,(n+1)/2
2

= E p,(n−1)/2
4 (M)⊕ Imdp−3,(n+3)/2

3 ⊕ Imdp−2,(n+1)/2
2 .

By an inductive argument, we obtain the following proposition, in which some
of the Imd summands are obviously zero.

Proposition 5.1. There are equalities,

E p,(n−1)/2
∞ (CπM) = E p,(n−1)/2

∞ (M)⊕ Imdp−2,(n+1)/2
2 ⊕ Imdp−3,(n+3)/2

3 ⊕·· ·
· · ·⊕ Imdp−l,(n+1)/2+l−2

l ,

E p,(n−3)/2
∞ (CπM) = E p,(n−3)/2

∞ (M)⊕ Imdp−3,(n+1)/2
3 ⊕ Imdp−4,(n+3)/2

4 ⊕·· ·
· · ·⊕ Imdp−l,(n+1)/2+l−3

l ,
...

E p,0
∞ (CπM) = E p,0

∞ (M)⊕ Imdp−(n+3)/2,(n+1)/2
(n+3)/2 ⊕ Imdp−(n+5)/2,(n+3)/2

(n+5)/2 ⊕·· ·
· · ·⊕ Imdp−l,l−1

l .

Similarly, we have:

Proposition 5.2. For the relative cohomology,

E p,(n+3)/2
∞ (CπM,M) = E p,(n+1)/2

∞ (M)⊕ Im(dp,(n+1)/2
2 )∗ ⊕ Im(dp,(n+1)/2

3 )∗ ⊕ · · ·
· · ·⊕ Im(dp,(n+1)/2

l )∗,

E p,(n+5)/2
∞ (CπM,M) = E p,(n+3)/2

∞ (M)⊕ Im(dp,(n+3)/2
3 )∗ ⊕ Im(dp,(n+3)/2

4 )∗ ⊕ · · ·
· · ·⊕ Im(dp,(n+3)/2

l )∗,
...

E p,n+1
∞ (CπM,M) = E p,n

∞ (M)⊕ Im(dp,n
(n+3)/2)

∗ ⊕ Im(dp,n
(n+5)/2)

∗ ⊕ · · ·
· · ·⊕ Im(dp,n

l )∗.

Proof. Recall that

Ω∗
(2)(CπM,M) = Ω∗

(2)(CπM)⊕Ω∗−1
(2) (M) .

Clearly, the map,
Ω∗−1

(2) (M) → Ω∗
(2)(CπM,M)

θ → (0,θ) ,
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is filtration preserving and commuting with differentials. Hence, this map induces
homomorphisms

jr : (E p,q−1
r (M),dr) → (E p,q

r (CπM,M), d̃r) .

Moreover,

E p,q
2 (CπM,M) =

⎧
⎨
⎩

H p(B,Hq−1(Z)) = E p,q−1
2 (M), q > n/2+1

0, q < n/2+1
.

In terms of this identification,

jp,q
2 =

{
id q > n/2+1
0 q < n/2+1 .

It follows that

d̃ p,q
2 =

{
dp,q−1

2 q > (n+3)/2
0 q ≤ (n+3)/2

,

and thus
E p,q

3 (CπM,M) = E p,q−1
3 (M), if q > (n+3)/2 ,

E p,(n+3)/2
3 (CπM,M) =

E p,(n+1)/2
2 (M)

Imd2
= E p,(n+1)/2

3 (M)⊕ Im(dp,(n+1)/2
2 )∗ .

This implies that jp,q
3 = Ident, for q > (n+3)/2.

Again, because jp,(n+3)/2
3 is induced by

Ident : E p,(n+1)/2
2 (M) → E p,(n+3)/2

2 (CπM,M) ,

one sees that jp,(n+3)/2
3 is the natural inclusion. It follows that

d̃ p,q
2 =

{
dp,q−1

2 q > (n+3)/2
0 q ≤ (n+3)/2

,

and therefore,

E p,q
4 (CπM,M) = E p,q

4 (M), if q > (n+5)/2,

E p,(n+5)/2
4 (CπM,M) = E p,(n+3)/2

4 (M)⊕ Im(dp,(n+3)/2
3 )∗,

E p,(n+3)/2
4 (CπM,M) = E p,(n+1)/2

4 (M)⊕ Im(dp,(n+1)/2
3 )∗ ⊕ Imdp,(n+1)/2

2 )∗ .

By proceeding inductively, the desired result follows. ��
We are now ready to prove Theorem 1.3
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Proof. From the general theory of the spectral sequence, the filtration on Ω∗
(2)(CπM)

induces a filtration on H∗
(2)(CπM),

H∗
(2)(CπM) ⊃ F0H∗

(2)(CπM) ⊃ F1H∗
(2)(CπM) ⊃ ·· · ⊃ 0,

such that
E p,q

∞ (CπM) ∼= F pH p+q
(2) (CπM)/F p+1H p+q

(2) (CπM).

Therefore,

Hk(CπM) ∼= ⊕p+q=kE p,q
∞ (CπM)

∼= ⊕p+q=k,q≤(n−1)/2[E
p,q
∞ (M)⊕ Im(dk−(n+3)/2,(n+1)/2

(n+3)/2−q )

⊕Im(dk−(n+5)/2,(n+3)/2
(n+5)/2−q )⊕·· · ].

Similarly

Hk(Cπ(M),M)
∼= ⊕p+q=k,q≥(n+3)/2[E

p,q−1
∞ (M)⊕ Im(dp,q−1

q−(n−1)/2)
∗ ⊕ Im(dp,q−1

q−(n−1)/2+1)
∗ ⊕ · · · ].

We claim that in terms of this identification, the map,

Hk(Cπ(M),M) → Hk(Cπ(M)) ,

is given by applying appropriate dr’s to the appropriate factors. To verify that this is
the case, we need to trace back the isomorphisms. It suffices to look at, for example,
Im(dp,(n+1)/2

2 )∗.
Let [θ ] ∈ Im(dp,(n+1)/2

2 )∗ ⊂ E p,(n+1)/2
2 (M). In this case, θ can be represented by

a (p+(n+1)/2)-form, such that

θ ∈ F p, dθ ∈ F p+2.

Therefore, v-deg dθ ≤ p + (n + 1)/2 − (p + 2) ≤ (n − 1)/2. By Lemma 3.1,
dθ can be extended to an L2-form on Cπ(M). To make [0,θ ] an element of
E p,(n+1)/2

∞ (Cπ(M),M), we modify its representative slightly:

(dθ ,θ) ∈ [0,θ ] and [dθ ,θ ] ∈ E p,(n+1)/2
∞ (Cπ(M),M) .

This implies that

(dθ ,θ) ∈ F pH p+(n+1)/2
(2) (CπM,M),

which is mapped to

dθ ∈ F pH p+(n+1)/2
(2) (CπM),



18 J. Cheeger and X. Dai

which, via the identification with the spectral sequence terms, is

dθ |M = dMθ .

This is exactly d2[θ ]. The rest of the terms can be treated in exactly the same fashion.
��

6 L2-Signatures of Generalized Thom Spaces

Assume that dimT = m+1 is divisible by 4.
By definition, the L2-signature, sign(2)(T ), of the generalized Thom space, (T,g),

is the signature of the pairing,

H(m+1)/2
(2) (T )⊗H(m+1)/2

(2) (T ) → R ,

induced by wedge product and integration.
The L2-signature of CπM as a (singular) manifold with boundary, ∂ (CπM) = M,

is, by definition, the signature of the (possibly degenerate) pairing

H(m+1)/2
(2) (CπM,M)⊗H(m+1)/2

(2) (CπM,M) → R , (6.1)

defined via the map
Hk(Cπ(M),M) → Hk(Cπ(M)) , (6.2)

and the (nondegenerate) pairing

Hm+1−k
(2) (CπM,M)⊗Hk

(2)(CπM) → R , (6.3)

given by

([ω,θ ], [α]) →
∫

CπM
ω ∧α−

∫

M
θ ∧α. (6.4)

As in [9], one has
sign(2)(T ) = sign(2)(CπM).

Thus, to prove Theorem 1.1, we just have to compute the L2-signature of CπM. The
computation is in the spirit of Example 2 of the introduction.

Proof of Theorem 1.1. The outline of the proof is as follows. First, we con-
sider the intersection matrix with respect to the block decompositions in terms of
Er,s

∞ (CπM,M) and E p,q
∞ (CπM) and show that the matrix is lower antidiagonal. Then

we consider each of these antidiagonal blocks and show that they are also antidi-
agonal with respect to the block decompositions given by the Thom isomorphism.
Finally, we identify the pairings along the antidiagonals and show that they give rise
to the τ invariant.
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Consider the pairing between Hk
(2)(CπM) and Hm+1−k

(2) (CπM,M). Let � = dim B,
n = dim Z. (In what follows below, we make a change of index.)

First of all, we show that in terms of the identifications,

Hk(Cπ(M))
∼= ⊕p+q=k,q≤(n−1)/2[E

p,q
∞ (M)⊕ Imdk−(n+3)/2,(n+1)/2

(n+3)/2−q ⊕ Imdk−(n+5)/2,(n+3)/2
(n+5)/2−q ⊕ ·· · , ]

and

Hm+1−k(Cπ(M),M)
∼= ⊕p′+q′=k,q′≤(n−1)/2[E

l−p′,n−q′
∞ (M)⊕ Im(dl−p′,n−q′

(n+3)/2−q′)
∗⊕ Im(dl−p′,n−q′

(n+5)/2−q′)
∗⊕ · · · ]

the pairing has the form of the block matrix,
⎛
⎜⎜⎜⎝

0 · · · 0 ∗
0 · · · ∗ ∗
...

...
...

∗ · · · ∗ ∗

⎞
⎟⎟⎟⎠ ,

with the blocks on the antidiagonal coming from the pairing between E p,q
∞ (M)

and El−p,n−q
∞ (M), E p,q

(n+3)/2−q(M) ⊃ Imdk−(n+3)/2,(n+1)/2
(n+3)/2−q and El−p,n−q

(n+3)/2−q(M) ⊃
Imdl−p,n−q

q−(n−1)/2)
∗, etc.

To see this, we observe that in terms of the identification,

Hk(CπM) ∼= ⊕p+q=kE p,q
∞ (CπM) ,

and
Hm+1−k(CπM,M) ∼= ⊕p′+q′=kEl−p′,n+1−q′

∞ (CπM,M) ,

the pairing is of the form ⎛
⎜⎜⎜⎝

0 · · · 0 ∗
0 · · · ∗ ∗
...

...
...

∗ · · · ∗ ∗

⎞
⎟⎟⎟⎠ ,

with the entries on the antidiagonal coming from the pairing between El−p,n+1−q
∞

(CπM,M) and E p,q
∞ (CπM). This is a consequence of the following formal properties

of the spectral sequence:

E p,k−p
∞ = F pHk/F p+1Hk ,

F p(CπM,M) ·F p′(CπM) ⊂ F p+p′((CπM,M)) ,

and
F p+p′ = 0 , if p+ p′ > l .
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We now consider the pairings between El−p,n+1−q
∞ (CπM,M) and E p,q

∞ (CπM).
For this we need to once again look at the isomorphisms in Propositions 5.1
and 5.2. As we have shown before, an element [θ ] ∈ El−p,n−q

r (M) lifts to
[dθ ,θ ] ∈ El−p,n+1−q

∞ (Cπ(M),M), where r = (n + 3)/2 − q + k with k a non-
negative integer. On the other hand, for q ≤ (n − 1)/2, an element, [ω] ∈
E p,q

∞ (M), Imdk−(n+3)/2,(n+1)/2
(n+3)/2−q , · · · , lifts to [ω] ∈ E p,q

∞ (CπM). Hence, by tracing
through the isomorphisms, we find that the pairing is given by

〈[θ ], [ω]〉 =
∫

CπM
dθ ∧ω−

∫

M
θ ∧ω .

Now
h-degdθ ∧ω ≥ h-degdθ +h-degω ≥ l +2 ,

which implies
ω ∧dθ = 0 .

Thus,
〈[θ ], [ω]〉 = −

∫

M
θ ∧ω.

If both [θ ] and [ω] are elements of Er, i.e., if both are at the same level, this yields

〈[θ ], [ω]〉 = −〈[θ ] · [ω],ξr〉.

We now show that if [θ ] and [ω] are in different levels of the spectral sequence,
then the pairing, ∫

M
θ ∧ω ,

is of the desired triangular form. We do it for

[θ ] ∈ Imdk−(n+3)/2,(n+1)/2
(n+3)/2−q , [ω] ∈ Im(dl−p,n−q

(n+5)/2−q)
∗ .

The remaining cases are similar.
By assumption θ = dα , for some α ∈ Fk−(n+3)/2. Therefore, by the L2-Stokes’

theorem, ∫

M
θ ∧ω = (−1)k

∫

M
α ∧dω.

Since

h-degα ∧dω ≥ k− (n+3)/2+ l− p+(n+5)/2−q = l +1 ,

it follows that α ∧dω = 0 as claimed.
To compute the signature of CπM, we note that the pairing (6.1) factors through

the pairing (6.3), via the map in (6.2). It is known that the radical for this pairing is

Im(Hk−1(M) → Hk(CπM,M)) ,
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which in terms of the Leray spectral sequence is given by

⊕p′+q′=k,q′≤(n−1)/2El−p′,n−q′
∞ (M) .

It follows that we can choose our decomposition so that the pairing will look like
⎛
⎜⎜⎜⎜⎜⎝

0 · · · 0

0

⎛
⎜⎜⎜⎝

0 · · · 0 ∗
0 · · · ∗ ∗
...

...
...

∗ · · · ∗ ∗

⎞
⎟⎟⎟⎠

⎞
⎟⎟⎟⎟⎟⎠

,

with the entries on the antidiagonal given by the nondegenerate pairing

Im(d p,q
r )∗ ⊗ Im(dp,q

r )∗ → R
∩ ∩

E p,q
r ⊗ E p,q

r → R
ϕ ψ → −〈ϕ ·drψ,ξr〉

(6.5)

for [ n+r
2 ] ≤ q ≤ [ n+r

2 ] + r − 2 and p + q = m−1
2 . Now, one can deform the ma-

trix, without changing its signature, to one whose entries are all zero except on
the antidiagonal. Consequently, sign(2)(T ) is given by the signature of the pairing
(6.5) restricted to the direct sum of the E p,q

r , with [ n+r
2 ] ≤ q ≤ [ n+r

2 ] + r − 2 and
p+q = m−1

2 .
To get the final result, we observe the following symmetry of the pairing on

E
m−1

2
r = ⊕p+q= m−1

2
E p,q

r . Recall the inner product, ( , )r, on Er, defined at the end of

Section 4. Also, there is a natural basis, ξr ∈El,n
r (i.e., a volume element) constructed

from the orientation. Define the finite dimensional star operator, �r, by

〈ϕ ·ψ,ξr〉 = (ϕ,�rψ)r.

In fact, �2 coincides with the usual ∗ operator when E2 is identified with the har-
monic differential forms on the base with values in the harmonic differential forms
along the fibers. Then τr, the signature of the pairing on E

m−1
2

r , is exactly the signa-

ture of the self-adjoint operator, �rdr, on E
m−1

2
r . Now,

�rdr : E p,q
r → El−p−r,n−q+r−1

r .

Moreover q = n−q+r−1 iff q = n+r−1
2 . It follows that we have the decomposition,

E
m−1

2
r = A0 ⊕A1 ⊕A2 ,

where if r is even,
A0 = E(l−r)/2,(n+r−1)/2

r ,

and otherwise, A0 = 0.
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Also,
A1 = ∑

p+q= m−1
2 ,q< n+r−1

2

E p,q
r ,

and
A2 = ∑

p+q= m−1
2 ,q> n+r−1

2

E p,q
r .

With respect to this decomposition, the operator �rdr restricts to �rdr on A0 and
has the form (

0 T
T ∗ 0

)
.

Hence, the spectrum of this operator is symmetric about 0. This shows that only the
term, E(l−r)/2,(n+r−1)/2

r , contributes to the signature, τr, and in fact, only when r is
even. This completes the proof of Theorem 1.1. ��

7 L2-Cohomology of Hyperkähler Manifolds

In recent years, there has been considerable interest in L2-harmonic forms on
noncompact moduli spaces arising in gauge theory. Typically, these spaces come
equipped with hyperkähler structures. In [17], using Gromov’s Kähler hyperbolic-
ity trick as adapted by Jost-Zuo [20], (see also [8]), Hitchen showed that for com-
plete hyperkähler manifolds, with one of the Kähler forms having linear growth,
the L2-harmonic forms are all concentrated in the middle dimension. Moreover,
these L2-harmonic forms are either all self-dual or all anti–self-dual. Thus, on these
hyperkähler manifolds, the L2-cohomology is completely determined by the L2-
signature.

Theorem 7.1 (Hitchin). Let M be a complete hyperkähler manifold of real dimen-
sion 4k such that one of the Kähler forms ωi = dβ where β has linear growth. Then
any L2-harmonic forms are primitive and of the type (k,k) with respect to all com-
plex structures. Therefore, they are anti–self-dual when k is odd and self-dual when
k is even.

The complete hyperkähler manifolds that are ALE have been classified by
Kronheimer [21]. The general classification remains open. Thus far, all known
examples come with a fibered (or more generally, stratified) geometric structure
at infinity. In such cases, our results can be applied. More precisely, consider a com-
plete hyperkähler manifold, M, of real dimension 4k, such that

M = M0 ∪M1,∪·· ·∪Mr , (7.1)

where M0 is a compact manifold with boundary and each of Mi, 1 ≤ i ≤ r, is a
geometrically fibered end ([16]). By this we mean that there is a fibration
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Zi → Yi
π→ Bi

such that Mi = [1, ∞)×Yi, and the metric is quasi-isometric to the fibered cusp
metric,

gMi = dr2 +π∗gBi + e−2rgZi , (7.2)

respectively, the fibered boundary metric

gMi = dr2 + r2π∗gBi +gZi . (7.3)

Such metrics appear in the ALF and ALG gravitational instantons, for example,
Taub-NUT space.

Theorem 7.2. With the same hypothesis as above, we have

sign(2)(M) = sign(M0)+
r

∑
i=1

τ(Mi),

Proof. We note that our result on the conical singularity extends easily to cusp sin-
gularities. This is because it depends only on two ingredients: Lemma 3.1 on the
radially constant forms and the Poincaré lemma, Lemma 3.2. Both of these are
true for cusp singularities; see [31, 32]. Also, the fibered conical end is conformally
equivalent to a fibered cusp end. Because the middle dimensional L2-cohomology
is conformally invariant, the theorem follows. ��
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Hirzebruch Surfaces and Weighted
Projective Planes

Paul Gauduchon

Abstract For any positive integer, we show that the standard self-dual orbifold
Kähler structure of the weighted projective surface P1,1,k can be realized as a limit
of the Hirzebruch surface Fk, equipped with a sequence of Calabi extremal Kähler
metrics whose Kähler classes tend to the boundary of the Kähler cone, and that this
collapsing process is compatible with the natural toric structures of P1,1,k and Fk.

In reference to [25], nontrivial (geometrically) ruled surfaces of genus zero are usu-
ally called Hirzebruch surfaces. The first Hirzebruch surface F1 is well-known to
be the blow-up of the complex projective plane at one point; more generally, the
k-th Hirzebruch surface Fk is the blow-up of the weighted projective plane P

2
k of

weight k = (1,1,k) at its (unique) singular point, cf., e.g., [19]. The aim of this
article is to show that, for any fixed positive integer k, the weighted projective plane
P

2
k, equipped with its standard self-dual orbifold Kähler metric — cf. Section 1 —

can be viewed as a limit of the Hirzebruch surface Fk, when the latter is equipped
with a sequence of Calabi extremal Kähler metrics whose Kähler classes tend to the
boundary of the Kähler cone. Moreover, we show that this limiting — or collaps-
ing — process fits nicely with the natural toric structures of Fk and P

2
k.

Notice that our construction can be regarded as an illustration of the general
weak compactness theorem recently established by X. Chen and B. Weber in [16],
cf. also [15].

In order to make this paper reasonably self-contained, we included a somewhat
detailed exposition of the Bochner-flat Kähler metrics of weighted projective spaces
in general (Section 1), of Calabi extremal Kähler metrics on Hirzebruch surfaces
(Section 2), and of their toric structures (Section 3). The limiting process itself is
firstly described in the toric setting in Section 3, then, in a more precise formula-
tion — cf. Theorem 2 — in Section 4.

P. Gauduchon
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1 The Bochner-Flat Metric of Weighted Projective Spaces

Let a = (a1, . . . ,am+1) be any (m + 1)-uple of positive integers, with gcd(a1, . . . ,
am+1) = 1. The weighted (complex) projective space of weight a, denoted by P

m
a , is

defined as the quotient of C
m+1 \{0} by the weighted C

∗-action defined by

ζ · (z1, . . . ,zm+1) = (ζ a1z1, . . . ,ζ am+1zm+1). (1)

Alternatively, P
m
a can be realized as the quotient of the unit sphere S2m+1 ⊂ C

m+1

by the S1-action obtained by restricting the above C
∗-action to S1. Together with

the standard (flat) CR-structure of S2m+1, the generator of the weighted S1-action
makes S2m+1 into a Sasakian manifold; according to [33], the induced (orbifold)
Kähler metric on P

m
a is Bochner-flat, cf. [18] for details1; we also refer the reader

to the beautiful forthcoming book by C. Boyer and K. Galicki [8] for complete
information concerning orbifolds in general, Sasakian structures, etc.

In this paper, Bochner-flat metrics on weighted projective spaces P
m
a constructed

as above and suitably rescaled will be referred to as standard Bochner-flat Kähler
metrics — standard self-dual Kähler metrics if m = 2 — or, simply, standard met-
rics. The overall scaling is chosen in such a way that, in the case when all a j’s are
equal to 1 — P

m
a is then the usual complex projective space P

m — the standard met-
ric be the Fubini–Study metric of (constant) holomorphic sectional curvature equal
to 2, see Section 2.

For any z = (z1, . . . ,zm+1) in C
m+1 \ {0}, the corresponding element of P

m
a will

be denoted [z] = (z1 : · · · : zm+1) (beware that the “homogeneous coordinates” (z1 :
· · · : zm+1) are relative to the chosen weight a, so that (z1 : · · · : zm+1) = (ζ a1z1 : . . . :
ζ am+1zm+1) for any ζ in C

∗).
For each index j = 1, . . . ,m + 1, denote by U ( j) the open affine subset of P

m
a

defined by the condition z j �= 0. For definiteness, assume that j = m + 1; then, any
element of U (m+1) has a unique representative in C

m+1 of the form (w1, . . . ,wm,1),
and the m-uple (w1, . . . ,wm) is then uniquely defined up to a am+1-th root of 1.
Moreover, for any m-uple w1, . . . ,wm, there exists a unique positive number, s =
s(w1, . . . ,wm), such that s ·(w1, . . . ,wm,1) = (sa1w1, . . . ,samwm,sam+1) belongs to the
unit sphere S2m+1 in C

m+1, namely the unique positive root of the equation

m

∑
i=1

s2ai |wi|2 + s2am+1 = 1. (2)

Notice that s can be continuously extended to P
m
a by setting s = 0 on P

m
a \U (m+1).

From now on, we denote by u = (u1, . . . ,um+1) any representative of an element
of P

m
a in the unit sphere S2m+1; we then have ∑m+1

j=1 |u j|2 = 1 and

|um+1| = sam+1 (3)

1 A proof of the existence of Bochner-flat Kähler — or Bochner–Kähler — metrics on weighted
projective spaces, as well as an explicit description of these metrics, first appeared in Bryant’s
seminal paper [9].
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on the affine subspace U (m+1). The Kähler form of the standard metric of P
m
a has

then the following expression on U (m+1):

ωa = − 1
am+1

ddc log |um+1| (4)

whereas the Ricci form and the scalar curvature are given by

ρa =

(
m+1

∑
j=1

a j

)
ωFS +

(m+2)
2

ddc log
m+1

∑
j=1

a j|u j|2, (5)

and

sa = 4(m+1)
m+1

∑
j=1

a j −2(m+1)(m+2)
∑m+1

j=1 a2
j |u j|2

∑m+1
j=1 a j|u j|2

, (6)

respectively, for any representative (u1, . . . ,um+1) in S2m+1, cf., e.g., Propositions 4
and 5 in [18].

Each weighted projective space P
m
a , equipped with its standard metric, can be

made into a toric Kähler orbifold in the following manner. Let T
m+1 = S1 × . . .

× S1 — (m + 1) factors — be the standard torus acting in the standard way
on S2m+1 ⊂ C

m+1. The weighted action of S1 on S2m+1 can be viewed as the
restriction of this action to S1, via the embedding ja : S1 → T

m+1 defined by
ja(ζ ) = (ζ a1 , . . . ,ζ am+1). The quotient torus T

m
a := T

m+1/ ja(S1) then acts effec-
tively on P

m
a ; by its very construction, the standard metric of P

m
a is preserved by

this action; moreover, this action is Hamiltonian. In order to get an explicit ex-
pression of the momentum map µa : P

m
a → (tm

a )∗, we first identify the Lie algebra,
tm+1, of T

m+1 with R
m+1 via the isomorphism T

m+1 = R
m+1/Z

m+1 induced by
the map (θ1, . . . ,θm+1) → (e2πiθ1 , . . . ,e2πiθm+1) from R

m+1 to T
m+1; we then de-

note by e1, . . . ,em+1 the natural basis of tm+1 = R
m+1, by e∗1, . . . ,e

∗
m+1 the dual basis

of (tm+1)∗, by ξ1, . . . ,ξm+1 the associated coordinates on (tm+1)∗; finally, the Lie
algebra, tm

a , of T
m
a is identified with the quotient of tm+1 = R

m+1 by the real line
generated by ea = ∑m+1

r=1 arer — in particular, the defining lattice, Λa, of T
m
a in tm

a is
the quotient of Z

m+1 by the sublattice Zea — whereas the dual (tm
a )∗ is identified

with the hyperplane ∑m+1
j=1 a jξ j = 0 in (tm+1)∗. With this notation, the momentum

map µa has the following expression:

µa([u]) =
m+1

∑
j=1

(
|u j|2

∑m+1
r=1 ar|ur|2

− 1
(m+1)a j

)
e∗j (7)

for any [u] in P
m
a , represented by (u1, . . . ,um+1) in S2m+1, cf., e.g., [18, Section

2.4]. The image of µa in (tm
a )∗ is then the simplex, ∆a, of vertices p1, . . . , pm+1,

with p j = (− 1
(m+1)a1

, . . . , m
(m+1)a j

, . . . ,− 1
(m+1)am+1

); equivalently, ∆a is determined
in (tm

a )∗ by the set of inequalities:

� j(ξ ) := ξ j +λ j ≥ 0, (8)
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j = 1, . . . ,m + 1, with λ j = 1
(m+1)a j

. In particular, for each facet, Fj = {ξ ∈
∆a | � j(ξ ) = 0}, the corresponding (inward) normal of Fj in ta is [e j], the class
of e j mod Rea.

In general, if (V,Γ) is a real n-dimensional vector space equipped with a lattice
Γ∼= Z

n, a (compact) convex polytope, ∆, in the dual vector space V ∗ equipped with
the dual lattice Γ∗, is called a Delzant polytope with respect to Γ if it satisfies the
following conditions [17]:

D1. ∆ is simple: exactly n facets meet at each vertex;
D2. ∆ is rational with respect to Γ: for each facet, the (inward) normal, in t, can be

chosen in the lattice Γ;
D3. ∆ satisfies the Delzant condition: for each vertex, the (inward) normals to the n

adjacent facets can be chosen so as to form a Z-basis of Γ.

In the current situation, the simplex ∆a clearly meets conditions D1 and D2, as all
[e j]’s belong to Λa, but does not satisfy the Delzant condition D3, except in the case
when all a j’s are equal to 1; more precisely, ∆a satisfies the Delzant condition at the
vertex p j if and only if a j = 1. Moreover, each facet Fj is labeled, in the sense of
[28], by d j = gcd(a1, . . . , â j, . . . ,am+1), meaning that [e j]/d j still belongs to Λa and
is primitive there.

The interior, ∆0
a, of ∆a is the image by µa of the open subset, U , of elements

of P
m
a represented by (u1, . . . ,um+1) in S2m+1, with u j �= 0 for all j’s; equivalently,

U = ∩m+1
j=1 U ( j). By (4), the restriction of ωa to U is equal to − 1

a j
ddc log |u j| for all

j’s; it can then be rewritten as ωa = ddcF , with

F = −
m+1

∑
j=1

1
(m+1)a j

log |u j|. (9)

Now, via the momentum map µa, the � j’s defined by (8) can be viewed as functions
defined on P

m
a , and we then have

� j([u]) =
|u j|2

∑m+1
r=1 ar|ur|2

, (10)

hence
log |u j| =

1
2
(

log� j([u])− log�0([u])
)
, (11)

by setting �0 := ∑m+1
r=1 �r.

Similarly, the Kähler potential F on U can be viewed as a function defined on
∆0

a; in view of (9) and (11), it has there the following expression:

F =
1
2
(
λ0 log�0 −

m+1

∑
j=1

λ j log� j
)
, (12)

with λ0 := ∑m+1
r=1 λr, cf. [1, Theorem 3].
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According to the general theory of toric Kähler manifolds developed by V.
Guillemin [23], cf. also [1], the induced metric, g∆a , on ∆0

a is of Hessian type, i.e.,
is of the form

g∆a = D0d G, (13)

where G — the symplectic potential of the toric Kähler structure — is a real function
defined on ∆0

a ⊂ (tm
a )∗ and where D0 denotes the standard flat connection on (tm

a )∗.
The symplectic potential G is deduced from the Kähler potential F by the Legendre
transformation:

G = 〈τ,ξ 〉−F, (14)

where τ is a tm
a -valued function on ∆0

a — equivalently, a T
m
a -invariant tm

a -valued
function defined on U — called the dual momentum map.2 This is defined in terms
of the complexified action of T

m
a on P

m
a induced by the standard holomorphic action

of T
m+1
C

= C
∗ × . . .×C

∗ ((m+1) factors) on C
m+1 and depends on the choice of a

base point of U . If the latter is chosen to be [1] = (1 : 1 : . . . : 1), τ = ∑m+1
j=1 τ j [e j] is

determined by
[z] = (eτ1([z]) : . . . : eτm+a([z])) mod T

m
a ; (16)

equivalently,

τ([z]) =
m+1

∑
j=1

log |z j| [e j], (17)

for any [z] = (z1 : . . . : zm+1) in U ; in view of (11), we infer

τ =
1
2

m+1

∑
j=1

(
log� j − log�0

)
[e j] (18)

as a tm
a -valued function on ∆0

a; we thus have

〈τ,ξ 〉 =
1
2

m+1

∑
j=1

(log� j − log�0)(� j −λ j). (19)

By (14) and (13), the symplectic potential and the induced metric on ∆0
a have then

the following expressions:

G =
1
2

(
m+1

∑
j=1

� j log� j − �0 log�0

)
, (20)

2 In general, the Kähler potential F , the symplectic potential G, the induced metric g∆a , and the
dual momentum map τ , all regarded as defined on ∆0

a via the momentum map µa, are related to
each other by (14) and by:

dF = 〈dτ,ξ 〉, dG = 〈τ,dξ 〉, g∆a = 〈dτ⊗dξ 〉, (15)

cf. [23].
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and

g∆a =
1
2

(
m+1

∑
j=1

d� j ⊗d� j

� j
− d�0 ⊗d�0

�0

)
, (21)

cf. [9, Section 4.4.6].

2 Calabi Extremal Kähler Metrics on Hirzebruch Surfaces

In this section, we briefly recall the construction by E. Calabi [10] of extremal
Kähler metrics on Hirzebruch surfaces. Our treatment closely follows [22, Chapter
9] and [4]. For detail, in particular for statements and formulae here given without
proof, we refer the reader to these references and to Calabi’s original paper [10].

In general, a (complex) ruled surface is the total space of the projective bun-
dle M = P(E) associated to a holomorphic rank 2 vector bundle E over a compact
Riemann surface Σ, endowed with its natural complex structure. When Σ is the com-
plex projective line P

1 = P(C2), E splits as the sum of two holomorphic line bun-
dles. Without loss of generality, we can then assume that M = P(1⊕ L), where 1
stands for the trivial line bundle P

1 ×C, and L denotes a holomorphic line bundle
over P

1 of nonpositive degree −k, for some nonnegative integer k. If k = 0, L is the
trivial line bundle and M is then the product M = P

1 ×P
1. If k > 0, L = Λk, where

Λ = O(−1) denotes the tautological line bundle over P
1: for any y in P

1, the fiber
Λy is y itself, viewed as a complex line3 in C

2. The resulting ruled surface P(1⊕L)
is then the k-th Hirzebruch surface, here denoted by Fk or simply M. An element of
Fk is then determined by an element y of P

1, viewed as a complex line in C
2, and

by a complex line in the complex 2-plane C⊕ y⊗k.
Alternatively, M = Fk is the compactification of the total space of L = Λk ob-

tained by adding a point at infinity to each fiber. The union of these point at infinity,
denoted by Σ∞, is called the infinity section, whereas the (image of the) zero section
of L is denoted by Σ0. We then have

M = Σ0 ∪M0 ∪Σ∞, (22)

where M0 = L\Σ0 is the total space of the C
∗-principal bundle of non-zero elements

of L. When k = 1, M0 = Λ\Σ0 is naturally identified with C
2 \{0}; in general, M0

is covered by C
2 \{0} via the k-fold covering map

u 	→ u⊗k (23)

from C
2 \{0} = Λ\Σ0 to M0 = Λk \Σ0.

For any (compact) complex manifold M, denote by H(M) the identity compo-
nent of the group of diffeomorphisms of M that preserve the complex structure:

3 Here, and in the whole paper, complex line is a short cut for one-dimensional complex vector
space; similar convention for complex 2-plane, etc.
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H(M) is then a connected complex Lie group. In particular, H(P1) = PGl(2,C) =
Gl(2,C)/C

∗, and the action of PGl(2,C) on P
1 is covered by an (effective) action

of Gl(2,C)/µk on Λk for any positive integer k, where µk denotes the group of k-th
roots of 1; this action extends to a holomorphic action of Gl(2,C)/µk on Fk, which
is transitive on M0, on Σ0, and on Σ∞.

The full group H(Fk) is then the semidirect product Gl(2,C)/µk �H0(P1,(Λk)∗),
where H0(P1,(Λk)∗) = �k(C2)∗ denotes the space of holomorphic sections of the
dual line bundle (Λk)∗, whereas the action of H0(P1,(Λk)∗) on Fk is defined as
follows: For any α in H0(P1,(Λk)∗) and for any element of Fk represented by y in
P

1 and by the complex line generated by the pair (z,u⊗k) in the complex 2-plane
C⊕ y⊗k, the image of this element by α is the complex line in C⊕ y⊗k generated
by the pair (z + 〈α,u⊗k〉,u⊗k). Within this identification, U(2)/µk ⊂ Gl(2,C)/µk
is a maximal compact subgroup of H(Fk).

The tautological line bundle Λ comes naturally equipped with a fiberwise
Hermitian inner product h determined by the usual Hermitian inner product of C

2.
The inner product h induces a fiberwise Hermitian inner product on L = Λk for
any positive integer k. Denote by ∇ the corresponding Chern connection and by R∇

the curvature of ∇; then, R∇ = −ikω0, where ω0 is the Kähler form of a Kähler
metric, g0, of constant sectional curvature 2 on P

1. We denote by | · |h the Euclidean
distance to the origin with respect to h in each fiber of L and by t the function on
M0 defined by

t = log | · |h, (24)

so that
ddct = kπ∗ω0, (25)

where π denotes the natural projection of M on P
1 (here restricted to M0). The

natural S1-action on L, determined by the multiplication in each fiber by an element
of S1, extends to a holomorphic S1-action on M, which is free on M0 and reduces to
the identity on Σ0 and Σ∞ (this action actually coincides with the restriction of the
action of the group U(2)/µk to its center). Denote by T the generator of this action;
on M0 we have

dt(T ) = 1, dt(JT ) = 0, dt|H∇ = 0, (26)

where J denotes the natural complex structure of M, and H∇ denotes the horizontal
distribution on L induced by ∇.

On M, we consider Kähler metrics whose restriction to M0 admit a Kähler po-
tential, F , which factors through t. These metrics will be referred to as admissible.
They are clearly invariant under the action of U(2)/µk; conversely, any U(2)/µk
Kähler metric on Fk is admissible, cf., e.g., [22, Proposition 9.3.1]. For simplicity,
the notation will not distinguish F , function on M0, and the corresponding function
of t, defined on R; in particular, F ′,F ′′ . . . will denote the derivatives of F with re-
spect to t, still regarded as functions on M0; the same convention will be used for
any function on M0 that factors through t.
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For any admissible Kähler metric on M0, of Kähler potential F = F(t), we set:
ψ = ψ(t) = F ′(t); the corresponding Kähler form, ωψ , has then the following ex-
pression:

ωψ = ddcF = ψ ddct +ψ ′ dt ∧dct. (27)

Conversely, the 2-form defined by (27) is the Kähler form of a Kähler metric on M0
if and only if ψ and its derivative ψ ′ are positive. Moreover, by (25), ddct is well-
defined, whereas e2tdt ∧dct, resp. e−2tdt ∧dct, smoothly extends to Σ0, resp. to Σ∞,
when t tends to −∞, resp. +∞; it follows that ωψ and the corresponding metric, gψ ,
extend to M if and only if ψ satisfied the following properties:

A1. Near t = −∞, ψ(t) = Φ−(e2t), where Φ− is smoothly defined at 0, with
Φ−(0) = a > 0 and Φ′

−(0) > 0.
A2. Near t = +∞, ψ(t) = Φ+(e−2t), where Φ+ is smoothly defined at 0, with Φ+

(0) = b > a > 0 and Φ′
+(0) < 0.

The Kähler class [ωψ ] in H2(M,R) is then

Ωa,b = 2π(−aΣ0 +bΣ∞), (28)

where Σ0,Σ∞ here stand for their homology classes in H2(M,Z), implicitly identified
with elements of H2(M,Z) by Poincaré duality.

In particular, ψ extends to the whole of Fk and is there a momentum for the
natural S1-action with respect to ωψ , meaning that

ιTωψ = −dψ. (29)

Since T preserves the whole Kähler structure, it is a Hamiltonian Killing vector field
and ψ is then a Killing potential with respect to gψ .

The momentum ψ maps M to the closed interval [a,b]. It may be convenient
to substitute the momentum profile,4 Θ, defined on the open interval (a,b) in the
following manner: for any x in [a,b], Θ(x) = ψ ′(ψ−1(x)) (since ψ is an increasing
function from R to (a,b), its inverse, ψ−1, is a well-defined (increasing) function
from (a,b) to R). The momentum profile is positive on (a,b) and the boundary
conditions A1-A2 for ψ readily imply the following boundary conditions for Θ:

B. Θ smoothly extends to the closed interval [a,b], with

Θ(a) = 0, Θ(b) = 0,

Θ′(a) = 2, Θ′(b) = −2.
(30)

Conversely, the momentum profile determines the Kähler metric in the following
sense:

Proposition 1. Any function Θ smoothly defined on [a,b], which is positive on (a,b)
and satisfies the boundary condition B, is the momentum profile of an admissible

4 The momentum profile has been first introduced and advocated by A. Hwang and M. Singer in
[27].



Hirzebruch Surfaces 33

Kähler metric defined on M, for a momentum function ψ uniquely defined up to
transformations of the form ψ(t) 	→ ψ̃(t) = ψ(t + t0), for any real number t0.

Proof. (Sketch). We first recover the function t, up to an additive constant, via the
differential equation dt

dx = 1
Θ(x) on the open interval (a,b); since Θ is positive on

(a,b), we get x as an increasing function of t, which is the function ψ we are looking
for; finally, the boundary condition B for Θ ensures that ψ satisfies the boundary
conditions A1-A2 (more detail can be found in [10] or [22]). ��

In general, the Ricci form of a Kähler manifold (M,J,g,ω) has the follow-
ing local expression: ρ = − 1

2 ddc log vg
v0

, where vg denotes the volume form of g
and v0 the volume form of the flat Kähler metric determined by any local holo-
morphic chart. For any admissible Kähler metric gψ on M0, the volume form is
vgψ = ωψ∧ωψ

2 = ψψ ′ddct ∧ dt ∧ dct, whereas a holomorphic chart is provided by
the covering map (23) from C

2 \ {0} = Λ \Σ0 to M0; the Kähler form of the asso-
ciated flat Kähler metric is then ω0 = 1

4 ddce
2t
k = e

2t
k ( 1

2k ddct + 1
k2 dt ∧ dct), so that

v0 = ω0∧ω0
2 = e

4t
k

k3 ddct ∧ dt ∧ dct. On M0, the Ricci form of (gψ ,ωψ) is then writ-
ten as

ρ = ddcw, (31)

where the Ricci potential w = w(t) is given by

w = w(t) = κ t − 1
2

logψ(t)− 1
2

logψ ′(t), (32)

by setting (cf. Remark 2 below)

κ =
2
k
, (33)

whereas the scalar curvature s = 2ρ∧ωψ
vgψ

is given by

s =
2(w′ψ)′

ψψ ′ . (34)

Via the momentum map ψ , the scalar curvature can be read as a function defined
on the open interval (a,b) and has then the following expression in terms of the
momentum profile Θ:

s =
2κ− (xΘ(x))′′

x
. (35)

Notice that the derivatives in the rhs of (34) are relative to t, whereas the derivatives
in the rhs of (35) are relative to x.

A Kähler metric is extremal if its scalar curvature is a Killing potential, i.e., the
momentum of a Hamiltonian Killing vector field [10]. For any admissible Kähler
metric gψ on M0, the scalar curvature s factors through t, hence is a Killing potential
if and only if it is an affine function of the Killing potential ψ:

s = αψ +β , (36)
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for two real numbers α,β . By using (35), (36) can be expressed as the differential
equation

(xΘ(x))′′ = −αx2 −βx+2κ, (37)

for the momentum profile Θ = Θ(x). This readily integrates to:

Θ(x) =
P(x)

x
, (38)

with

P(x) = − α
12

x4 − β
6

x3 +κ x2 − γ
6

x− δ
12

, (39)

where γ,δ are constants. Moreover, the boundary condition B for Θ is equivalent to
the following conditions for P:

P(a) = 0, P(b) = 0,

P′(a) = 2a, P′(b) = −2b.
(40)

Equivalently, the (normalized) coefficients α,β ,γ,δ of P are given by

α =
12(2(a+b)−κ (b−a))
(b−a)(a2 +4ab+b2)

,

β =
12(−(a2 +b2)+κ (b2 −a2))

(b−a)(a2 +4ab+b2)
,

γ = abβ ,

δ = a2b2 α.

(41)

Conversely, the conditions (40), together with P′′(0) = 2κ , unambiguously deter-
mine a polynomial of degree equal to or less than 4 for any pair a,b with 0 < a < b,
i.e., for any Kähler class Ωa,b on Fk. This polynomial, denoted by PΩa,b , will be
called the Calabi polynomial or, according to [4], the extremal polynomial of Ωa,b.
It can also be written in the following form:

PΩa,b(x) = (x−a)(b− x)Qa,b(x), (42)

with Qa,b = Ax2 +Bx+C and

A =
2(a+b)−κ (b−a)

(b−a)(a2 +4ab+b2)
,

B =
4ab+κ (b2 −a2)

(b−a)(a2 +4ab+b2)
,

C = abA.

(43)

The Calabi polynomial PΩa,b is well defined for any Kähler class, independently of
the existence of any extremal Kähler metric in Ωa,b. On the other hand, in view of
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(38) and Proposition 1, Ωa,b does admit an (admissible) extremal Kähler metric if
and only if PΩa,b is positive on the open interval (a,b).5 By using (42)–(43), it is
easily checked that this condition is satisfied for any 0 < a < b and for any positive
integer k (we then have 0 < κ ≤ 2).

We conclude that on any Hirzebruch surface Fk, any Kähler class Ωa,b contains
an admissible extremal Kähler metric, which is determined by

Θ(x) =
PΩa,b(x)

x
, (44)

or, equivalently, by
ψψ ′ = PΩa,b(ψ), (45)

hence is uniquely defined up to the transformations t 	→ t +t0, for any real number t0,
i.e., the holomorphic transformations of M = P(1⊕L) induced by the multiplication
in each fiber of L by et0 .

According to a celebrated theorem of E. Calabi [11], any extremal Kähler metric
on Fk can be made U(2)/µk-invariant — hence admissible — by a holomorphic
transformation in H(Fk). We then eventually get:

Theorem 1 (E. Calabi [10, 11]). For any positive integer k, the Hirzebruch surface
Fk admits an extremal Kähler metric in each Kähler class, unique up to the action
of H(Fk).

Remark 1. In general, the uniqueness issue for extremal Kähler metrics in a Kähler
class of a (compact, connected) complex manifold proved to be a highly nontrivial
question, even in the particular case of Kähler–Einstein metrics, solved by S. Bando
and T. Mabuchi [6]. Uniqueness of extremal metric in a rational Kähler class on a
projective algebraic manifold M was proved by S. Donaldson [20], cf. also [7], with
the assumption that H(M) = {1} (extremal metrics are then of constant scalar curva-
ture); this condition has then been removed by T. Mabuchi [29]. Finally, uniqueness
of extremal metric up to the action of H(M) was proved in full generality by X. X.
Chen-G. Tian [12–14].

Remark 2. The above construction can be extended to any Hirzebruch-like ruled
surfaces P(1⊕L) over a compact Riemann surface Σ of any genus g, for any holo-
morphic line bundle L of negative degree −k. All arguments and formulae in this
section still hold in this extended context, by only substituting

κ =
2(1−g)

k
(46)

to (33). In particular, admissible Kähler metrics are defined in the same way, Kähler
classes are still parameterized by pairs of real numbers a,b with 0 < a < b, each
Kähler class Ωa,b determines an extremal polynomial PΩa,b — by (40) and P′′

Ωa,b
(0) =

2κ — and we conclude as before that Ωa,b contains an admissible extremal metric

5 A similar theorem holds in a much more general setting, cf. [4], see also Remark 2 below.
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if and only if PΩa,b is positive on the open interval (a,b). The main point here —
first observed by C. W. Tønnesen-Friedman [32] — is that if g > 1, the condition
that PΩa,b be positive on (a,b) is only satisfied for “small” Kähler classes; more
precisely, for any g > 1 and any k > 0, define cκ as the unique positive root greater
than 1 of the equation

(κx2 +4x−κ)2 −4x((2−κ)x+(2+κ))2 = 0 (47)

where κ is defined by (46); then [32] a Kähler class Ωa,b on Fk admits an admissi-
ble extremal Kähler metric if and only if b/a < cκ . It turns out that Kähler classes
Ωa,b such that b/a ≥ cκ admit no extremal Kähler metric. This has firstly been
proved by Apostolov–Calderbank–Gauduchon–Tønnesen-Friedman [4], by using
Chen–Tian’s work [12–14], then, independently and by a different approach rely-
ing on Donaldson’s work, in particular on [21], by G. Székelyhidi [30, 31].

Further generalizations of the Calabi construction can be found in several places,
in particular in [26] and in [3, 4].

3 Hirzebruch Surfaces as Toric Kähler Manifolds

On any Hirzebruch surface Fk, the natural S1-action can be combined with the nat-
ural toric structure of P

1 to produce a Hamiltonian T
2-action on Fk and make it into

a toric Kähler manifold for any admissible Kähler metric.
The natural toric structure of P

1 is determined by the (effective) S1-action de-
fined, in terms of homogeneous coordinates, by

ζ · (y1 : y2) = (ζ y1 : y2), (48)

for any ζ in S1 and any y = (y1 : y2) in P
1. We denote by Z the generator of this

action on P
1. This action has a natural lift on the tautological line bundle Λ, whose

expression on Λ\Σ0 = C
2 \{0} is

ζ · (u1,u2) = (ζ u1,u2), (49)

for any u = (u1,u2) in C
2 \{0}. The generator of this action, denoted by Ẑ, has then

the following expression:
Ẑ(u) = (iu1,0). (50)

On the other hand, we have that

Ẑ = Z̃ +µZ T, (51)

where Z̃ denotes the horizontal lift of Z on Λ, with respect to the Chern connection
∇, and where µZ is a momentum of Z relative to ω0. By definition, µZ is the mo-
mentum determined by the natural lift of the S1-action on Λ (here and henceforth
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we identify µZ with π∗µZ). For any u in C
2 \ {0}, Z̃(u) is the part of Ẑ(u) that is

Hermitian-orthogonal to the complex line Cu. From (50) and (51), we thus get:

µZ =
|u1|2

|u1|2 + |u2|2
, (52)

and
Z̃ =

1
|u1|2 + |u2|2

(|u2|2 iu1,−|u1|2 iu2). (53)

From (52)–(53) we infer that the square norm of Z with respect to g0 is given by

|Z|2g0
= 2µZ (1−µZ). (54)

The S1-action (48) has a natural lift on L = Λk for each k, whose generator is Ẑ =
Z̃ + kµZ T . This action extends to the whole of M. The generator of the extended
action will be denoted by K2.

Lemma 1. For any admissible Kähler form ωψ on M, K2 is a Hamiltonian vector
field of momentum σ2 given by

σ2 = kψ µZ . (55)

Moreover, K2 preserves J and the Kähler metric gψ determined by ωψ .

Proof. On M0, K2 = Ẑ = Z̃ +kµZ T , whereas ωψ is given by (27); by using (25) and
(26), we get

ιK2ωψ = kψ π∗(ιZω0)+ kµZ ψ ′ ιT (dt ∧dct)

= −kψ dµZ − kψ ′ µZ dt

= −k d(ψ µZ).

Since ψ and µZ are defined on the whole of M, we thus get ιK2ωψ = −dσ2 on M,
with σ2 given by (55). Then LK2ωψ = d(ιK2ωψ) = 0 and σ2 is a momentum of
K2 with respect to ωψ ; this proves the first assertion. The S1-action on Λ described
by (49) is clearly holomorphic, and so is the induced action on Λk for any k: the
generator K2 of this action thus preserves J, hence also gψ = ωψ(·,J·). ��

The momentum σ2 is clearly T -invariant, meaning that T and K2 commute and
that the corresponding momenta, ψ and σ2 Poisson-commute for any admissible
Kähler form ωψ . For convenience, T and its momentum ψ relative to ωψ will
be renamed K1 and σ1, respectively: K1 = T and K2 are then the generators of a
Hamiltonian action of the torus T

2 on M, which makes M into a toric Kähler sur-
face for any admissible Kähler structure. We denote by µ the corresponding mo-
mentum, as a map from M to t∗, the dual of the Lie algebra t of T

2. Denote by
X1,X2 the generators of t determined by K1 = T,K2, respectively, and by x1,x2 the
associated linear coordinates in t∗. For any x in M, 〈µ(x),X1〉 = σ1(x) = ψ(t) and
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Fig. 1 Momentum polytope ∆a,b for the Hirzebruch surface Fk.

〈µ(x),X2〉 = σ2(x) = kψ(t)µZ(x), and the image of the momentum map in t∗ has
the shape shown in Fig. 1.

It is a convex polytope, denoted by ∆a,b, whose boundary is the right-angled
trapezoid with vertices at the points (a,0),(b,0),(a,k a),(b,k b). Equivalently, ∆a,b
is the convex polytope in the (x1,x2)-plane defined by

x2 ≥ 0,

k x1 − x2 ≥ 0,

− x1 +b ≥ 0,

x1 −a ≥ 0

(56)

(the above picture is the case when k = 2). We denote by F1,F2,F3,F4 the facets
determined by x2 = 0, −x1 + b = 0, k x1 − x2 = 0, x1 − a = 0, respectively; their
(inward) normals in the dual space t are then

v1 = (0,1), v2 = (k,−1), v3 = (−1,0), v4 = (1,0) (57)

respectively.
For any admissible metric gψ in Ωa,b, let H be the 2×2-matrix such that Hi j =

gψ(Ki,Kj), i, j = 1,2. Via the momentum map µ = (σ1,σ2), H can be regarded as
defined on ∆a,b; we then have:

Lemma 2. For any admissible metric gψ ,

H =

⎛
⎜⎜⎝

Θ(x1)
x2 Θ(x1)

x1

x2 Θ(x1)
x1

2x2 (1− x2
k x1

)+ x2
2 Θ(x1)

x2
1

⎞
⎟⎟⎠ (58)
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where, we recall, Θ denotes the momentum profile of gψ . In particular

detH = 2Θ(x1)x2

(
1− x2

k x1

)
. (59)

Proof. From (27), we readily infer gψ(K1,K1) = gψ(T,T ) = ψ ′(t) = Θ(σ1),
whereas gψ(K1,K2) = gψ(T, Z̃) + kµZ gψ(T,T ) = σ2

σ1
Θ(σ1), as gψ(Z̃,T ) = 0.

Finally, gψ(K2,K2) =ψ |Z|2kω0
+k2 µ2

Z ψ ′. By (54), this is equal to 2kψµZ(1−µZ)+

k2µ2
Zψ ′ = 2σ2(1− σ2

kψ )+ σ2
2 Θ(σ1)
σ2

1
. ��

Remark 3. We easily check that H satisfies the boundary conditions in [3,
Proposition 1], namely

H|Fi(vi, ·) = 0 dH|Fi(vi,vi) = 2vi, i = 1, . . . ,4, (60)

if and only the boundary condition B for Θ are fulfilled.

The inverse of the matrix H has the following expression

H−1 =

(
1

Θ(x1) + k x2
2x1(k x1−x2)

−k
2(k x1−x2)

−k
2(k x1−x2)

k x1
2x2(k x1−x2)

)
. (61)

This is the matrix, with respect to the (x1,x2)-coordinates, of the induced metric
g∆a,b on the interior, ∆0

a,b, of ∆a,b; by setting x = x1,y = x2
k x1

— recall that σ2
kσ1

= µZ
— we then get:

g∆a,b =
dx⊗dx
Θ(x)

+ kx
dy⊗dy

2y(1− y)
. (62)

Notice that in the above expression, dx⊗dx
Θ(x) is the induced metric of the admissible

Kähler metric of Fk on the open interval (a,b), via the momentum map ψ , whereas
dy⊗dy

2y(1−y) is the induced metric of the standard Kähler metric of P
1 of curvature 2 on

the open interval (0,1), via the momentum map µZ .
As we already know, cf. Section 1, H−1 is the Hessian of the symplectic potential

of Fk as a toric Kähler manifold; from (61) we easily deduce that the symplectic
potential, call it Ga,b, has the following expression:

Ga,b(x1,x2) =
∫ x1
(∫ s2 ds1

Θ(s1)

)
ds2

+
1
2
(k x1 − x2) log(k x1 − x2)−

k
2

x1 logx1 +
1
2

x2 logx2.

(63)
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By (15), the components, τ1,τ2 of the dual momentum map τ are then given by:

τ1 =
∂Ga,b

∂x1
=
∫ x1 ds

Θ(s)
+

k
2

log(k x1 − x2)−
k
2

logx1

τ2 =
∂Ga,b

∂x2
= −1

2
log(k x1 − x2)+

1
2

logx2.

(64)

From (14), we infer the following expression of the Kähler potential Fa,b:

Fa,b = −Ga,b + x1
∂Ga,b

∂x1
+ x2

∂Ga,b

∂x2

= −
∫ x1
(∫ s2 ds1

Θ(s1)

)
ds2 + x1

∫ x1 ds
Θ(s)

.

(65)

As we already knew, the Kähler potential only depends on σ1 = ψ . As a matter of
fact, it readily follows from the definition of the momentum profile Θ that

∫ σ1 ds
Θ(s)

coincides, up to a constant, with the function t defined by (24), viewed as a function
of ψ = σ1. By differentiating (65) along t, we get dFab

dt = −t dψ
dt + t dψ

dt +ψ = ψ ,
which was the original definition of ψ .

We now restrict our attention to the case when the admissible Kähler metric
(gψ ,ωψ) is extremal in Ωa,b. As recalled in Section 2, this is the case when the mo-

mentum profile is given by Θ(x) =
PΩa,b

(x)

x , where PΩa,b(x) = (x−a)(b− x)Qa,b(x)
is the Calabi polynomial of Ωa,b, cf. (44). When b

a is large enough, Qa,b has two
distinct real roots r±, both negative, given by

r± =
−(2abk +b2 −a2)±

(
(b−a)4 +12ab(b2 −a2)k−4ab(a2 +ab+b2)k2

) 1
2

2(a+b)k−2(b−a)
(66)

The function t, viewed as a function defined on the momentum (x1,x2)-plane,
actually a function of x1 alone, has then the following expression:

t(x1) =
∫ x1 dx

Θ(x)
=
∫ x1 xdx

PΩa,b(x)

=
1
2

log(x1 −a)− 1
2

log(b− x1)

+
(b−a)

2(r+ − r−)
log(x1 − r+)− (b−a)

2(r+ − r−)
log(x1 − r−)

− (k−1)
2

log(k−1)+
1
2

logk

(67)

(the constant − (k−1)
2 log(k−1)+ 1

2 logk has been added for further convenience; we
agree that it is equal to 0 for k = 1). Notice that (67) determines x1 as a well-defined
(smooth, increasing) function of t, hence determines unambiguously an admissible
extremal Kähler metric in the Kähler class Ωa,b.
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The Kähler potential Fa,b, whose general expression as a function defined on the
(x1,x2)-plane is given by (65), then specializes to:

Fa,b(x1) =
a
2

log(x1 −a)− b
2

log(b− x1)

+
(b−a)r+

2(r+ − r−)
log(x1 − r+)− (b−a)r−

2(r+ − r−)
log(x1 − r−).

(68)

We now fix b > 0 and make a tend to 0. The Calabi polynomial Pa,b tends to the
polynomial P0,b defined by

P0,b(x) =
2

b2k
x2(b− x)((k−1)x+b). (69)

In particular, the root r+ tends to 0, whereas r− tends to − b
(k−1) if k > 1 and tends

to −∞ like −b2

2a if k = 1.
If k > 1, the Kähler potential Fa,b given by (68) tends to

F0,b(x1) =
b
2
(

log((k−1)x1 +b)− log(b− x1)
)

(70)

up to an additive constant. If k = 1, we substitute Fa,b− (b−a)r−
2(r+−r−) loga, which tends to

F0,b(x1) = −b
2

log(b− x1) (71)

when a tends to 0 up to an additive constant. The expression (70) then holds in
both cases.

Similarly, the rhs of (67) tends to the function tb defined by

tb(x1) =
k
2

logx1 −
1
2

log(b− x1)

− (k−1)
2

log
(
(k−1)x1 +b

)
+

1
2

logk.
(72)

In this limiting process, the momentum polytope ∆a,b tends, in the (x1,x2)-plane,
to the triangle ∆0,b whose vertices are the points (0,0), (b,0) and (b,k b) (Fig. 2):
this triangle is defined by the set of inequalities:

�1 := x2 +λ1 ≥ 0,

�2 := k x1 − x2 +λ2 ≥ 0,

�3 := −x1 +λ3 ≥ 0,

(73)

with λ1 = λ2 = 0, λ3 = b.
Except in the case when k = 1, ∆0,b is no longer a Delzant polytope with re-

spect to the lattice Z
2. Indeed, the former face F4 collapsed to the new vertex (0,0),

whereas the former facets F1 and F2 now meet at (0,0), with normals v1 = (0,1) and
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Fig. 2 Momentum polytope ∆0,b for the weighted projective surface P1,1,k.

v2 = (k,−1), which do not generate the lattice Z
2 any more if k > 1. It is neverthe-

less a simple rational polytope, and we easily recognize the momentum polytope ∆k
of the complex weighted projective space P

2
k of weight k = (1,1,k) equipped with

a self-dual Kähler metric with some scaling depending of b (the collapsing of the
facet F4 then corresponds with the collapsing of Σ0 in Fk, cf. Section 4 below).

It is easy to check that we recover the standard metric of P
2
k if and only if b = 1

k .
For this choice of b and with the notation of Section 1, the identification of ∆0, 1

k
, in

the (x1,x2)-plane, with ∆k, in the hyperplane ξ1 + ξ2 + kξ3 = 0 of the (ξ1,ξ2,ξ3)-
space, is given by the affine map

ξ1 = x2 −
1
3
, ξ2 = kx1 − x2 −

1
3
, ξ3 = −x1 +

2
3k

; (74)

in particular, the vertices (0,0), ( 1
k ,0), ( 1

k ,1) of ∆0, 1
k

are mapped to the vertices

p3 = (− 1
3 ,− 1

3 , 2
3k ), p2 = (− 1

3 , 2
3 ,− 1

3k ), p1 = ( 2
3 ,− 1

3 ,− 1
3k ) of ∆k, respectively.

By using (12) and the values of � j and λ j given in (73), we get the following
expression for the Kähler potential, Fk, of the standard self-dual metric of P

2
k on the

interior of ∆k:

Fk =
b
2
(

log((k−1)x1 +b)− log(b− x1)
)
. (75)

By comparing with (70), we conclude that the pairs (Fa, 1
k
,∆a, 1

k
) converge to the pair

(Fk,∆k) when a tends to 0, meaning that the (admissible) Calabi extremal metric on
Fk in the Kähler class Ωa, 1

k
tends, in a sense that will be made more precise in

Section 4, to the standard self-dual Kähler metric of the weighted projective
plane P

2
k.
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4 The Weighted 2-Plane P
2
k as a Blow-Down of Fk

By definition, the weighted projective plane P
2
k is the quotient of C

3 \ {0} by the
C
∗-action of weight k = (1,1,k), defined by ζ · (z1,z2,z3) = (ζ z1,ζ z2,ζ kz3), see

Section 1.
For any z = (z1,z2,z3) in C

3 \{0}, the isotropy group of the C
∗-action at z is the

identity except if z belongs to the C
∗-orbit defined by z1 = z2 = 0, when the isotropy

group is µk, the group of the k-th roots of 1. The weighted projective plane P
2
k has

then a unique orbifold singularity at the point (0 : 0 : 1), modeled on C
3/µk.

The link between the weighted projective plane P
2
k and the Hirzebruch surface

Fk is provided by the following proposition:

Proposition 2. For any positive integer k, Fk can be realized as the subvariety of
the product P

2
k ×P

1 defined by the equation

z1y2 − z2y1 = 0, (76)

for [z] = (z1 : z2 : z3) in P
2
k and y = (y1 : y2) in P

1.

Proof. Denote by Vk the subvariety of P
2
k defined by (76). The identification of Vk

with Fk goes as follows. Recall that Fk = P(1⊕Λk), where Λ denotes the tautolog-
ical line bundle over P

1: an element of Fk over y in P
1 = P(C2) is then a complex

line in the complex 2-plane C⊕ y⊗k. To any pair ([z] = (z1 : z2 : z3),y = (y1 : y2))
in Vk ⊂ P

2
k × P

1 we then associate the complex line in C ⊕ y⊗k generated by(
z3,λ ((y1,y2)⊗k)

)
, for any choice of a generator (y1,y2) of the complex line

y = (y1 : y2), where λ is determined by:

zk
1 = λ yk

1, zk
2 = λ yk

2. (77)

��

Notice that by the map from P
2
k ×P

1 to P
2 ×P

1 determined by the canonical map

(z1 : z2 : z3) 	→ (x1 = zk
1 : x2 = zk

2 : x3 = z3) (78)

from P
2
k to P

2 and the identity map on P
1, Vk is mapped biholomorphically to the

submanifold of P
2 ×P

1 defined by

x1yk
2 − x2yk

1 = 0, (79)

which is the original definition of Fk in [25].
The above identification of Vk with Fk commutes with the projection from Vk

to P
1 induced by the second projection and the natural projection from Fk to P

1.
Moreover, in this identification, the projective line {p0}× P

1 in Vk is identified
with the zero section Σ0, whereas the projective line of pairs of the form ([z] = (z1 :
z2 : 0),y = (z1 : z2)) in P

2
k ×P

1 is identified with the infinity section Σ∞.
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Denote by q the map from Fk = Vk ⊂ P
2
k ×P

1 to P
2
k induced by the projection to

the first factor. Then, {p0}×P
1 is mapped to the singular point p0, whereas q maps

Vk \({p0}×P
1) = Fk \Σ0 biholomorphically to P

2
k \{p0}. The k-th Hirzebruch sur-

face Fk is then a blow-up of P
2
k at the singular point p0 — hence a desingularization

of P
2
k — whereas P

2
k, as an algebraic variety, is realized as the blow-down of Fk

along the zero section Σ0.
According to the above discussion, the blow-down map q : Fk → P

2
k has the

following expression: for any element x =
(
z : λ ((y1,y2)⊗k)

)
of Fk in the fiber

π−1(y) = P(C⊕ y⊗k) — see above — we have

q(x) = (z1 = λ
1
k y1 : z2 = λ

1
k y2 : z3 = z) (80)

in P
2
k for any choice of a generator (y1,y2) of y in C

2; the inverse q−1 of q, from
P

2
k \{p0} to Fk \Σ0 is then given by

q−1([z]) = (z3 : ((z1,z2))⊗k), (81)

for [z] = (z1 : z2 : z3) in P
2
k \{p0}.

In particular, the function t defined on M0 = Fk \(Σ0∩Σ∞) by (24) can be viewed
as a function defined on q(M0) ⊂ P

2
k and has there the following expression

t([z]) =
k
2

log(|z1|2 + |z2|2)−
1
2

log |z3|2, (82)

for any [z] = (z1 : z2 : z3) in q(M0) (notice that q(M0) = U (3) \{p0}, i.e., is defined
in P

2
k by the two conditions (z1,z2) �= (0,0) and z3 �= 0); in terms of the orbifold

coordinates w1,w2 on the affine part U (3) of P
2
k, we then have

t(w1,w2) =
k
2

log(|w1|2 + |w2|2); (83)

alternatively,

t([u]) =
k
2

log(1−|u3|2)−
1
2

log |u3|2, (84)

for any [u] in q(M0), represented by an element u = (u1,u2,u3) of S5.
The blow-down map q is equivariant under the T

2-action on Fk described in
Section 2 and the T

2
k-action on P

2
k described in Section 1, over an appropriate iso-

morphism from T
2 to T

2
k. More precisely, from the explicit formulation (80), we

infer that the T
2-action on Fk \Σ0, when read on P

2
k \{p0}, has the following form:

(ζ1,ζ2) · (z1 : z2 : z3) = (ζ2z1 : z2 : ζ−1
1 z3) (85)

for any (ζ1,ζ2) in T
2 = S1 ×S1 and any (z1 : z2 : z2) in P

2
k \{p0}. This shows that q

is equivariant over the isomorphism

(ζ1,ζ2) 	→ (ζ2,1,ζ−1
1 ) mod jk(S1) (86)
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from T
2 to T

2
k = T

3/ jk(S1). We can then arrange that the corresponding momenta be
related as in (74) for any admissible Kähler metric on Fk and its image on P

2
k \{p0}

by the blow-down map q.
The discussion of Sections 3 and 4 can be summarized by the following

statement:

Theorem 2. For any positive integer k, let Fk = P(1⊕Λk) be the k-th Hirzebruch
surface and P

2
k the weighted projective plane of weight k = (1,1,k). Denote by q

the blow-down map from Fk to P
2
k, which maps the zero section Σ0 of Fk to the

singular point, p0, of P
2
k. For any Kähler class Ωa,b on Fk, with 0 < a < b and

b
a sufficiently large, denote by gψa,b the Calabi admissible extremal Kähler metric
in Ωa,b determined by (67). Denote by g̃ψa,b the induced extremal Kähler metric
on P

2
k \ {p0}, via the blow-down map q restricted to Fk \Σ0. Fix b = 1

k and let a
tend to 0. Then, g̃ψ

a, 1
k

tends to the standard self-dual Kähler metric of P
2
k \ {p0},

uniformly on each compact set, with all its derivatives.

Proof. By putting together (72) and (84) — recall that t is independent of the chosen
Kähler class Ωa,b, hence of the parameter a — we infer that the momentum map
σ1 = ψa, 1

k
, viewed as a function on P

2
k \{p0}, tends to

x1 =
1
k
− |u3|2

(1+(k−1)|u3|2)
(87)

on the affine part U (3) ∩ (P2
k \ {p0}), hence on P

2
k \ {p0}. From (70), we conclude

that the Kähler potential of g̃a, 1
k

tends to the function

F̃lim = −1
k

log |u3|. (88)

By (4), this is a Kähler potential of the standard metric of P
2
k on the affine part U (3).

On each compact set of P
2
k \ {p0}, t is bounded above and below: the convergence

of all functions considered above, and of all their derivatives, are then uniform. ��

Remark 4. The group Gl(2,C)/µk acts effectively and holomorphically on P
2
k by

[A] · (z1 : z2 : z3) = (az1 + bz2 : cz1 + dz2 : z3), for any [A] =
(

a b
c d

)
mod µk; this

action fixes the singular point p0 and is transitive on the projective line q(Σ∞) =
P

2
k \U (3) and on the open set q(M0) = U (3) \ {p0}. Moreover, the induced action

of U(2)/µk preserves the standard metric of P
2
k. The blow-down map q is clearly

equivariant with respect to this action and to the action of Gl(2,C)/µk on Fk, cf.
Section 2. Then, T

2
k, as a subgroup of U(2)/µk, is the image of T

2 in the map from
T

2 to U(2)/µk defined by

(ζ1,ζ2) 	→

⎛
⎝ζ

1
k

1 ζ2 0

0 ζ
1
k

1

⎞
⎠ (89)

which is a directly deduced from (85).
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Remark 5. The Ricci potential w = w(t) of any admissible Kähler metric on M0,
whose expression is given in (32), can be rewritten, as a function of x = x1 on ∆0

a,b,
in the following manner:

w = w(x1) =
2
k

t(x1)−
1
2

logx1 −
1
2

logΘ(x1), (90)

where t = t(x1) is given by (67). For an admissible extremal Kähler metric, this
reduces to

w(x1) =
2
k

t(x1)−
1
2

logPΩa,b(x1), (91)

where PΩa,b is the Calabi polynomial of the chosen Kähler class Ωa,b. When b is
fixed and a tends to 0, the rhs of (91) tends to 2

k tb(x1)− 1
2 logP0,b(x1), where tb and

P0,b are given by (72) and (69), respectively; the Ricci potential then tends to a limit,
wlim, given by:

wlim(x1) = − (k +2)
2k

log(b− x1)−
(3k−2)

2k
log((k−1)x1 +b). (92)

When b = 1
k , x1 is given by (87), and the rhs of (92) then reduces to

wlim(|u3|) = − (k +2)
2k

log |u3|2 +2 log(1+(k−1) |u3|2); (93)

by (5), this is the Ricci potential of the standard metric of P
2
k on the affine open

set U (3). Similarly, by (41), the scalar curvature s = α x1 + β tends to slim =
12k(1−(k−1) |u3|2)

1+(k−1) |u3|2) , which, by (6), is the expression of the scalar curvature of the

standard metric of P
2
k on U (3). If W− denotes the anti–self-dual Weyl tensor —

equivalently, the Bochner tensor — of gψa,b , we have that |W−|2gψa,b
=

s2
ḡψa,b

24ψ4
a,b

, where

sḡψa,b
= δ

ψa,b
+ γ denotes the scalar curvature of the associated dual Kähler metric,

cf. [2,22, Chapter 8]; by (41), γ and δ tend to 0 when a tends to 0 (with b = 1
k fixed);

it follows that W− tends to 0. This, of course, is also a consequence of Theorem 2.

Remark 6. The geometric situation described in this paper fits well with the general
existence theorems of extremal Kähler metrics on blow-ups of extremal Kähler man-
ifolds established by Arezzo–Pacard–Singer in [5], in particular with [5, Corollary
2.2].
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Quaternionic Kähler Moduli Spaces

Nigel Hitchin

Abstract We describe in differential-geometric language a class of naturally occur-
ring quaternionic Kähler moduli spaces due originally to the physicists Ferrara and
Sabharwal. This class yields an example in real dimension 4n for every projective
special Kähler manifold of real dimension 2n−2 and can be applied in particular to
the case of the moduli space of complex structures on a Calabi–Yau threefold.

1 Introduction

The study of quaternionic Kähler orbifolds of positive scalar curvature is equiva-
lent to the study of 3-Sasakian manifolds, and the procedure of quaternionic Kähler
reduction gives many examples of these, starting from a finite-dimensional quater-
nionic projective space (see [3]). But whereas hyperkähler reduction has been used
in an infinite-dimensional context to produce many examples of hyperkähler metrics
on gauge-theoretic moduli spaces (monopoles, instantons, and Higgs bundles), there
seems to be no such source of examples of quaternionic Kähler geometries. Physics
has, however, produced a class of examples of naturally occurring quaternionic
Kähler moduli spaces, in the construction of Ferrara and Sabharwal [6], which yields
an example in real dimension 4n for every projective special Kähler manifold M
of real dimension (2n− 2). Particularly interesting examples of projective special
Kähler manifolds arise from the moduli spaces of Calabi–Yau threefolds or their
generalized versions as in [10]. The 4n-manifold is a bundle over M whose fiber is a
quotient of the unit ball in Cn+1, considered as a Siegel domain of the second kind.

The purpose of this paper is to describe in more standard differential-geometric
language this construction and to illustrate it (following [9]) in the case where the
projective special Kähler manifold is the moduli space M of Calabi–Yau com-
plex structures on a six-dimensional real manifold Y . We proceed via the construc-
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tion due to Cecotti, Ferrara, and Girardello [4] of a natural associated indefinite
hyperkähler manifold. In the Calabi–Yau case, one starts with the gauged moduli
space U of complex structures together with a choice of holomorphic three-form,
a C∗-bundle over M. Then the hyperkähler manifold can be thought of as a flat
bundle over U whose fiber is the torus H3(Y,R)/H3(Y,Z). With one of the three
hyperkähler complex structures this is a holomorphic fibration whose fiber is the
complex torus known as the Griffiths intermediate Jacobian. The corresponding
quaternionic Kähler manifold fibers over M with fiber a punctured disc bundle over
the complex torus known as the Weil intermediate Jacobian.

2 Special Kähler Manifolds

The starting point for the construction is special Kähler geometry (see [7, 8]).

Definition. A special Kähler manifold is a complex manifold with

• a Kähler metric g with Kähler form ω
• a flat torsion-free connection ∇ such that
• ∇ω = 0 and d∇I = 0

The last property is to be interpreted by thinking of the complex structure, an
endomorphism of the tangent bundle T , as I ∈Ω1(T ), a one-form with values in T .
The connection ∇ defines a covariant exterior derivative d∇ : Ωp(T )→Ωp+1(T ) and
we require d∇I = 0 ∈Ω2(T ). We shall consider such structures where the metric has
various signatures.

The flat torsion-free connection ∇ gives distinguished flat local coordinates xi
such that

ω =∑ωi jdxi ∧dx j

has constant coefficients. As shown in [8], the structure is then determined by a
locally defined real function φ where the metric has Hessian form

gi j =
∂ 2φ

∂xi∂x j
.

If X is the Hamiltonian vector field for φ , then d∇X = I, and hence since ∇ is flat,
d∇I = d2

∇X = 0. The condition I2 = −1 and integrability of I impose conditions on
φ , but φ is (locally and noncanonically) determined by an arbitrary holomorphic
function.

Example. Consider the moduli space of pairs (Y,Ω) where Y is a compact Kähler
threefold and Ω is a nonvanishing holomorphic three-form on Y . The isomorphism
H1(Y,O(T )) ∼= H1(Y,O(Λ2T ∗)) and the Tian–Todorov theorem gives a smooth
moduli space M of complex dimension h2,1, and the choice of Ω defines a C∗-
bundle U over M.
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It is known (see [9] for example) that the de Rham cohomology class [ReΩ] gives
local coordinates on U , and the cup product on H3(Y,R) is a constant-coefficient
symplectic form. This defines ω and the flat affine structure. The function φ is

φ =
∫

Y
ReΩ∧ ImΩ .

The tangent space to U is an extension

0 → H0(Y,O(Λ3T ∗)) →T U → H1(Y,O(Λ2T ∗)) → 0 .

Now

dz1 ∧dz2 ∧dz3 ∧dz̄1 ∧dz̄2 ∧dz̄3 = −dz̄1 ∧dz2 ∧dz3 ∧dz1 ∧dz̄2 ∧dz̄3 ,

which means that the Kähler metric, which is defined by the symplectic form and
complex structure, has opposite sign on the one-dimensional space of multiples of
[Ω] to that on H1(Y,O(Λ2T ∗)). For convenience we choose an orientation such that
the overall metric has Hermitian signature (h2,1,1).

There is a particular class of structures when the vector field X preserves the
metric (or equivalently the complex structure). If X integrates to an action of S1,
then we can take the Kähler quotient and get a Kähler metric on

M/C∗ ∼= φ−1(c)/S1 ,

which is called a projective special Kähler structure.

Example. In the Calabi–Yau case, there is a natural S1-action Ω 	→ eiθΩ on U .
Differentiating at θ = 0, we get Ω̇ = iΩ, so the action defines the vector field X =
−[ImΩ]∈ H3(Y,R) which is the Hamiltonian vector field of φ . Since X and IX give
the holomorphic C∗-action on U , this action preserves the complex structure. Thus
M = U/C∗ is a projective special Kähler manifold with positive definite signature.

3 The Hyperkähler Manifold

To any special Kähler manifold of real dimension 2n, Cecotti, Ferrara, and
Girardello [4] associate a semiflat hyperkähler manifold on a bundle over it.

Its local geometry is a product,

M×R2n

and the metric is

∑gi j(dxidx j +dyidy j) , (1)
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where

gi j =
∂ 2φ

∂xi∂x j
.

The full hyperkähler structure is determined by the three closed symplectic two-
forms ω1,ω2,ω3 defined by

ω1 = 2∑ ∂ 2φ
∂x j∂xk

dx j ∧dyk , (2)

ω2 + iω3 =∑ω jkd(x j + iy j)∧d(xk + iyk) . (3)

Note that

ω2 =∑ω jkdx j ∧dxk −∑ω jkdy j ∧dyk = ω−F ,

where ω is the pullback of the Kähler form on the special Kähler manifold M. The
translation group R2n acts freely on M × R2n, and the action preserves all three
symplectic forms and thus acts via triholomorphic isometries.

The three hyperkähler complex structures J1,J2,J3 for which ω1,ω2,ω3 are the
Kähler forms are given by

J1 =
(

0 −I
I 0

)
, J2 =

(
I 0
0 −I

)
, J3 =

(
0 I
I 0

)
.

Remark. The local coordinate description above extends to a more global interpre-
tation. In flat coordinates xi, we can write a tangent vector as ∑yi∂/∂xi and use the
connection ∇ to split the tangent bundle of π : T M → M into π∗(T ⊕T ). Then in
these coordinates, (1) provides a well-defined hyperkähler metric on the total space
of T M. Alternatively, the Hermitian metric gives an antilinear identification of T
with T ∗, and it is in some ways more natural to use this, in which case the structure
is defined on the total space of the cotangent bundle T ∗M, and then we can write

J1 =
(

0 −g
g−1 0

)
, J2 =

(
I 0
0 I

)
, J3 =

(
0 −ω−1

ω 0

)
.

Then J2 is the canonical complex structure on T ∗M, and ω1 is the canonical sym-
plectic structure.

The Hamiltonian vector field X of φ on M is

X =∑Xj
∂

∂x j
=∑ω i j ∂φ

∂xi

∂
∂x j

,

and preserves ω . Its trivial extension to the product preserves F , so the form ω2 is
left fixed by the action. Now consider its effect on the other symplectic forms. We
have

LXω3 = LX
(
2∑ω jkdx j ∧dyk

)
= 2∑ω jkdXj ∧dyk .
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But

dXj = d∑ω i j ∂φ
∂xi

=∑ω i jgildxl ,

so
LXω3 = 2∑ω jkω i jgildxl ∧dyk = 2∑gkldxl ∧dyk = ω1.

In the case when X preserves the metric g on M, we have

LX g = LX
(
∑g jkdx j ⊗dxk

)
= 0 .

If we set
θk =∑g jkdx j ,

then we have
∑LXθk ⊗dxk +θk ⊗dXk = 0 ,

which implies

LXθ j = −∑θk
∂Xk

∂x j
= −∑gikω lk ∂ 2φ

∂xl∂x j
dxi

= −∑gikω lkgl jdxi =∑ω jidxi .

Thus

LXω1 = LX
(
2∑gi jdxi ∧dy j

)
= LX

(
2∑θ j ∧dy j

)
= 2∑ω jidxi ∧dy j = −ω3 .

Consequently, X acts as an infinitesimal isometry on M ×R2n, defining an infin-
itesimal rotation in the three-dimensional space of covariant constant two-forms
〈ω1,ω2,ω3〉, fixing ω2.

Example. In the Calabi–Yau case where M = U , the tangent space is H3(Y,R),
which has an integral lattice, the image of H3(Y,Z), so we can put the hyperkähler
metric on a torus bundle over M. The cup product is unimodular, so we can canoni-
cally identify this torus with its dual.

Since J2 = (I, I), the projection π : T ∗M → M is holomorphic in complex
structure J2 and so the fibers are complex tori varying holomorphically (in fact
ω3 + iω1 vanishes on each fiber so they are also complex Lagrangian). Now
H3(Y,R)/H3(Y,Z) has two natural structures as a complex torus – the Griffiths
intermediate Jacobian and the Weil intermediate Jacobian (see [2]). In our case, I
acts as −i on H0,3 and +i on H1,2, and this is the definition of the Griffiths Jacobian.
Its characteristic property, in contrast with the Weil Jacobian, is that it varies holo-
morphically in families, and this we have just seen for this example. On the other
hand, the symplectic form defines an indefinite Hermitian form, so the torus is not
naturally an Abelian variety.

This metric was also discussed in [5].
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4 The Heisenberg Group

Returning to the hyperkähler manifold, the symplectic forms ω1,ω3 vanish on the
orbits of the group R2n, but ω2 restricts to the invariant form −F , where

F =∑ω jkdy j ∧dyk .

Using this skew form, we can define a canonical Heisenberg Lie algebra: a central
extension of R2n defined in terms of generators Y1, . . . ,Y2n,Z by

[Yi,Yj] = 2ωi jZ , [Yi,Z] = 0 .

There is a simply connected Heisenberg group H with this Lie algebra.

Remark. If R2n contains a lattice, making the quotient a torus T 2n, and if the de
Rham cohomology class [F ] ∈ H2(T 2n,R) is integral, then this Lie algebra is the
algebra of a compact group that can be considered as the total space of a principal
S1-bundle P → T 2n, defining the quantum line bundle for the symplectic structure
F . It is the quotient H/HZ for a discrete subgroup HZ ⊂ H.

We extend this structure to a Lie algebra g by adjoining a “homogeneity operator” E:

[E,Yi] = Yi , [E,Z] = 2Z .

A simply connected group G with this Lie algebra is provided by the Type II
Siegel domain D = {(v,w) ∈ C×Cn : Imv > ‖w‖2}. The translations in Cn act as

(v,w) 	→ (v+2iRe〈w,c〉+ i‖c‖2,w+ c) ,

and Z and E generate the following actions:

(v,w) 	→ (v+ t,w) , (v,w) 	→ (λ 2v,λw) .

The group acts simply transitively on D. The map (v,w) 	→w expresses D as a bundle
over Cn with fiber {v ∈ C : Imv > ‖w‖2}, which is a copy of the upper half-plane.

As a complex manifold, D is a familiar object: the map

z0 =
v− i
v+ i

, z =
2w

v+ i

maps D biholomorphically to the unit disc |z0|2 +‖z‖2 < 1 in Cn+1.

Remark. If we have a complex structure on R2n that makes ω into a positive defi-
nite Hermitian form, then the group G has the complex structure of the domain D. If
there is an integral structure, then we can form G/HZ. This is a holomorphic bundle
over a torus whose fiber is the upper half-plane modulo the Z-action generated by
a real translation, which is the punctured disc {z ∈ C : 0 < |z| < 1}. If ω is integral
and unimodular, then the torus is an Abelian variety, and the theta divisor defines a
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line bundle with a Hermitian form. The complex manifold G/HZ is then a bundle of
punctured discs inside this line bundle.

Let ηi,ε,ζ be the basis of g dual to Yi,E,Z. Then the Lie algebra relations above
for left-invariant vector fields on G define the following relations for one-forms:

dηi = −ε ∧ηi , (4)
dε = 0 , (5)
dζ = −2ε ∧ζ −∑ωklηk ∧ηl = −2ε ∧ζ − F̃ , (6)

where from the last formula we also obtain

dF̃ = −2ε ∧ F̃ .

5 Quaternionic Structures

The standard examples of quaternionic Kähler manifolds (and indeed the only ones
with positive scalar curvature to date) are provided by the Wolf spaces, which
are symmetric spaces (see [1]). To describe the characteristic features of the gen-
eral construction, we first consider the well-known negatively curved Wolf space:
the 4n-dimensional space U(2,n)/U(2)×U(n). This is the Grassmannian of two-
dimensional subspaces of C2,n on which the induced Hermitian form is positive
definite.

Let C2,n = C1,1 ⊕C1,n−1 and suppose V ⊂ C2,n is a two-dimensional subspace
with positive definite induced Hermitian form. Pull back the indefinite form using
the projection π : C2,n → C1,1, then using the induced Hermitian form this is a self-
adjoint transformation B with distinct eigenvalues. Hence over the Grassmannian,
the tautological rank two bundle defined by V splits non-holomorphically into a
sum of line bundles — the eigenspaces of B. The bundle of trace zero skew-adjoint
transformations of V becomes in the quaternionic Kähler structure the bundle of
imaginary quaternions, so there is a reduction of the structure group of this bundle
from SU(2) to U(1).

If v ∈ V is an eigenvector of B with nonpositive eigenvalue, then v = πv + w
where w ∈ C1,n−1 has ‖w‖2 > 0, and so defines a point in the unit ball in Cn−1.

The above features — a projection onto a (2n−2)-manifold with a Kähler struc-
ture, and a reduction from SU(2) to S1 of the bundle of imaginary quaternions —
are present in the general construction.

Thus return to the general case and suppose the special Kähler metric on M is
indefinite with Hermitian signature (n−1,1), and that the fundamental vector field
X satisfies g(X ,X) < 0 and generates an isometric S1 action. Consider the manifold

M×G
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of dimension 4n+2. We shall put a positive definite quaternionic Kähler metric on
the 4n-dimensional manifold M̄ ×G where M̄ is the Kähler quotient of M by the
S1-action.

First define on M ×G three two-forms ω̃1, ω̃2, ω̃3 by replacing dy j by η j in the
formulas (2), (3) for ω1,ω2,ω3. These are all clearly G-invariant, but not closed.
From (4) we have

dω̃1 = −ε ∧ ω̃1 , dω̃2 = 2ε ∧ F̃ , dω̃3 = −ε ∧ ω̃3 . (7)

On the other hand, the algebraic relations they satisfy are the same as those on
M×R2n, and so they give the subbundle of the tangent bundle spanned by T M and
Y1, . . . ,Y2n a quaternionic structure with compatible (indefinite) metric. Thus

T (M×G) = T M⊕U1 ⊕U2 ,

where U1 = 〈Y1, . . . ,Y2n〉,U2 = 〈E,Z〉 are trivial bundles over G spanned by the cor-
responding invariant vector fields, and T M⊕U1 has an Sp(n−1,1) structure.

The action by the vector field X is unchanged, so we have as before

LX ω̃1 = −ω̃3 LX ω̃2 = 0 LX ω̃3 = ω̃1.

Now X ,J1X ,J2X ,J3X lie in the Sp(n− 1,1) bundle T M ⊕U1. Let ϕi (0 ≤ i ≤ 3)
be the linear forms dual to these four vectors using the metric, and extend them to
one-forms on M×G by using T ∗(M×G) = (T M⊕U1)∗ ⊕U∗

2 . Then for i = 1,2,3,
ϕi = iX ω̃i, which means that

dϕ1 = d(iX ω̃1) = LX ω̃1 − iX dω̃1 . (8)

But from (7), iX dω̃1 = ε ∧ iX ω̃1 = ε ∧ϕ1 so together with (8), we obtain

dϕ1 = LX ω̃1 − ε ∧ϕ1 = −ω̃3 − ε ∧ϕ1 ,

and similarly
dϕ3 = ω̃1 − ε ∧ϕ3

As for dϕ0, we find

ϕ0 =∑g jkXjdxk =∑g jkω i j ∂φ
∂xi

dxk =∑ ∂φ
∂xi

Ii
kdxk .

But as d∇I = 0 (the special Kähler condition),

dϕ0 =∑ ∂ 2φ
∂xi∂xl

dxl ∧ Ii
kdxk =∑gilIi

kdxl ∧dxk = −∑ωlkdxl ∧dxk = −ω .

To summarize:

dϕ0 = −ω , dϕ1 = −ω̃3 − ε ∧ϕ1 , dϕ3 = ω̃1 − ε ∧ϕ3 . (9)
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Denote by QX ⊂ T M ⊕ U1 the subbundle spanned by the vector fields
X ,J1X ,J2X ,J3X . Since J2 = (I,−I), it follows that J2X is tangent to M, but J3X and
J1X are sections of U1 and hence tangential to G. The orthogonal projection P onto
QX is defined by

PV = g(X ,X)−1(ϕ0(V )X +ϕ1(V )J1X +ϕ2(V )J2X +ϕ3(V )J3X) . (10)

Consider now the three two-forms obtained by restricting to Q⊥
X :

ω̃i(V −PV,V ′ −PV ′) = ω̃i(V,V ′)− ω̃i(PV,PV ′) .

Because the hyperkähler metric had quaternionic signature (n−1,1) with g(X ,X) <
0, these define a (positive definite) Sp(n− 1) structure on the orthogonal comple-
ment HX to QX in T M⊕U1. From (10) we have

ω̃1(PV,PV ′) = g(X ,X)−1(ϕ0 ∧ϕ1 −ϕ2 ∧ϕ3)(V,V ′) ,

since
ω̃1(J2X ,J3X) = −ω̃1(X ,J2J3X) = −ω̃1(X ,J1X) .

Similar formulae for ω̃2 and ω̃3 show that this Sp(n−1) structure is defined by

ω̃1 −g(X ,X)−1(ϕ0 ∧ϕ1 −ϕ2 ∧ϕ3) ,

ω̃2 −g(X ,X)−1(ϕ0 ∧ϕ2 −ϕ3 ∧ϕ1) , (11)
ω̃3 −g(X ,X)−1(ϕ0 ∧ϕ3 −ϕ1 ∧ϕ2) .

In conclusion, we have split the tangent bundle of M×G as

T (M×G) ∼= HX ⊕QX ⊕U2 ,

and have described the Sp(n−1) structure on HX by the above two-forms.

6 Taking the Quotient

To construct the Kähler quotient of M by the S1-action, we use the moment map φ
of X and a regular value c and take the quotient of the submanifold φ−1(c) by S1 —
this is just symplectic reduction, but the Kähler metric descends to the quotient
M̄. Its complex structure is given by the holomorphic quotient M/C∗ (or strictly
speaking the quotient of a suitable open set of stable points). We shall work on the
S1-principal bundle P = φ−1(c) in order to do our computations. The vector field
IX is normal to P ⊂ M, and X is tangential.

The pull-back of the tangent bundle of M̄ to P is naturally identified with the
orthogonal complement of X . Recall that HX is the orthogonal complement in
T M⊕U1 to the quaternionic space QX generated by X ; it follows that we can write
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T (M̄×G) ∼= HX ⊕〈J3X ,J1X〉⊕〈E,Z〉 .

Our strategy is to use the Sp(n−1) structure on HX defined in the previous section
over P×G and to define a complementary Sp(1) structure on the four-dimensional
space spanned by J3X ,J1X ,E,Z.

Remark. Since the action of the circle rotates the space of two-forms spanned
by ω̃3 and ω̃1, the quaternionic action will not descend from the principal bundle
P×G to M̄×G. But this is in any case a feature of a quaternionic Kähler manifold:
in general, the tangent bundle is a module over a nontrivial bundle of quaternion
algebras (the imaginary part is called Q in [3]). In our case, the bundle becomes
trivial when pulled back to P.

First note that
dφ = iXω = iX ω̃2 = ϕ2 ,

so ϕ2 vanishes when restricted to P = φ−1(c). Secondly observe that

d(g(X ,X)) = d(iXϕ0) = LXϕ0 − iX dϕ0 .

But since the S1-action preserves the metric and the vector field X , LXϕ0 = 0. Hence

d(g(X ,X)) = −iX dϕ0 = iXω = dφ

using dϕ0 = −ω . Thus
d(g(X ,X)−φ) = 0 ,

and g(X ,X) differs from φ by a constant. Hence on P = φ−1(c), the function g(X ,X)
is a negative constant −k−1. Using ϕ2|P = 0, the quaternionic structure on HX is now
defined (using (11) and (9)) by the three two-forms:

µ1 = ω̃1 + kϕ0 ∧ϕ1 = dϕ3 + ε ∧ϕ3 + kϕ0 ∧ϕ1 ,

µ2 = ω̃2 − kϕ3 ∧ϕ1 = ω− F̃ − kϕ3 ∧ϕ1 , (12)
µ3 = ω̃3 + kϕ0 ∧ϕ3 = −dϕ1 − ε ∧ϕ1 + kϕ0 ∧ϕ3 .

Now consider the space 〈J3X ,J1X ,E,Z〉 and the restriction of the three two-forms

ν1 = −ε ∧ϕ3 − kζ ∧ϕ1 ,

ν2 = −2ε ∧ζ +2kϕ3 ∧ϕ1 ,

ν3 = ε ∧ϕ1 − kζ ∧ϕ3 .

We can write

ν3 + iν1 = (ϕ3 + iϕ1)∧ (kζ + iε) ,

ν2 =
1
i

[
k(ϕ3 + iϕ1)∧ (ϕ3 − iϕ1)+ k−1(kζ + iε)∧ (kζ − iε)

]
,
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from which it is clear that they define an Sp(1) structure for the positive definite
inner product

k(ϕ2
3 +ϕ2

1 + k−2ε2 +ζ 2)

on this space.

Remark. Note that ϕ3(J3X) = g(X ,X) = −k−1, so the inner product on the space
spanned by J3X ,J1X in the hyperkähler picture is −k(ϕ2

3 +ϕ2
1 ). The quaternionic

structure thus changes the sign of the metric on this two-dimensional space.

To obtain a metric on M̄×G, we take the forms

ρi = µi +νi ,

and these then define an Sp(n) structure on HX ⊕ 〈J3X ,J1X ,E,Z〉. Explicitly, we
have

ρ1 = dϕ3 + k(ϕ0 −ζ )∧ϕ1 ,

ρ2 = ω− F̃ + kϕ3 ∧ϕ1 −2ε ∧ζ , (13)

ρ3 = −dϕ1 + k(ϕ0 −ζ )∧ϕ3 .

By construction, the forms ρi satisfy iXρi = 0, since they were defined in terms of
linear forms on the orthogonal complement of X . The four-form Ω = ρ2

1 +ρ2
2 +ρ2

3
therefore satisfies iXΩ = 0, but is also S1-invariant—the action fixes ρ2 and rotates
ρ1 and ρ3. Thus Ω is the pull-back of a four-form Ω̄ on M̄×G and defines an Sp(n)
structure on the tangent bundle.

Using dϕ0 = −ω and dζ = −2ε ∧ ζ − F̃ and the constancy of k, we find from
(13) that

dρ1 = −kϕ1 ∧ρ2 + k(ϕ0 −ζ )∧ρ3 ,

dρ2 = kϕ1 ∧ρ1 + kϕ3 ∧ρ3 , (14)

dρ3 = −kϕ3 ∧ρ2 − k(ϕ0 −ζ )∧ρ1 ,

which shows that the ρi generate a differential ideal. But also

d(ρ2
3 +ρ2

1 ) = −2kρ2 ∧ (ϕ3 ∧ρ3 +ϕ1 ∧ρ1) = −2ρ2 ∧dρ2 ,

so
d(ρ2

1 +ρ2
2 +ρ2

3 ) = dΩ = 0 .

Now the form Ω defines a quaternionic Kähler structure for n ≥ 3 if and only if it is
closed, and for n = 2 if it is closed and the rank 3 bundle of two-forms generates a
differential ideal (see [11,12]), thus M̄×G with this structure is quaternionic Kähler.

This is the metric written down by Ferrara and Sabharwal [6].
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7 Properties of the Metric

By construction, the metric has an isometric action of the (2n + 2)-dimensional
Heisenberg group.

As for the curvature, we know that any quaternionic Kähler manifold is an
Einstein manifold, so we find next the Einstein constant.

From (14), the exterior derivatives of ρi satisfy

dρi =∑αi j ∧ρ j

for a skew-symmetric matrix αi j of one-forms, where

α12 = −kϕ1 , α23 = kϕ3 , α31 = −k(ϕ0 −ζ ) .

For any quaternionic Kähler manifold, the matrix αi j is uniquely determined and
is the connection form for the rank three bundle of two-forms or Q (see [3], for
example). The curvature is then

dαi j −∑αik ∧αk j = λ∑εi jkρk ,

where ±λ (depending on the orientation of the three local sections ρi) is the Einstein
constant Λ. In this case,

Λ = −k

is negative.

Remark. The group generated by the vector fields E and Z has, as described in
Section 4, orbits with the structure of the upper half plane. A short calculation shows
that these have constant Gaussian curvature −4k in the induced metric.

Although the forms ρ1,ρ2,ρ3 do not descend from the principal S1-bundle P to
the quaternionic Kähler base M̄ ×G, the form ρ2 does, and consequently there is
a section of the bundle Q that defines an almost complex structure. We shall see
that this is never integrable. Indeed, although the Grassmannian example above is a
complex manifold, this complex structure does not belong to the quaternionic family
(see [1], 14.53).

This almost complex structure is defined equally by the locally defined complex
two-form ρ3 + iρ1: the (0,1) vectors V are defined by iV (ρ3 + iρ1) = 0, and then
ρ3 + iρ1 is of type (2,0). It follows that the Lie bracket [V,V ′] of any two such
vector fields is also of type (0,1) if the three-form d(ρ3 + iρ1) has no component of
type (1,2). Now from (14)

d(ρ3 + iρ1) = −k(ϕ3 + iϕ1)∧ρ2 − ik(ϕ0 −ζ )∧ (ρ3 + iρ1) .

The second term is of type (3,0)+ (2,1) so the obstruction only involves the first
term. Now ρ2 is a Hermitian form, of type (1,1) and nondegenerate, so the first
term has vanishing (1,2) component if and only if ϕ3 + iϕ1 is of type (1,0). But the
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complex structure corresponds to J2 and J2ϕ3 = ϕ1,J2ϕ1 = −ϕ3, which means that
ϕ3 + iϕ1 is of the opposite type (0,1). Since it is nonvanishing, integrability never
holds.

Remark. The Weil intermediate Jacobian for a Calabi–Yau threefold has complex
structure defined by the Hodge star operator on harmonic three-forms. The skew
pairing on H3(Y,R) then becomes a positive Hermitian form rather than one of
signature (h2,1,1) and so defines the structure of a principally polarized Abelian va-
riety. The S1-action is on the one-dimensional H3,0 part, and this in the hyperkähler
manifold we started from is the space spanned by J2X ,J3X . As remarked above,
the change from hyperkähler to quaternionic Kähler changed the sign of the metric
on this space: this is the change from the Griffiths complex structure to the Weil
complex structure. In this case, instead of a holomorphic fibration of Griffiths inter-
mediate Jacobians, as in the indefinite hyperkähler space, we get for the quaternionic
Kähler manifold M×G/HZ a non-holomorphic fibration by punctured disc bundles
over the Weil Jacobian.

Acknowledgments Dedicated to Charles Boyer on the occasion of his 65th birthday.
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Homological Mirror Symmetry and Algebraic
Cycles

Ludmil Katzarkov

Abstract In this paper we describe a Homological Mirror Symmetry approach to
classical problems in Algebric Geometry — rationality questions and the Hodge
conjecture. Several examples are studied in detail.

1 Introduction

This paper summarizes a talk given at a conference at UNM in October 2006. It
introduces a new approach to two classical problems in algebraic geometry —
rationality of algebraic varieties and the Hodge conjecture. Our new approach is
based on homological mirror symmetry (HMS). We concentrate mainly on the con-
nection between algebraic cycles on Abelian varieties and four-dimensional cubics
and their tropical interpretation on the mirrors. For more information on the classi-
cal treatment of these questions, we refer to papers [18,39,41] and the vast literature
cited there.

One of the most interesting open questions in mirror symmetry is to understand
how HMS is affected by moving in moduli spaces. Some answers of this question
can be found in [7, 17, 30] in the cases of Abelian varieties and Del Pezzo surfaces.
In this paper, we suggest a new approach Exploiting the rich geometry of Shimura
varieties and of the moduli spaces of four-dimensional cubics—see [18] and [39].
We introduce the notion of an earthquake—the mirror image of the process of jump-
ing from one Noether–Lefschetz locus to another. We consider many examples and
formulate a tropical version of the Hodge conjecture. Some of the examples in this
paper will appear in full detail in joint papers with Auroux, Abouzaid, Gross [2]
and Kontsevich [26]. Here we only give the flavor of the arguments and techniques
involved and outline the examples. It is quite possible that different approaches to
the above two classical questions might prove more fruitful.
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Recall that mirror symmetry was introduced as a special duality between two
N = 2 super conformal field theories. Traditionally, an N = 2 super conformal field
theory (SCFT) is constructed as a quantization of a σ -model with target a compact
Calabi–Yau manifold equipped with a Ricci flat Kähler metric and a closed 2-form
—the so called B-field. We say that two Calabi–Yau manifolds X and Y form a
mirror pair X |Y if the associated N = 2 SCFTs are mirror dual to each other [13].

Our approach to questions of rationality and to earthquakes can be summarized
as follows:

• On the algebro-geometric side, we consider a degeneration the manifold X , and
following Bardelli [8], we record the data of this degeneration in a mixed hodge
structure (MHS).

• On the mirror side, these data (and more) are recorded by the MHS associated
with the perverse sheaf of vanishing cycles—see Theorem 4.16. We express the
nonrationality condition of Bardelli in terms of geometry of the perverse sheaf
of vanishing cycles—see Conjecture 4.11.

• Through local and global HMS, we translate and extend Bardelli nonrationality
condition to the example of four-dimensional cubic.

We start with a quick introduction of homological mirror symmetry. After that,
we introduce our construction of the mirror Landau–Ginzburg model, which dif-
fers from constructions in [19]. Connection with birational geometry is discussed in
Section 4. Questions related to Hodge conjecture appear in Section 5. We consider
many examples and outline the flavor of the arguments—full details will appear in
[2] and [26].

2 Definitions

We first recall a definition that belongs to Seidel [36]. Historically, the idea was
introduced first by M. Kontsevich and later by K. Hori. We begin by briefly review-
ing Seidel’s construction of a Fukaya-type A∞-category associated to a symplectic
Lefschetz pencil see [36, 37].

Let (Y,ω) be an open symplectic manifold of dimension dimRY = 2n. Let
w : Y → C be a symplectic Lefschetz fibration, i.e., w is a C∞ complex-valued func-
tion with isolated nondegenerate critical points p1, . . . , pr near which w is given
in adapted complex local coordinates by w(z1, . . . ,zn) = f (pi)+ z2

1 + · · ·+ z2
n, and

whose fibers are symplectic submanifolds of Y . Fix a regular value λ0 of w, and
consider arcs γi ⊂ C joining λ0 to the critical value λi = f (pi). Using the horizontal
distribution that is symplectic orthogonal to the fibers of w, we can transport the van-
ishing cycle at pi along the arc γi to obtain a Lagrangian disc Di ⊂Y fibered above γi,
whose boundary is an embedded Lagrangian sphere Li in the fiber Σλ0 = w−1(λ0).
The Lagrangian disc Di is called the Lefschetz thimble over γi, and its boundary Li
is the vanishing cycle associated to the critical point pi and to the arc γi.
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After a small perturbation, we may assume that the arcs γ1, . . . ,γr in C inter-
sect each other only at λ0, and are ordered in the clockwise direction around λ0.
Similarly, we may always assume that the Lagrangian spheres Li ⊂ Σλ0 intersect
each other transversely inside Σ0.

Definition 2.1 (Seidel). Given a coefficient ring R, the R-linear directed Fukaya
category FS(Y,w;{γi}) is the following A∞-category: the objects of FS(Y,w;{γi})
are the Lagrangian vanishing cycles L1, . . . ,Lr; the morphisms between the objects
are given by

Hom(Li,L j) =

⎧
⎪⎨
⎪⎩

CF∗(Li,L j;R) = R|Li∩L j | if i < j
R · id if i = j
0 if i > j;

and the differential m1, composition m2, and higher-order products mk are defined
in terms of Lagrangian Floer homology inside Σλ0 .

More precisely,

mk : Hom(Li0 ,Li1)⊗·· ·⊗Hom(Lik−1 ,Lik) → Hom(Li0 ,Lik)[2− k]

is trivial when the inequality i0 < i1 < · · · < ik fails to hold (i.e., it is always zero
in this case, except for m2 where composition with an identity morphism is given by
the obvious formula).

When i0 < · · · < ik, mk is defined by fixing a generic ω-compatible almost-
complex structure on Σλ0 and counting pseudo-holomorphic maps from a disc with
k +1 cyclically ordered marked points on its boundary to Σλ0, mapping the marked
points to the given intersection points between vanishing cycles, and the portions of
boundary between them to Li0 , . . . ,Lik , respectively (see [37]).

Remark 2.2. Clearly, the directed Fukaya category FS(Y,w;{γi}) depends on the
choice of paths. As shown in [37], the change of paths leads to an autoequivalence
of FS(Y,w;{γi})—a mutation.

We will denote the category defined above by FS(Y,w) and will refer to it as the
Fukaya-Seidel category of w.

Let Y be a complex algebraic variety (or a complex manifold) and let w : Y → C

be a holomorphic function. Following [34], we define:

Definition 2.3 (Orlov). The derived category Db(Y,w) of a holomorphic potential
w : Y → C is defined as the disjoint union

Db(Y,w) :=∏
t

Db
sing(Yt)

of the derived categories of singularities Db
sing(Yt) of all fibers Yt := w−1(t) of w.

The category Db
sing(Yt) = Db(Yt)/Perf(Yt) is defined as the quotient category of

derived category of coherent sheaves on Yt modulo the full triangulated subcate-
gory of perfect complexes on Yt . Note that Db

sing(Yt) is nontrivial only for singular
fibers Yt .
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In what follows, we will use notions defined in [19], section 7.3. Let X be a man-
ifold of general type, i.e., a sufficiently high power of the canonical linear system on
X defines a birational map. We will use the above definitions to formulate and moti-
vate an analogue of Kontsevich’s homological mirror symmetry (HMS) conjecture
for such manifolds as well as for Fano manifolds—manifolds whose anticanonical
linear system defines a birational map.

A quantum sigma-model with target X is free in the infrared limit, whereas in
the ultraviolet limit it is strongly coupled. In order to make sense of this theory at
arbitrarily high energy scales, one has to embed it into some asymptotically free
N = 2 field theory, for example into a gauged linear sigma-model (GLSM). Here
“embedding” means finding a GLSM such that the low-energy physics of one of its
vacua is described by the sigma-model with target X . In mathematical terms, this
means that X has to be realized as a complete intersection in a toric variety.

The GLSM usually has additional vacua, whose physics is not related to X . Typi-
cally, these extra vacua have a mass gap. To learn about X by studying the GLSM, it
is important to be able to recognize the extra vacua. Let Z be a toric variety defined
as a symplectic quotient of C

N by a linear action of the gauge group G � U(1)k.
The weights of this action will be denoted Qia, where i = 1, . . . ,N and a = 1, . . . ,k.
Let X be a complete intersection in Z given by homogeneous equations Gα(X) = 0,
α = 1, . . . ,m. The weights of Gα under the G-action will be denoted dαa. The GLSM
corresponding to X involves chiral fields Φi, i = 1, . . . ,N and Ψα , α = 1, . . . ,m.
These are equivariant functions on C

N whose charges under the gauge group G are
given by matrices Qia and dαa, respectively. The Lagrangian of the GLSM depends
also on complex parameters ta, a = 1, . . . ,k. On the classical level, the vector ta is
the level of the symplectic quotient, and thus parameterizes the complexified Kähler
form on Z. The Kähler form on X is the induced one. On the quantum level, the para-
meters ta are renormalized and satisfy linear renormalization semigroup equations,
which, in the Calabi–Yau case, imply the vanishing of ∑i Qia −∑α dαa.

According to [20], the Landau–Ginzburg model (Y,w) that is mirror to X will
have (twisted) chiral fields Λa, a = 1, . . . ,k, Yi, i = 1, . . . ,N and ϒα , α = 1, . . . ,m
and a superpotential is given by

w =∑
a
Λa

(
∑

i
QiaYi −∑

α
dαaϒα − ta

)
+∑

i
e−Yi +∑

α
e−ϒα .

The vacua are in one-to-one correspondence with the critical points of w. By defi-
nition, massive vacua are those corresponding to nondegenerate critical points. An
additional complication is that before computing the critical points, one has to par-
tially compactify the target space of the LG model—this partial compactification
is not always well defined except in the case of Fano manifolds when generic fiber
of Landau–Ginzburg model (Y,w) is the mirror of the an anticanonical section—a
Calabi–Yau manifold on its own (see [4]).

One can determine which vacua are “extra” (i.e., unrelated to X) as follows. The
infrared limit is the limit µ → 0. Since ta depend on µ , so do the critical points
of w. A critical point is relevant for X (i.e., is not an extra vacuum) if and only if
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the critical values of e−Yi all go to zero as µ goes to zero. In terms of the original
variables Φi, this means that vacuum expectation values of |Φi|2 go to +∞ in the
infrared limit. This is precisely the condition that justifies the classical treatment of
vacua in the GLSM. Recall also that the classical space of vacua in the GLSM is
precisely X .

Now let us state the analogue of the HMS for complete intersections X of general
type. We will write Db(X) for the standard derived category of bounded complexes
of coherent sheaves on X and by Fuk(X ,ω) the standard Fukaya category of a sym-
plectic manifold X with a symplectic form ω .

Conjecture 2.4. Let X be a variety of general type that is realized as a complete
intersection in a toric variety, and let (Y,w) be the mirror LG model. The derived
Fukaya category Fuk(X ,ω) of X embeds as a direct summand into the category
Db(Y,w) (the category of B-branes for the mirror LG model). If the extra vacua are
all massive, the complement of the Fukaya category of X in Db(Y,w) is very simple:
each extra vacuum contributes a direct summand that is equivalent to the derived
category of graded modules over a Clifford algebra.

There is also a mirror version of this conjecture:

Conjecture 2.5. The derived category Db(X) of coherent sheaves on X embeds as
a full subcategory into the derived Fukaya–Seidel category FS(Y,w) of the poten-
tial w.

With an appropriate generalization of Fukaya–Seidel category to the case of
non-isolated singularities, we arrive at Table 1 summarizing our previous consid-
erations. The categories Db

λi,ri
(Y,w) and FS(λi,ri)(Y,w,ω) appearing in the last row

of Table 1 are modifications that contain information only about singular fibers with
base points contained in a disc with a radius—a real number λ , are introduced in
order to deal with problems arising from massless vacua.

In this formalism, we have to take a Karoubi closure of the categories on both
sides.

3 The Construction

The standard construction of Landau–Ginzburg models was done for smooth com-
plete intersections in toric varieties in [19]. We describe a new procedure that is a
natural continuation of our previous results [5] and of the works of Moishezon and
Teicher. Our procedure underlines the geometric nature of HMS, and several cat-
egorical correspondences come naturally. We will restrict ourselves to the case of
three-dimensional Fano manifolds X with the anticanonical linear system on it. For
simplicity, we will assume that |−KX | contains a pencil.
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Table 1 Kontsevich’s HMS conjecture.

A side B side

X — Compact manifold,
ω — Symplectic form on X .

X — Smooth projective variety over C

Fuk(X ,ω) =
{

Obj :(Li,E)
Mor :HF(Li,L j)

Li — Lagrangian submanifold of X ,
E — Flat U(1)-bundle on Li

Db(X) =
{

Obj :C•
i

Mor :Ext(C•
j ,C

•
j )

C•
i — Complex of coherent sheaves on X

(Y,ω) — Open symplectic manifold,
w : Y → C — A proper C∞ map with
symplectic fibers.

Y — Smooth quasi-projective variety over C,
w : Y → C — Proper algebraic map.

FS(Y,w,ω) =
{

Obj :(Li,E)
Mor :HF(Li,L j)

Li — Lagrangian submanifold of Yλ0 ,
E — Flat U(1)-bundle on Li.

Db(Y,w) =
⊔
t

Db(Yt)
/

Perf(Yt)

FSλi,ri (Y,w,ω)—The Fukaya–Seidel
category of (Y|t−λi|<ri ,w,ω).

Db
λi,ri

(Y,w) =
⊔

|t−λi|≤ri

Db(Yt)
/

Perf(Yt)

Step 1. Choose a Moishezon degeneration [5] X → ∆ of X corresponding to a pro-
jective embedding of X given by a multiple of the ample line bundle −KX . This
means that we choose a generic Noether normalization projection X → P

3 in the
given projective embedding, and then degenerate the covering map to a totally split
cover. The central fiber X0 of this degeneration is a configuration of spaces intersect-
ing over rational surfaces and curves. Next we choose a generic pencil : X ��� P

1

in the linear system |−KX/∆|.
Step 2. The degeneration X → ∆ can be seen as a logarithmic structure (see [17])
X†

0 on X0—roughly a union of toric varieties, intersecting over toric varieties plus
monodromy data.
Step 3. We apply a Legendre transform [17] to (X†

0 , f †) and obtain a new logarith-
mic structure (Y †

0 ,w†) with a pencil on it. An explanation on the construction of the
potential w† can be found in [4] and [16]. To get Y †

0 , we take the dual intersection
complex and then for vertices we specify the normal fan structure and corresponding
monodromy.
Step 4. We use the logarithmic structure Y †

0 to smooth Y0 and get a mirror degener-
ating family Y → ∆ and a mirror Landau–Ginzburg potential w : Y → P

1. Basically,
on the generic fiber Y of Y → ∆, the potential w : Y ��� P

1 is an anticanonical pen-
cil of mirror manifolds to the anticanonical K3 surfaces in X . As before, we move
the P

1 ⊂ |−KY | corresponding to the pencil w : Y ��� P
1 so that it intersects the
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discriminant locus ∆Y in a minimal number of points (0 and ∞ among them—in
physics language this is the point of maximal degeneration and the Gepner point).

Step 5. The construction above allow us to work not only with X and its Landau–
Ginzburg model Y but also with the algebraic cycles in X and the mirror Lagrangians
in Y . We briefly describe how this works—for more see [25]. Let us restrict our-
selves to the case of a curve C in three-dimensional Fano manifold X . The construc-
tion from Section 2 allows us to follow what happens with the mirror image of C. In
the example of an algebraic curve C and its tropical realization T [32], we get that
the image of T under the Legendrian transform is the conormal tori fibration—see
the diagram below. The new Lagrangian cycle L is the mirror the curve C. Observe
that the construction works on the nose only in the case when C is a linear cycle in
a toric variety, where existing toric fibrations can be used. In general, we need to
work with generalized toric varieties [3] and then smooth. The symplectic counter-
part is the construction of pair of pants decomposition introduced by Abouzaid and
Seidel—so-called local HMS. Gluing local Fukaya categories should correspond to
gluing categories of singularities on the B side via smoothing procedure.

Remark 3.1. The above construction suggest that we can approach HMS in the
following way:

1. Degenerate;
2. Do HMS locally for each component;
3. Finally put everything together.

This procedure allow computations in K0 of the Fukaya category. Some of it is
demonstrated in the examples that follow.

Example 3.2. We describe our procedure in the case of X = CP
2 in Fig. 1.

Example 3.3. We also describe the above procedure in the case X = CP
1×CP

1 and
L = (2,2). Moishezon degeneration can be summarized by Fig. 2.
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Fig. 1 The mirror of CP
2.

Fig. 2 Moisheson’s degener-
ation.

(1,−1)

We apply Legendre transform to the result of Moishezon’s degeneration replacing
two affine structures (see [17]) at the ends by C

2, the middle six by CP
1 ×C

1 and
the central point by Del Pezzo surface of degree three in order to get the following
degeneration of the Landau–Ginzburg model (cf. Fig. 3).

Fig. 4 illustrates the singular fiber over 0 in the Landau–Ginzburg model.
The fiber over infinity is a degenerate elliptic curve consisting of eight rational

curves (cf. Fig. 5).

4 Birational Transformations, Earthquakes, and HMS

Let X be a smooth projective variety and Z be a smooth subvariety. As a conse-
quence of the weak factorization theorem [40], it is enough to study the Landau–
Ginzburg mirrors of blow-ups and blow-downs with smooth centers. Recall the
following result.
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Fig. 3 The intersection
complex.

Fig. 4 The fiber over 0 of the LG potential.

Theorem 4.1. (Orlov [33]) Let X be a smooth projective variety and XZ be a blow-
up of X in a smooth subvariety Z of codimension k. Then Db(XZ) has a semiorthogo-
nal decomposition (Db(X),Db(Z)k−1, . . . ,Db(Z)0). Here Db(Z)i are corresponding
twists by O(i) (see [33]).

This B-side statement has an A-model counterpart. In a joint work in progress
with D. Auroux, M. Abouzaid, and M. Gross [2], we work on the following:
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Fig. 5 The fiber over ∞.

Theorem 4.2. ([2]) The Landau–Ginzburg mirror (T,g,ωT ) of XZ is the fiber sum
of the Landau–Ginzburg mirror (Y,w,ωY ) of X and the Landau–Ginzburg mirror of
Z× (C∗)k. On the level of categories, FS(T,g,ωT ) has a semiorthogonal decompo-
sition

(FS(T,g,ωT ),FS(S, f,ωS)k−1, . . . ,FS(S, f,ωS)0),

Here S, f,ωS is the mirror of Z, and FS(S, f,ωS)i are the categories of vanishing
cycles located at k−1 roots of unity around infinity.

The idea behind the proof of this theorem is based on local studies of the behavior
of LG mirror under birational transformations. We first start with looking at the LG
mirror of C

2 blown up at the point (0,1). It is given by the equations

(u,v,y) ∈ C
∗ ×C

2,vy = 1+u.e−ε .

Here, ε is the volume of the exceptional divisor, and the potential is f = u. Without
including instanton corrections, the potential has no singular point f = u but if we
include instanton corrections, a singular point appears—for more details see ([2]).
The next step is to find an explicit family of Lagrangian tori on C

3 blown up at a
curve in C

2 ×0. Then we glue these local pictures around singular points.
We discuss some simple examples in order to illustrate Theorem 4.2.

Example 4.3. We discuss the LG mirror to CP
3 blown up in a point. In this case

k = 3. The LG mirror of the blown-up manifold is a family of K3 surfaces with 6
singular fibers. Four of these fibers correspond to the LG mirror of CP

3 and they are
situated near zero. The two remaining fibers are sitting over second roots of unity in
the local chart around ∞—see Fig. 6.
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Fig. 6 LG model of CP
3 blown up at a point.

Fig. 7 LG model of CP
3 blown up at a line.

Example 4.4. We discuss LG mirror to CP
3 blown up in a line. In this case k = 2.

We get as LG model of the blown-up manifold a family of K3 surfaces with 6
singular fibers. Four of these fibers correspond to the LG model of CP

3, and they
are situated near zero. The two other fibers are very close to each other. We briefly
describe the procedure in this case. We start with the LG model for CP

3

w = x+ y+ z+
1

xyz
.

We add the additional term µxy, with µ corresponding to the volume of the blown-
up CP

1. The critical points of

w = x+ y+ z+
1

xyz
+µxy

split in two groups described in Fig. 7.
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Remark 4.5. The example above is rather instructive. Indeed the line in CP
3 defined

by x = y = 1 has its Landau–Ginzburg mirror defined by

w = 2+ z+
1
z

+1.

This suggests that the Landau–Ginzburg mirror of CP
1 is contained in the Landau–

Ginzburg mirror of CP
3.

Example 4.6. We discuss the LG model mirror to CP
n blown up in CP

k. As in
the previous examples, it can be seen as the gluing of several Landau–Ginzburg
models mirroring to CP

n and CP
k × (C∗)n−k. The result is a LG model with n + 1

singular fibers located around zero (corresponding to CP
n) glued to n− k−1 other

LG models of CP
k with singular fibers located around k−1 roots of unity far away

from zero—see also [28].

Example 4.7. Let us look at the Landau–Ginzburg mirror to the manifold X , which
is the blow-up of CP

3 in a genus two curve embedded as a (2,3) curve on a quadric
surface. We describe the mirror of X . It is a deformation of the image of the com-
pactification D of the map

(t : u1 : u2 : u3) 	→ (t : u1 : u2 : u3 : u1 ·u2 : u2 ·u3 : u1 ·u3)

of CP
3 in CP

7.
The function w gives a pencil of degree 8 on the compactified D. We can interpret

this pencil as obtained by first taking Landau–Ginzburg mirror of CP
3 and then

adding to it a new singular fiber consisting of three rational surfaces intersecting
over degenerated genus two curve (Fig. 8). This process is the A-model counterpart

Fig. 8 LG of blow-up of CP
3 in a genus 2 curve.
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of blowing up of the genus two curve in CP
3 and according to Orlov’s theorem,

stated above, can be used to define HMS for manifolds of general type.
The potential in the equation above is

w = t +u1 +u2 +u3 +
1

u1 ·u2
+

1
u2 ·u3

+
1

u1 ·u3
.

Clearing denominators and substituting t = u3 = 0 and u2
1 = u3

2, we get a singularity.
Its resolution produces Db(Y,w) a quiver category with relations equivalent to the
Fukaya category of genus two curve. But observe that this singularity is very differ-
ent from the one of the CP

1. This is precisely the point we would like to explore.
The rational varieties produce simple singularities.

Let us work out the example of LG model of CP
4 blown up in the intersection of

a smooth cubic and quadric surfaces. In the case of the cubic surface, we have the
compactification D of the map

(t : u1 : u2 : u3 : u4) 	→ (t : u1 : u2 : u3 : u4 : u1 ·u2 ·u4 : u2 ·u3 ·u4 : u1 ·u2 ·u3).

This procedure when restricted to dimension 2 produces LG model from [6].
Indeed after change of coordinates and restricting to dimension 2, we get

wXY Z = c(X +Y +Z)3 ,

where c is a constant.
We notice here that the procedure described above allows us to look at the

Landau–Ginzburg models in a different way. Namely, we can see that a blow-up
of subvariety X in V is nothing else but moving the line in the dual space and creat-
ing a new pencil KY with one more singular fiber.

We summarize our findings:

Birational Transformations Homological Mirror Symmetry

X w : Y → CP
1

Blowing up of X Moving to a less singular point in ∆Y
Blowing up of X Creating a new singular fiber in KY

4.1 Studying Nonrationality

In this section, we introduce a new tool: the perverse sheaf of vanishing cycles on
the LG mirror.

We suggest a procedure to geometrize the use of categories in the nonrational-
ity questions—perverse sheaf of vanishing cycle. We start by recalling some results
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from [16]. Suppose M is a complex manifold equipped with a proper holomorphic
map f : M →∆ onto the unit disc, which is submersive outside of 0∈∆. For simplic-
ity, we will assume that f has connected fibers. In this situation, there is a natural
deformation retraction r : M → M0 of M onto the singular fiber M0 := f−1(0) of f .
The restriction rt : Mt → M0 of the retraction r to a smooth fiber Mt := f−1(t) is the
“specialization to 0” map in topology. The complex of nearby cocycles associated
with f : M → ∆ is by definition the complex of sheaves Rrt∗ZMt ∈ D−(M0,Z). Since
for the constant sheaf we have ZMt = r∗t ZM0 , we get (by adjunction) a natural map
of complexes of sheaves

sp : ZM0 → Rrt∗r∗t ZM0 = Rrt∗ZMt .

The complex of vanishing cocycles for f is by definition the complex cone(sp) and
thus fits in an exact triangle

ZM0

sp→ Rrt∗ZMt → cone(sp) → ZM0 [1],

of complexes in in D−(M0,Z)). Note that H
i(M0,Rrt∗ZMt ) ∼= Hi(Mt ,Z), and so if

we pass to hypercohomology, the exact triangle above induces a long exact sequence

. . .Hi(M0,Z)
r∗t→ Hi(Mt ,Z) → H

i(M0,cone(sp)) → Hi+1(M0,Z) → . . . (1)

Since M0 is a projective variety, the cohomology spaces Hi(M0,C) carry the canon-
ical mixed Hodge structure defined by Deligne. Also, the cohomology spaces
Hi(Mt ,C) of the smooth fiber of f can be equipped with the Schmid–Steenbrink
limiting mixed Hodge structure, which captures essential geometric information
about the degeneration Mt � M0. With these choices of Hodge structures, it is
known from the works of Scherk and Steenbrink that the map r∗t in (1) is a
morphism of mixed Hodge structures and that H

i(M0,cone(sp)) can be equipped
with a mixed Hodge structure so that (1) is a long exact sequence of Hodge
structures.

Now given a proper holomorphic function w : Y → C, we can perform, above
construction near each singular fiber of w in order to obtain a complex of vanishing
cocycles supported on the union of singular fibers of w. We will write Σ ⊂ C for
the discriminant of w, YΣ := Y ×C Σ for the union of all singular fibers of w, and
F • ∈ D−(YΣ,Z) for the complex of vanishing cocycles. Slightly more generally,
for any subset Φ⊂ Σ we can look at the union YΦ of singular fibers of w sitting over
points of Φ and at the corresponding complex

F •
Φ =

⊕
σ∈Φ

F •
|Yσ

∈ D−(YΦ,Z)

of cocycles vanishing at those fibers. In the following, we take the hypercohomol-
ogy H

i(YΣ,F
•) and H

i(YΦ,F •
Φ) with their natural Scherk–Steenbrink mixed Hodge

structure. For varieties with anti-ample canonical class, we have:
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Theorem 4.8. Let X be a d-dimensional Fano manifold realized as a complete
intersection in some toric variety. Consider the mirror Landau–Ginzburg model
w : Y → C. Suppose that Y is smooth, and that all singular fibers of w are either
normal crossing divisors or have isolated singularities.

Then the Deligne ip,q numbers for the mixed Hodge structure on H
•(YΣ,F

•)
satisfy the identity

ip,q(H•(YΣ,F
•)) = hd−p,q−1(X).

When combined with Theorem 4.2, the above theorem suggests that in the case
of three- and four-dimensional Fano manifolds, we have.

Conjecture 4.9. If X is rational Fano threefold or fourfold, the monodromy of F
restricted to all components of the singular set is trivial.

The reason behind this conjecture is as follows. In Theorem 4.2, what we get
as a new singular fiber after blowing up Z in the corresponding Landau–Ginzburg
mirror of XZ is a new singular fiber with singularities the mirror S of Z. Then the
monodromy of F is trivial. According to a theorem of [40], we only need to care
about blow-ups—blow-downs just remove singular fibers in the Landau–Ginzburg
mirror.

Similarly we have:

Theorem 4.10. Suppose that X is a variety with an ample canonical class real-
ized as a complete intersection in a toric variety. Let (Y,w) be the mirror Landau–
Ginzburg model. Suppose that all singular fibers of w are either normal crossing
divisors or have isolated singularities.

Then there exists a Zariski open set U ⊂ C so that Deligne’s ip,q numbers of the
mixed Hodge structure on H

•(YΣ∩U ,F •
U ) satisfy the identity

ip,q(Hi(YΣ∩U ,F •
Σ∩U )) = hd−p,q−i+1(X).

We consider the example of three-dimensional cubic. Applying the procedure
described in the previous section (and in this case the procedure from [20]), we get,
after smoothing, the following Landau–Ginzburg mirror:

xyuvw = (u+ v+w)3.t

with potential x + y. Here u,v,w are in CP
2, and x,y are in C

2. The singular set W
of this Landau–Ginzburg model looks as in Fig. 9.

These singularities are produced as intersection of six surfaces —see Fig. 10.
Topologically the sheaf of vanishing cycles is a fibration of tori over the singular

set described above. We desingularize the singular set of F of rational curves with
three points taken out. Then F restricted on such a rational curve produces an S1

local system with nontrivial monodromy. Recall (see [12]) that three-dimensional
cubic is a conic bundle over CP

2 with a degeneration curve a smooth curve of de-
gree five. The two sheeted covering corresponds to an odd theta characteristic, and
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Fig. 9 The singular set for the
LG of a 3-D cubic.

K3

K3

K3

4 Blown−up ruled

surfaces

Fig. 10 Fiber over zero for the LG mirror of a 3-D cubic.

this is exactly the reason why F restricted on such rational curve produces a S1

local system with nontrivial monodromy (see also [8]). We will briefly work out the
case of a conic bundle over CP

2 with a degeneration curve—a curve of degree five
corresponding to an even theta characteristic.

Following the procedure from the previous sections, we get the Landau–
Ginzburg mirror for such conic bundles—see Fig. 11. In this case, F restricted
on rational curves with 3 points taken out produces a S1 local system with trivial
monodromy only. We arrive at:
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Fig. 11 The mirror of the rational conic bundle.

Conjecture 4.11. Let X be a three-dimensional conic bundle and Y → C is its
Landau–Ginzburg mirror. If there exists a rational curve in the singular set such
that F restricted on it produces a local system with nontrivial monodromy, then X
is nonrational.

4.2 Homological Mirror Symmetry and Earthquakes

In this section, we introduce a new approach to studying the mirror map—the
technique of earthquakes. Our main goal is to demonstrate how the mirror image
changes when we move in the moduli space.

We start by degenerating four-dimensional cubic X to three CP
4 and then ap-

plying our standard procedure. After smoothing, we get the following Landau–
Ginzburg mirror (see also [20]):

xyzuvw = (u+ v+w)3 · t
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Fig. 12 Singular set for the LG model of the 4-D cubic.

with a potential x + y+ z. Here u,v,w are in CP
2, and x,y,z are in C

3. The singular
set W of this Landau–Ginzburg model can be seen on Fig. 12—it consists of twelve
rational surfaces intersecting as shown.

Conjecture 4.12. The generic four-dimensional cubic X is not rational.

The idea for this conjecture is again based on the analysis of perverse sheaf of
vanishing cycles F . For generic four-dimensional cubic, there exists an open ratio-
nal surface in the singular set such that F restricted on it produces a nontrivial local
system with nontrivial monodromy. By the argument above, such singular fiber can-
not correspond to a blowing up of an algebraic surface. As it follows from the work
of Kulikov, there is only one fiber whose vanishing cycles contribute to the primitive
cohomologies of X , and our analysis of F identifies this fiber. (For more details, see
[2]).

Remark 4.13. The condition of triviality of the monodromy of F should corre-
spond to the condition of stable degeneration of MHS associated to curves and sur-
faces on the B side. It will be interesting to investigate this connection further using
ideas of [3].

Many examples of four-dimensional cubics have been studied by Beauville and
Donagi [9], Voisin [38], Hasset [18], Iliev [23], Kuznetsov [31]. We will analyze
some of these examples now.
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Fig. 13 Singular set for cubics containing a plane.

Example 4.14. Example of cubics containing a plane P—see Fig. 13. In this case,
the singular set looks as shown. As step 5 of the construction suggests, the appear-
ance of only one plane implies that F has nontrivial monodromy. Cubics with one
plane contain another Del Pezzo surface of degree 4, whose mirrors can be seen in
the figure. They project to a curve of degree 4 in P—compare with [18].

Example 4.15. Example of cubic containing two planes P1 and P2. In this case, the
fiber Y0 of the LG model Y looks as on Fig. 14. One can check that the appearance
of two planes makes the monodromy of F trivial.

Theorem 4.16. Let X be a four-dimensional cubic containing a plane P. Then the
perverse sheaf of vanishing cycles F on the LG mirror of X has trivial monodromy
iff the projection of X from P has a section. In this case, the singular set of Y is a
degenerated K3 surface and X is rational.

Example 4.17. Example of cubic containing a plane P1 and being Pfaffian—Fig. 15.
In this particular case, we get a section in the projection from P that is a singular
Del Pezzo surface consisting of elliptic quintic curves—see the Fig. 15. Recall that
Pfaffian cubics are obtained by from CP

4 by blowing a K3 surface and blowing
down a scroll over a Del Pezzo surface of degree 5—compare with [18].

Example 4.18. Hassett’s examples containing a K3 surface—they are obtained [18]
from a singular four-dimensional cubic by changing vanishing cycles (Fig. 16). On
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Fig. 14 Singular set for cu-
bics containing two planes.

0

Fig. 15 Singular set for a
Pfaffian cubic containing a
plane.

0

the LG mirror, this results in modifying the Lefschetz thimbles. Let, restrict our-
selves to the case of C26—cubics with Fano varieties of lines isomorphic to sym-
metric power of K3 surface of degree 26.

In this case, we start with a LG model of small resolution of a singular cubic. We
modify it by creating (see the diagram below) additional thimbles with intersection
form in H4.
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Fig. 16 Singular set for cubics from C26.

h2 T

h2 3 7
T 7 19+2e

We obtain a family of three-dimensional thimbles corresponding under mirror
symmetry with a ruled surface T of degree 7 with e the number of double points
on T . In case of C26, e = 3. Using Torelli theorem for four-dimensional cubics,
we get:

Theorem 4.19. All cubics in Hassett’s divisor C26 are rational.

Example 4.20. Modifications of the singular set of the LG model allows us to con-
struct rational cubics with Fano varieties of lines nonisomorphic to symmetric power
of K3 surfaces. In a similar way as explained in a previous example, we modify the
thimbles so that Fukaya–Seidel category corresponds to a noncommuative Poisson
deformation of a K3 surface. Under this deformation, hypercohomology of F stays
unchanged.

In the discussion above, we have used HMS in full —we will briefly discuss how
one can try proving HMS for cubics, and we will extend Seidel’s ideas from the case
of the quintic. We first have:

Conjecture 4.21. HMS holds for the total space of O
CP4(3).

The next step is

Conjecture 4.22. The Hochschild cohomology HH•(Db
0(tot(O

CP4(3))) is isomor-
phic to the space all homogeneous polynomials of degree three in five variables.
Here (Db

0 stands for category with support at the zero section.

The Hochschild cohomology HH•(Db
0(tot(O

CP4(3)))) produces all B side defor-
mations of categories of the three-dimensional cubic, and we have similar phenom-
enon on the A side as well. For the opposite statement of HMS and more general
case, see [25].
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Table 2 Earthquake for Fano: F0 −→ F2.

Initial

F0 F2

(−1,1)

Cone

−2

LG
Mirror

Contr.
Alg. Smoothing

Singular
Fiber Mono...

Aligning

F0
F2Cone

Fig. 17 Monodromy with common eigenvalues.

Remark 4.23. The above argument should work for any degree and for any dimen-
sion toric hypersurfaces.

In what follows, we put examples we have studied in a new prospective—how the
mirror map changes when we move in the moduli space. We introduce a definition:

Definition 4.24. We call the mirror image of the moving from one Noether–Lefschetz
loci to another an earthquake.

We start with the already considered example of F0 and its deformation to F2.
Already in this example, we see the phenomenon of creating a new Lagrangian

which in LG mirror corresponds to the fact that monodromies in two singular fibers
have a common eigenvalue—see [17]. In the language of affine structures, this could
be explained in Table 2 and Fig. 17.

We move now to the example of the three-dimensional cubic—see Table 3.
In this case, the vanishing S3 Lagrangian sphere as an object of Fukaya category

corresponds to OY as an element of the derived category of singularities, Here Y is
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Table 3 Earthquake for Fano 3-D cubic.

Initial

S 3
Smooth
Cubic

Resolution
Small

Singular

Contracting
Lagrangian

LG
Mirror

Degenerate
g=4

Curve

Algebraic Contraction

A B

Fig. 18 S3 –Del Pezzo correspondence in LG model of 3-D cubic.

one of the Del Pezzo surfaces of degree 6 participating in the singular fiber over 0 of
the LG mirror of the three-dimensional cubic. An easy calculation shows that mod 2

Ext(OY ,OY ) = HF(S3,S3).

This correspondence is described in Fig. 18.
We also pictorially work out an example of four-dimensional cubic in Table 4.
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Table 4 Earthquake for Fano’s 4-D cubic.

Initial

S 4Smooth

Small
Resolution

4dim Cubic Singular

Contracting
Lagrangian

LG
Mirror

The earthquake in Table 4 explains why appearance of more algebraic cycle
makes the cubic containing them rational. As in the case of F0, we have new di-
rections, new singular sets over which the monodromy of F is trivial—see [17].
Observe that the appearance of new Lagrangians makes the monodromy jump and
move in a noncontinuous way. Example 4.20 is a very good illustration of this phe-
nomenon.

We would like to outline a connection of the notion of earthquakes with local
HMS and vanishing cycles. We consider the case of classical Horikawa surface, a
two-sheeted cover of CP

1×CP
1 ramified at 6,12 curve. We first apply Moishezon’s

degeneration —see Fig. 19. Then following our procedure, we can do local HMS
piece by piece, then glue together and finally smooth. Under this procedure, we can
follow the images of the −2 spheres and compute K0 of the category of singularities.

Remark 4.25. It will be interesting to investigate if there is connection between
the MHS of the above degeneration (compare with [8]) and K0 of the category of
singularities and therefore with K0 of the Fukaya category.

5 Homological Mirror Symmetry and Tropical
Hodge Conjecture

Algebraic cycles define objects of the category Db(X). According to homological
mirror symmetry, they define objects in FS(Y,w,ω).

In this section, we will try to see how a cycle being algebraic can be encoded in
the Lagrangian side and then translate Hodge conjecture on the language of tropical
geometry. We start with two examples:
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S2

12

6

A B

Fig. 19 Degeneration of Horikawa surface.

Example 5.1. Let us consider a smooth plane cubic C in CP
3. We have that

dimExt1(OC,OC) = 13. Now we can associate with C a tropical curve T and let
us modify it extending the horns h1,h2,h3 (see Fig. 20). Using step 5 of our con-
struction, we get a Lagrangian L and dimH1(L) = 14. This leads to m0(L) �= 0, and
therefore L does not represent an object in Fukaya–Seidel category.

We extend the above considerations to a counterexample to the Hodge conjecture
for X—a complex two-dimensional torus. We have:

Large complex structure limit: Going to a cusp at the boundary of the mod-
uli of complex tori leads to a Gromov–Hausdorff colapse of X to a real two-
dimensional torus: X � T := R

2/Γ, where Γ is rank 2 lattice.
Mirror symplectic torus (Y,ω): Obtained as the quotient of T ∗T by the fiber-

wise action of the lattice Γ̂ ⊂ (R2)∗ of all linear functionals on R
2 that take

integral values on Γ; ω is induced from the standard form on T ∗T .

Note:

• T can be viewed as a tropical degeneration of X .
• Objects in Fuk(Y,ω) can be constructed as images of conormal bundles to piece-

wise linear submanifolds in T .

The mirror map between the period matrices for X and the complexified symplectic
forms B+

√
−1ω on Y can be given explicitly:
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h3

h2

h1

Fig. 20 Nonrealizable cubic.

(
a b
c d

)
↔ a ·dx1 ∧dx2 +b ·dx3 ∧dx2 + c ·dx1 ∧dx4 +d ·dx3 ∧dx4

We can use this mirror map to run some consistency checks for HMS in this case.
The main idea here is that the mirror map should transform Noether–Lefschetz loci
of periods (= loci of periods with extra objects in Db(X)) into loci of complexified
symplectic forms with additional objects in the Fukaya category, and the move from
one to another constitutes an earthquake. We will use conormal bundles to tropical
subvarieties in T to construct the additional objects in Fuk(Y,B +

√
−1). We have

the following matches:

•
{period matrices

with b = −c

}
↔

⎧
⎪⎪⎪⎨
⎪⎪⎪⎩

images of
conormal
bundles of −1

−1

⎫
⎪⎪⎪⎬
⎪⎪⎪⎭

.

Note that in this case, the Lagrangian in Y corresponding to the above tropical
scheme has m0 �= 0. It does correspond to a Hodge but nonalgebraic cycle—well-
known counterexample to the Hodge conjecture for complex nonprojective tori
in dimension 2 [41].

•
{period matrices

with b = c

}
↔

⎧
⎪⎪⎪⎨
⎪⎪⎪⎩

images of
conormal
bundles of

⎫
⎪⎪⎪⎬
⎪⎪⎪⎭

.
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The corresponding Lagrangian in Y is the mirror image for the theta divisor of
the genus two Jacobian.

•
{period matrices with

b = c = 0

}
↔
{

conormal bundles of tropical
elliptic curves

}
.

The corresponding Lagrangians in Y are the mirrors of genus one surfaces.

•
{period matrices

with b = c = 0,
a = d = 1

}
↔

⎧
⎪⎪⎪⎨
⎪⎪⎪⎩

image of the
conormal bun-
dle of

⎫
⎪⎪⎪⎬
⎪⎪⎪⎭

In this case, a new A brane appears —a coisotropic brane. The last one is lost in
the tropical interpretation. In general, we indeed loose some information by going
to a tropical limit. As we show in [26], enough information survives. We combine
the ideas of the previous two subsections in [26] to study the Hodge conjecture for
some Weil type of Abelian varieties in dimension 4,6,8.

We briefly introduce our main tool—an analogue of Bloch’s cycle complex in
tropical geometry. Let us consider a degeneration of an Abelian variety A where
half of the cycles vanish and form a lattice Γ1. We denote by Γ2 the remaining
lattice—the dual with respect to the polarization. Consider the tropical Bloch com-
plex characterizing all tropical algebraic cycles in A.

B•,k =
⊕

Ai0 ,...,Aik

Z
[
Ai0 , . . . ,Aik

]
⊗
(∧•Γ2 ∧det

(
TAi0 ,...,Aik

∩Γ2

))
, (2)

with differential defined as follows:

• On the chains
⊕

Ai0 ,...,Aik
Z
[
Ai0 , . . . ,Aik

]
for k > 1

∂
[
Ai0 , . . . ,Aik

]
=

k

∑
r=0

(−1)r
[
Ai0 , . . . , Âir , . . . ,Aik

]
(3)

• On
∧•Γ2, ∂ is trivial.

Here
[
Ai0 , . . . ,Aik

]
are flags of lines with Γ2—rational slopes associated with the

vertexes of tropical varieties—see the example that follows. The Γ1 equivariant part
of H0 in the above complex characterizes the tropical algebraic cycles.

We characterize tropical Hodge cycles:

ker
[
(ΛkΓ1 ⊗ΛkΓ2) → (Λk+1V ⊗Λk−1Γ2)

]

We formulate the tropical Hodge conjecture as surjectivity of the map.

H0(B(k)) s−→ ker
[
(ΛkΓ1 ⊗ΛkΓ2) → (Λk+1V ⊗Λk−1Γ2)

]

The tropical algebraic deformations of Y as a cycle in A are governed by the
following complex.
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0 −−−→
⊕
v∈V

Nv −−−→
⊕
e∈E

Ne/Te −−−→
⊕
σ∈Tl

Θl (4)

Here E and V are the sets of vertexes and edges of the tropical realization of the
cycle Y , and Θ is the restriction of the tangent bundle to A on Y . N and T are the
corresponding tropical normal and tangent bundles.

To illustrate the above definitions, we compute briefly the example of a differen-
tial applied to the tropical Hodge cycle R with m0 �= 0. R consists of two flags and
the differential applied to each produces three terms recorded in the sum below. The
overall summation of the differentiation applied to R results to zero.

•
−1

y

•
x

−1

(y, )⊗ ((1,0);−→)
+ (y,/)⊗ ((−1,−1);↙)
+ (y, |)⊗ ((0,1);↑)
+ (x, )⊗ ((−1,0);←−)
+ (x,/)⊗ ((1,1);↗)
+ (x, |)⊗ ((1,1);↓)

There is a certain duality between (4) and (2), which allows us to build an inter-
section theory functional F defined over all tropical Hodge cycles. This functional
measures realizability of any Hodge tropical cycle by an algebraic variety.

Conjecture 5.2. F is trivial on all tropical algebraic cycles.

To make a connection with the previous section, we formulate:

Conjecture 5.3. The zeros of F characterize all earthquakes.

In [26], we investigate the following.

Conjecture 5.4. There exists a six-dimensional complex Abelian variety A and trop-
ical Hodge cycle Y in it such that F is nontrivial on Y .
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Positive Sasakian Structures on 5-Manifolds

János Kollár

Abstract The aim of this paper is to study 5-manifolds that carry a positive Sasakian
structure. Strong restrictions are derived for the integral hemology groups. In some
cases, all positive sasakian structures are classified. A key step is the study of log
Del Pezzo surfaces whose boundary divisor contains positive genus curves.

A quasi-regular Sasakian structure on a manifold L is equivalent to writing L as
the unit circle subbundle of a holomorphic Seifert C

∗-bundle over a complex al-
gebraic orbifold (X ,∆ = ∑(1− 1

mi
)Di). The Sasakian structure is called positive if

the orbifold first Chern class c1(X)−∆ = −(KX +∆) is positive. We are especially
interested in the case when the Riemannian metric part of the Sasakian structure is
Einstein. By a result of [2, 6], this happens iff

1. −(KX +∆) is positive,
2. the first Chern class of the Seifert bundle c1(L/X) is a rational multiple of

−(KX +∆), and
3. there is an orbifold Kähler–Einstein metric on (X ,∆).

If the first two conditions hold, we say that f : L → (X ,∆) is a pre-SE (or pre–
Sasakian–Einstein) Seifert bundle.

Note that if H2(L,Q) = 0, then H2(S,Q) ∼= Q, and so the second condition is
automatic.

Whereas it is not true that all pre-SE Seifert bundles carry a Sasakian–Einstein
structure, all known topological obstructions to the existence of a Sasakian–Einstein
structure in dimension 5 are consequences of the pre-SE condition.

A 2-dimensional orbifold (S,∆) such that −(KS +∆) is positive is also called a
log Del Pezzo surface. For any such, S is a rational surface with quotient singular-
ities. By [7, 2.4], Seifert C

∗-bundles over (S,∑(1− 1
mi

)Di) are uniquely classified
by a homology class B ∈ H2(S,Z) and integers 0 < bi < mi with (bi,mi) = 1. We
denote the corresponding Seifert C

∗-bundle (resp. S1-bundle) by

J. Kollár
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Y
(
S,B,∑ bi

mi
Di
)

resp. L
(
S,B,∑ bi

mi
Di
)
.

Problem 1 (Classification problems). Following [7], we want to address 3 prob-
lems.

1. Given (S,∆) and B, determine the 5-manifold L(S,B,∑ bi
mi

Di).

2. Given a 5-manifold L, decide if it can be written as L(S,B,∑ bi
mi

Di) for some
(S,∆) and B.

3. Given a 5-manifold L, describe all of its representations as L(S,B,∑ bi
mi

Di) for
some (S,∆) and B.

The case when L is simply connected was studied in [7]. Problem (1) was solved
in [7, 5.7]. As to Problem (2), note that by a result of [14], such manifolds are
determined by the second homology group H2(L,Z) if w2 = 0. (See [1] for the
w2 �= 0 case.) The torsion part of H2(L,Z) can be completely described as follows.
(There are partial results about the rank of the free part.)

Theorem 2. [7, 1.4] Let L be a compact 5-manifold such that H1(L,Z) = 0. Assume
that L has a positive Sasakian structure f : L → (S,∆). Then the torsion subgroup
of the second homology, torsH2(L,Z), is determined by (S,∆), and it is one of the
following.

1. (Z/m)2 for some m ≥ 1,
2. (Z/5)4 or (Z/4)4,
3. (Z/3)4,(Z/3)6 or (Z/3)8,
4. (Z/2)2n for some n ≥ 1.

Note that the theorem gives restrictions on L but does not say anything about
(S,∆). Whereas it seems hopelessly complicated to describe all Seifert bundle struc-
tures on S5, there are few positive Sasakian structures on complicated 5-manifolds.
In particular, Problem (3) was settled for torsH2(L,Z) ∼= (Z/5)4 [7, 1.8.2].

The aim of this note is fourfold. First, we extend several of the results to 5-
manifolds that are not simply connected. Second, I would like to correct the mistake
in the classification of the case (2.1), which was brought to my attention by K.
Galicki. Third, Problem (3) is solved in the (Z/4)4 and (Z/3)8 cases. Finally, we
show that in many cases, all positive Sasakian structures are given by hypersurfaces
in C

4 and also give explicit equations for these.
Toward the first goal, we show that the groups listed in (2.1–4) give large sub-

groups of all possible torsH2(L,Z).

Theorem 3. Let L be a compact 5-manifold with a positive Sasakian structure.
Then torsH2(L,Z) has a subgroup G as in (2.1–4) such that the quotient group
torsH2(L,Z)/G is Z/r, Z/r +Z/2 or Z/r +Z/3 for some r.

A recent result of [16, Cor. 1.4] implies that the list of possible quotients is even
smaller: Z/r, Z/4+Z/2, Z/(4r +2)+Z/2, (Z/3)2 or Z/6+Z/3.

Our next aim is to prove that in most cases, the existence of the subgroup G
controls L and the Sasakian structure very tightly.
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Theorem 4. Let f : L → (S,∆) be a compact 5-manifold with a positive Sasakian
structure. Assume that H2(L,Z) ⊃ (Z/m)2 where m ≥ 28 or m ≥ 12 and (m,6) = 1.
Then

1. S is a Del Pezzo surface with cyclic Du Val singularities only and ∆ = (1− 1
m′ )C

where C ∈ |−KS| is a smooth elliptic curve and m′ is a multiple of m.
2. There are 132 families of such (S,C) up to deformations that preserve the singu-

larities,
3. For every such S, π1(S0) is Abelian of order ≤ 9, where S0 := S \SingS denotes

the set of smooth points. πorb
1 (S,(1− 1

m′ )C) is also Abelian of order ≤ 9, save 3
cases that are non-Abelian of order 23,24, or 33. (The precise values are given
later in Table 2.)

4. The fundamental group of L is given by a central extension

0 → Z/d → π1(L) → πorb
1 (S,(1− 1

m′ )C) → 1,

for some d.
5. The torsion of the second homology group of L sits in an exact sequence

0 → (Z/m′)2 → torsH2(L,Z) → π1(S0).

It is quite likely that the above theorem holds for all m≥ 12. However, for m < 12,
there are many counter examples, see [7, 6.6–7].

Remark 5 (Sasakian–Einstein structures). In each of the 132 cases, the existence
of positive Sasakian and of pre–Sasakian–Einstein structures over (S,∆) is effec-
tively decidable, but some of the computations may be lengthy.

There are 93 cases of (S,C) when π1(S0) = 1. In [7, 1.8.1] I claimed, incorrectly,
that they all admit a Seifert bundle with Sasakian–Einstein structure. We see in
(20) that these all admit Seifert bundles with a positive Sasakian structure, but only
19 of them admit a Seifert bundle with pre-SE structure.

For the remaining 39 cases with π1(S0) �= 1, my computations are not yet com-
plete. There are some cases that do not have any smooth Seifert bundles over them
(26), and in many other cases Sasakian–Einstein structures exist.

Example 6. Concrete examples of Sasakian structures can be obtained using C
∗-

actions on algebraic hypersurfaces. A linear C
∗-action on C

n can be diagonalized
and so given by weights (w1, . . . ,wn). We consider only actions that are effective
(thus the weights are relatively prime) and the origin is an attracting fixed point
(thus wi > 0 for every i). Let Y ⊂ C

n be an algebraic variety, smooth away from
the origin, which is invariant under the C

∗-action. Then its link L := Y ∩ S2n−1(1)
inherits a natural quasi-regular Sasakian structure, and every quasi-regular Sasakian
structure arises this way.

This description is especially simple when Y is a hypersurface. In this case,
everything is described by the weights (w1, . . . ,wn) and a weighted homogeneous
polynomial f (x1, . . . ,xn) that defines Y .
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Thus, up to deformations, we need to specify the weights (w1, . . . ,wn) and the
weighted degree d of f . I write L∗(w1, . . . ,wn;d) for any such quasi-regular Sasakian
manifold. (The ∗ is to remind one that using weights is in some sense dual to the
notation in [3].)

The simplest examples where π1(L) �= 1 are created by taking a quotient by a
subgroup of C

∗. These are all cyclic. Thus the symbol

L∗(w1, . . . ,wn;d)/(Z/m) or L∗(w1, . . . ,wn;d)/ 1
m (w1, . . . ,wn)

stands for any Sasakian manifold obtained as L/(Z/m) ⊂ Y/(Z/m) where Y :=
( f = 0) is the zero set of a degree d weighted homogeneous polynomial such that
Y is smooth outside the origin, and we take the quotient by the Z/m-action gener-
ated by

(x1, . . . ,xn) 	→ (εw1x1, . . . ,εwn xn) where ε = e2πi/m.

We call these the obvious quotients.
One can also take quotients by groups that are not contained in C

∗. For instance,
one can take quotients

L∗(w1, . . . ,wn;d)/
( 1

r (a1, . . . ,an)× 1
m (w1, . . . ,wn)

)

where the first factor of Z/r×Z/m acts via

(x1, . . . ,xn) 	→ (ηa1x1, . . . ,ηan xn) where η = e2πi/r,

and the second factor acts as above. One should keep in mind that not all hypersur-
faces L∗(w1, . . . ,wn;d) admit such a Z/r-action. In using this notation, we assume
that we consider a case when the action exists.

We are now ready to state that classification theorem for those cases when
H2(L,Z) contains a large torsion subgroup.

Theorem 7. Let L be a compact 5-manifold with a positive Sasakian structure.

1. If H2(L,Z) ⊃ (Z/5)4, then H2(L,Z) = (Z/5)4 and L = L∗(5,5,15,6;30) or an
obvious quotient by Z/m for (m,15) = 1. The simplest equation is

(x6 + y6 + z2 + t5 = 0)/ 1
m (5,5,15,6).

The moduli space of Sasakian–Einstein structures is naturally parameterized by
the moduli space of genus 2 curves.

2. If H2(L,Z) ⊃ (Z/3)8 then H2(L,Z) = (Z/3)8 and L = L∗(3,3,15,10;30) or an
obvious quotient by Z/m for (m,15) = 1. The simplest equation is

(x10 + y10 + z2 + t3 = 0)/ 1
m (3,3,15,10).

The moduli space of Sasakian–Einstein structures is naturally parameterized by
the moduli space of hyperelliptic curves of genus 4.
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3. If H2(L,Z) ⊃ (Z/4)4 then either H2(L,Z) = (Z/4)4 or H2(L,Z) = Z+(Z/4)4.
In the first case, there are 5 families:

a. L = L∗(4,4,8,5;20) or an obvious quotient by Z/m for (m,2) = 1, with sam-
ple equation

(x5 + y5 + yz2 + t4 = 0)/ 1
m (4,4,8,5),

b. Y = L∗(2,2,6,3;12)/ 1
2 (1,1,1,e) where e ∈ {0,1} or an obvious quotient by

Z/m for (m,6) = 1. The simplest equation is

(x6 + y6 + z2 + t4 = 0)/
( 1

2 (1,1,1,e)× 1
m (2,2,6,3)

)
.

c. L = L∗(4,8,20,9;40) or an obvious quotient by Z/m for (m,6) = 1. The sim-
plest equation is

(x10 + y5 + z2 + xt4 = 0)/ 1
m (4,8,20,9).

d. L = L∗(2,4,10,5;20)/ 1
2 (1,0,1,1) or an obvious quotient by Z/m for

(m,10) = 1. The simplest equation is

(x10 + y5 + z2 + t4 = 0)/
( 1

2 (1,0,1,1)× 1
m (2,4,10,5)

)
.

In the second case, there are infinitely many positive Sasakian structures with the
same π1 but only one that is pre-SE. These are

e. L = L∗(4,4,12,5;24) or an obvious quotient by Z/m for (m,10) = 1. The
simplest equation is

(x6 + y6 + z2 + xt4 = 0)/ 1
m (4,4,12,5).

The moduli space of Sasakian–Einstein structures is naturally parameterized by
the moduli space of pairs (C, p) where π : C → P

1 is a genus 2 curve and p ∈C
is not a branch point in cases (a),(b),(e) and p ∈ C is a branch point in cases
(c),(d).

The above parameterizations of the moduli spaces of Sasakian–Einstein struc-
tures are one-to-one. However, if we consider the moduli spaces of the resulting
Einstein metrics, we get a two-to-one parameterization since a curve and its com-
plex conjugate give the same Einstein metric, see [3, 18–21].

I see no a priori reason why all these cases should be realizable as hypersurface
quotients. K. Galicki told me that he found the example (x6 +y6 + z2 + t5 = 0) with
H2(L,Z) = (Z/5)4. This led me to realize that in fact all examples with H2(L,Z) =
(Z/5)4 are hypersurfaces. The equations are also easy to see in the (Z/3)8 case
but are rather mysterious from the point of view of my proof for several of the
(Z/4)4 cases.
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1 Reduction to Algebraic Geometry

Remark 8. As in [3, 7], to L = Y ∩ S2n−1(1) we associate a projective algebraic
variety X = Y \{0}/C

∗ with cyclic quotient singularities. There is also a natural Q-
divisor ∆=∑(1− 1

mi
)Di on X where Di ⊂X is a divisor such that the stabilizer of the

C
∗-action has order mi over the points of Di. The positivity of the Sasakian structure

is equivalent to the log Fano condition:

−
(
KX +∑(1− 1

mi
)Di
)

is ample.

Thus if dimL = 5, we are looking for pairs (S,∆) where

1. S is a projective surface with cyclic quotient singularities,
2. ∆ = ∑(1− 1

mi
)Di is a Q-divisor, and

3. −(KS +∆) is ample.

There are a few more conditions, which we do not need for now.
A rather easy result [7, 6.3] on log Del Pezzo surfaces gives the following restric-

tion on the Di:

4. there is at most one index i such that g(Di) > 0.

Because of the special role of Di, we frequently set D := Di, r := mi and use the
notation (S,(1− 1

r )D+∆).
It turns out that the ampleness of −(KS +(1− 1

r )D +∆) forces g(D) or r to be
quite small, and this accounts for the restrictions in Theorem 2.

This is relevant to our purposes since [7, 5.7] relates the torsion of H2(L,Z) to
the divisor ∑(1− 1

mi
)Di:

5. If H1(L,Z) = 0 then torsH2(L,Z) = ∑(Z/mi)2g(Di). Thus, in the log Del Pezzo
case, torsH2(L,Z) ∼= (Z/r)2g(D).

If H1(L,Z) �= 0, the spectral sequence in [7, 5.10] becomes quite messy, but in
the log Del Pezzo case, only one nonzero map involves H3(L,Z). The same proof
gives the following weaker result when the first integral homology of the base is
trivial.

Proposition 9. Let f : L5 → (S,∆ = ∑(1− 1
mi

)Di) be a smooth Seifert bundle over
a projective surface with quotient singularities. Assume that H1(S,Z) = 0, and let
s = rankH2(S,Q). Then there is an exact sequence

H1(S0,Z) ∼= H3(S,Z) → H3(L,Z) → Z
s−1 +∑(Z/mi)2g(Di) → 0. (9.1)

Proof. The argument very closely follows [7, 5.9–10]. As there, we have exact se-
quences

0 → R1 f∗ZL
τ→ ZS → Q → 0 (9.2)
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and
0 →∑

i
ZPj/n j → Q →∑

i
ZDi/mi → 0, (9.3)

where Pj ∈ S are the singular points. This implies that Hi(S,Q) = ∑i Hi(Di,Z/mi)
for i ≥ 1. The key piece of the long cohomology sequence of (9.2) is

H1(S,Z) →∑H1(Di,Z/mi) → H2(S,R1 f∗ZL) → H2(S,Z) →∑H2(Di,Z/mi)

Here H1(S,Z) = 0 and H2(S,Z) ∼= Z
s by assumption. The right-hand group is tor-

sion, hence there is a noncanonical isomorphism

H2(S,R1 f∗ZL) ∼= Z
s +∑

i
H1(Di,Z/mi).

Therefore, in the Leray spectral sequence Hi(S,R j f∗ZL) ⇒ Hi+ j(L,Z), the E2
term is

Z (torsion) Z
s +∑i(Z/mi)2g(Di) (torsion) Z

Z 0 Z
s H3(S,Z) Z.

(9.4)

Since H3(S,Z) ∼= H1(S0,Z) by [7, 4.2], we get the exact sequence

H1(S0,Z) → torsH3(L,Z) →∑
i

H1(Di,Z/mi) → 0.

��

Corollary 10. Notation and assumptions as in (9). Let p j ∈ S be the singular points
and n j the order of the local fundamental group.

1. If any two of the numbers mi,n j are relatively prime, then the sequence (9.1) is
left exact.

2. If, in addition |H1(S0,Z)| is relatively prime to ∏mi, then the sequence (9.1)
splits.

Proof. If any two of the numbers mi,n j are relatively prime, the sequence in (9.2)
splits and H0(S,Q)∼= Z/(∏n j ·∏mi). This implies that H1(S,R1 f∗ZL) = 0. The E2
term of the Leray spectral sequence (9.4) is

Z 0 Z
s +∑i(Z/mi)2g(Di) (torsion) Z

Z 0 Z
s H3(S,Z) Z.

Thus H3(L,Z) sits in an exact sequence

0 → H3(S,Z) → H3(L,Z) → Z
s +∑

i
(Z/mi)2g(Di) → Z

As before, H3(S,Z) ∼= H1(S0,Z), and the extension of the torsion part splits if
|H1(S0,Z)| is relatively prime to ∏mi. ��
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This result turns out to be quite useful, since the groups H1(S0,Z) are rather
special when (S,∆) is a log Del Pezzo surface. Thus S is a rational surface and so
H1(S,Z) = 0. The recent preprint [16] gives an almost complete list of the possible
fundamental groups π1(S0) where S is a rational surface with quotient singularities.
We need only an easier result on H1(S0,Z).

The proof of (3) is obtained by combining (9) and (11).

Lemma 11. Let S be a log Del Pezzo surface with quotient singularities. Then
H1(S0,Z) is either Z/m, Z/m+Z/2 or Z/m+Z/3 for some m ≥ 1.

Proof. Let S′ → S be the corresponding Galois cover with Galois group G. The sta-
bilizers of points are subgroups of the local fundamental groups at the singularities,
and hence cyclic. Moreover, no 1 �= g ∈ G fixes a curve pointwise. Thus it is enough
to prove the following.

Lemma 12. Let G be an Abelian group acting on a rational surface with cyclic
stabilizers. Assume also that no element fixes a curve of genus ≥1 pointwise. Then
G is either Z/m, Z/m+Z/2 or Z/m+Z/3.

Proof. We can take a G-equivariant resolution and then pass to the G-minimal model
T . (Note that if a smooth point p ∈ T is fixed by an Abelian group H, then H also
has a fixed point on the blow-up BpT , so a fixed point on one model gives a fixed
point on any other model.)

Our aim is to find a G-invariant subset Z ⊂ T such that either Z ∼= P
1 or Z is at

most 3 points. In the first case, G acts on P
1, hence it either has a fixed point or it

acts through (Z/2)2 and an index 2 subgroup has a fixed point. In the second case, a
subgroup of index ≤ 3 has a fixed point. Such a subgroup is cyclic and so G is Z/m,
Z/m+Z/2 or Z/m+Z/3 as required.

Consider first the case when there is a G-equivariant ruling f : T → P
1. We are

done if f∗ : G→Aut(P1) is injective. Otherwise, any g∈ ker f∗ fixes 2 points in each
fiber of f , thus g fixes either 1 or 2 irreducible curves pointwise and their union is
G-invariant. We are done if there is a G-invariant curve.

Otherwise, every g ∈ ker f∗ fixes 2 disjoint curves E1,E2 pointwise and G per-
mutes these curves. By the Hodge index theorem E2

i ≤ 0, thus they generate the
“other” extremal ray of the cone of curves. In particular, either T = P

1×P
1 or these

curves are unique and every element of ker f∗ fixes the same curves. If G has a fixed
point p ∈ P

1, then Z := f−1(p)∩ (E1 ∪E2) is a 2-element set fixed by G. If there is
no such p, then G acts on P

1 and also on E1∪E2 through (Z/2)2. Furthermore, there
is an index 2 subgroup H ⊂ G that fixes each Ei and has a fixed point on each Ei.
Thus H is cyclic and so G ∼= Z/m or G ∼= Z/m+Z/2.

The P
1 ×P

1 case is left to the end.
Otherwise T is a Del Pezzo surface of G-Picard number 1.
Assume that some g ∈ G pointwise fixes some curves Ci. The Ci are smooth,

disjoint, rational curves. By the adjunction formula, C2
i ∈ {0,−1} or T ∼= P

2. Their
sum ∑Ci is G-invariant and not ample, but this contradicts G-minimality. Thus either
T ∼= P

2 or every element of G acts with isolated fixed points.
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Assume that there is H < G with H ∼= (Z/2)2. Then T/H is a Del Pezzo surface
with A1-singularities only. From Table 2 in (24), we see that degT/H = 2 and T ∼=
P

1 ×P
1. Thus, aside from this case, the 2-part of G is cyclic.

If T = P
2, take any g ∈ G. It has either 3 fixed points or a fixed point and a fixed

line (and the second case must happen if g2 = 1). In the second case, the fixed point
is G-fixed (and so G is cyclic), and in the former case either all 3 points are G-fixed
or G permutes them cyclically.

If degT ∈ {1,2,3,4,5} then Aut(T ) acts faithfully on H2(T,Z). Indeed, if g acts
trivially on H2(T,Z), then it descends to an automorphism of P

2 with ≥ 4 fixed
points in general position, hence g = 1. Thus, G is a subgroup of the Weyl group of
E8,E7,E6,D5,A4 (cf. [11, Sec. 25]).

If degT = 1, then |KT | has a unique base point that is fixed by Aut(T ), so G is
cyclic.

If degT = 2, then there is a unique degree two morphism T → P
2. If |G| is odd

and H < G, then any H-fixed point on P
2 is dominated by (one or two) H-fixed

point(s) on T . If G is even, then a G-fixed point on P
2 is dominated by two points,

and each is fixed by an index 2 subgroup of G.
If degT ∈ {3,4,5}, then by looking at the order of the Weyl groups, we see that

the odd part Godd ⊂Z/15, except possibly when degT = 3 where the 3-part could be
bigger. Any action of a group on a cubic surface T induces an action on P

3 ∼= |KT |.
For odd order groups, this action lifts to C

4 since the kernel of SL4 → PSL4 is Z/4.
Thus we get an eigenvector on C

4 and a fixed point on the cubic T .
If degT = 6, then only Z/3 can act on the (−1)-curves nontrivially, and even

for the Z/3-action there is a Z/3-invariant set of 3 disjoint (−1)-curves. Thus the
action descends to P

2.
There are no G-minimal Del Pezzo surfaces of degree 7, and in degree 8 we get

P
1 ×P

1.
Thus we are left with G acting on P

1 ×P
1. If any g ∈ G interchanges the two

factors, then g has 2 fixed points or a fixed rational curve from the Lefschetz fixed
point formula. In both cases, an index 2 subgroup of G has a fixed point.

The last case is when G preserves the coordinate projections. The image of G in
each Aut(P1) is either cyclic or (Z/2)2. If the first case happens at least once, then
an index 2 subgroup has a fixed point. Finally we have to deal with subgroups of
G ⊂ (Z/2)4. If the order is 8 or 16, then there are g1,g2 ∈ G that act trivially on the
first (resp. second) factor. Thus 〈g1,g2〉 is a noncyclic subgroup with a fixed point,
a contradiction. ��

Putting these together, we obtain the following. Note that the torsion in H2 is dual
to the torsion in H3, thus a quotient of H3 becomes a subgroup of H2.

Corollary 13. Let L be a compact 5-manifold with a positive Sasakian structure.
Then the torsion subgroup of the second homology, torsH2(L,Z) has a subgroup G
such that

1. G is (Z/m)2, (Z/5)4, (Z/4)4, (Z/3)2n for n ∈ {2,3,4} or (Z/2)2n and
2. torsH2(L,Z)/G is Z/r, Z/r +Z/2 or Z/r +Z/3 for some r.
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Remark 14. Most Abelian groups cannot be written in the above form. If G exists,
then it is almost always unique up to isomorphism. The only ambiguity is with the
6-torsion part.

To see this, we can consider the p-parts separately. The main cases are

1. Ap = (Z/pa)2 +Z/pb and Ap/G ∼= Z/pb,
2. Ap = Z/pa +Z/pb and Ap/G ∼= Z/pb−a.

These are the only possibilities for p ≥ 7, with a few more cases for p = 2,3,5.

Plan 15 (The proofs of (4) and (7)). We follow the approach in [7, 6.8]. Start with
(S,(1− 1

r )D +∆) satisfying the conditions (8.1–3). Let g : S′ → S be the minimal
resolution of S and h : S′ → Sm a minimal model of S′. In the sequence of blow-ups
leading from S to S′ and the subsequent blow-downs leading from S′ to Sm, every
intermediate surface T satisfies the following condition:

(∗) We can write −KT ≡ (1− 1
r )DT +∆T + HT where DT denotes the birational

transform of D on T , ∆T is an effective linear combination of rational curves
(coming from ∆ and the exceptional curves of g), and HT is nef and big (this is a
general divisor numerically equivalent to the pull-back/push-forward of −(KS +
(1− 1

r )D+∆)).

This turns out to be very restrictive in many cases.
It is easy to see that S is a rational surface, so Sm is either P

2,P1×P
1 or a minimal

ruled surface Fn for some n≥ 2. For the latter, let E ⊂Fn denote the negative section
and F a fiber. By an easy case analysis (cf. [7, 6.8]) we get the following.

1. If r ≥ 6 and g ≥ 1 then Sm = P
2,P1 ×P

1 or F2 and Dm ∈ |−KSm | is smooth and
elliptic.

2. If r ≥ 5,g ≥ 2 then r = 5, Sm = F3 and Dm ∈ |2E +6F| has genus 2.
3. If r ≥ 3,g ≥ 4 then r = 3, Sm = F5 and Dm ∈ |2E +10F | has genus 4.
4. If r = 4,g ≥ 2 then either Sm = F3 and Dm ∈ |2E + 6F| or Sm = F2 and Dm ∈

|2E +5F|. In both cases, Dm has genus 2.

The plan is, in each case, to start with (Sm,(1− 1
r )D

m +∆m) and to write down all
possible (S′,(1− 1

r )D
′ +∆′). It is then easy to get a complete list of all (S,(1− 1

r )
D + ∆). Finally, we need to check the additional conditions, especially [7,
3.6 and 4.8].

2 The Exceptional Cases

Case 16 (The (Z/5)4 and (Z/3)8 cases).
Assume that H2(L.Z) contains a subgroup isomorphic to (Z/5)4 or (Z/3)8. Let

G ⊂ H2(L.Z) be the subgroup given in (13). Since the odd torsion in H2(L,Z)/G is
either cyclic or (Z/3)2, we conclude that either

1. G = (Z/5)4,
2. G = (Z/3)8, or
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3. G = (Z/3)6 and H2(L,Z)/G = (Z/3)2.

Thus g(D) = 2 in the first case and g(D) ≥ 3 in the second and third cases.
This implies that S0 is simply connected. Indeed, any nontrivial cover π : S′ → S

would give another log Del Pezzo surface where D′ := π−1(D) has genus ≥ 3 in
the first case and genus ≥ 5 in the other cases. By the list in (15), there are no
such surfaces. In particular, the case G = (Z/3)6 and H2(L,Z)/G = (Z/3)2 does
not happen.

Next, as in [7, 9.9], we show that S′ = Sm and S is obtained by contracting the
negative section E. Indeed, any one point blow-up of Fm maps either to Fm−1 (if we
blow up a point not on E) or Fm+1 (if we blow-up a point on E). Since Sm is unique
in each case by the list in (15), S′ → Sm is an isomorphism.

If S = Sm, then
∆m +Hm ≡∑(1− 1

ri
)Di +H

where the Di are rational and H is ample. In the (Z/5)4 case, this would give

2
5 E + 1

5 F ≡∑(1− 1
ri
)Di +H.

The intersection number of the left-hand side with F is 2
5 < 1

2 , so any Di is a fiber.
Now intersecting with E shows that there cannot be any Di. This is impossible since
the left-hand side is not nef and big.

Similarly, in the (Z/3)8 case we would need to solve

2
3 E + 1

3 F ≡∑(1− 1
ri
)Di +H,

which is also impossible.
This proves (7), except for the equations.
There is a systematic way to obtain Y and the C

∗-action from (S,∆) (cf. [7,
2.5]), but I found it much easier to do this by guessing. Note that by contracting
the negative section in Fn, we get the weighted projective plane P(1,1,n), and D ∈
|2E + 2nF | is a curve given by a degree 2n equation. After completing the square,
these are of the form z2 + f2n(x,y). The explicit relationship between ∆ and the
weights exhibited in [3, 6] now leads to f = t5 + z2 + f6(x,y) in case r = 5,Sm = F3
and to f = t3 + z2 + f10(x,y) in case r = 3,Sm = F5.

The case analysis is harder for (Z/4)4, and we need some way to see how to get
S′ from Sm.

Remark 17 (Blow-up criterion). Assume that π : T1 → T is the inverse of the blow-
ing up of p ∈ T with exceptional curve E1 ⊂ T1 and that (T1,(1− 1

r )D1 +∆1 +H1)
satisfies (15.∗). That is, −KT1 ≡ (1− 1

m )D1 +∆1 +H1, ∆1 is effective and H1 is nef
and big.

Set D := π∗D1,∆ := π∗∆1 and H := π∗H1. Then (T,(1− 1
r )D+∆+H) also sat-

isfies (15.∗). Since (KT1 ·E1) = −1, we conclude that
(
(1− 1

r )D1 +∆1 +H1
)
·E1 = 1,
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hence
multp

(
(1− 1

r )D+∆+H
)
≥ 1.

In practice, we know (T,(1− 1
r )D) and the numerical class of ∆+H, but not ∆+H

itself. If the numerical class of ∆ + H is small, then ∆ + H is very much under
control, but we get many possibilities if the numerical class of ∆+H is big.

Case 18 (The (Z/4)4 case). By (15.1–4) there are two possibilities for (Sm,Dm) and
S′ → Sm need not be an isomorphism.

Let us start with Sm = F2 and Dm ∈ |2E +5F|.
Case 1. If S′ = Sm then, as in (16), from (E · (∆m +Hm)) < 0 we see that E must

be contracted. Thus S is the weighted projective plane P(1,1,2), and D is given by a
weighted degree 5 equation ( f5(x,y,z) = 0) where w(z) = 2. (Alternatively, S is the
quadric cone in P

3, and D is a curve of degree 5 passing through its vertex.) Thus
we get the equation (t4 + f5(x,y,z) = 0) for Y . This gives us (7.3.a).

Case 2. If we perform at least one blow-up in going from Sm to S′, then as before,
we could have ended up with Sm = F1 or Sm = F3 instead. The first case is impossible
from the list of (15), and the second one we consider next.

Case 3. Thus assume that Sm = F3 and D ∈ |2E + 6F| is a smooth curve. Thus
∆m +Hm ≡ 1

2 E + 1
2 F .

If S′ = Sm then, as before, we see that E must be contracted. This leads to the
surface S = P(1,1,3) and D ∈ |OS(6)| a smooth curve.

This never leads to simply connected 5-manifolds by [7, 4.8]. All Seifert bundles
are of the form Y (S,B, b

4 D) where B = aF for some a ∈ Z and b ∈ {1,3}. The
corresponding Chern class is (a+ 3b

2 )F , always a half integer. Thus we get the basic
cases with c1(Y/S) = 1

2 and their obvious quotients.
Since D ∈ |OS(6)| and 6 is even, Horb

1 (S, 3
4 D) = Z/2, and there are two basic

cases: a = −1,b = 1 and a = −4,b = 3.
The double cover of (S, 3

4 D) is given by

S6 = ( f6(x,y,z)+T 2 = 0) ⊂ P(1,1,3,3),

and the involution is (x : y : z : T ) 	→ (x : y : z : −T ). Keep in mind that these are
projective coordinates, so the same involution can be given as (x : y : z : T ) 	→ (−x :
−y :−z : T ). The basic Seifert bundle pulls back to Y = L∗(2,2,6,3;12) with typical
equation

x6 + y6 + z2 + t4 = 0.

There are 2 ways to lift the involution to a fixed point free involution on Y . These
are (x,y,z, t) 	→ (−x,−y,−z,−t) and (x,y,z, t) 	→ (−x,−y,−z, t). These give the 2
families listed in (7.3.b).

Case 4. Next we blow up at least 1 point on Sm. This point cannot be on E because
the resulting surface would also dominate F4. Write

1
2 E + 1

2 F ≡ ∆m +Hm =∑aiFi +bE +Rm,
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where the Fi are distinct fibers, and Rm has no irreducible component that is E or a
fiber. By intersecting with F , we see that b ≤ 1

2 . Intersecting with E gives

0 ≤ (E ·Rm) = 3b−1−∑ai,

in particular b ≥ 1
3 and 1

2 −b ≤ 1
3 ( 1

2 −∑ai), thus ∑ai ≤ 1
2 . If p lies on F1, then

multp(∆m +Hm) ≤ a1 +(F ·Rm) = a1 +( 1
2 −b) ≤ 1

6 + 2
3 a1 − 1

3 ∑
i�=1

ai ≤ 1
2 .

The condition (15.∗) is

multp( 3
4 D+∆m +Hm) ≥ 1,

which is only possible if p ∈ D and a1 ≥ 1/8. Furthermore, if a1 ≤ a2, then we
get 1

4 ≤ a1 ≤ a2. But ∑ai ≤ 1
2 , and this would lead to Rm = ( 1

2 − b)E, which is
impossible. Thus we conclude:

Claim. There is a unique fiber F such that S′ is obtained from Sm by blowing up
points in or above F ∩D.

The general case is when F ∩D consists of 2 points and the special case is when
F ∩D is a single point where F and D are tangent.

Case 5. Let us deal first with the general case and blow up p ∈ F ∩D. We get
S1 → Sm with exceptional curve G1. Let F1 and D1 be the birational transforms of F
and D. Write

∆1 +H1 = aF1 +bE1 + cG1 +R1.

From (17) we see that

c ≤ multp( 3
4 D+∆m +Hm)−1 ≤ 3

4 +a+ 1
3 ( 1

2 −a)−1 = 2
3 a− 1

12 .

Thus at every point q ∈ G1 \ (D1 +F1), the multiplicity of ∆1 +H1 is at most

c+multq R1 ≤ c+multp Rm ≤ 2
3 a− 1

12 + 1
6 −

1
3 a = 1

12 + 1
3 a < 1,

thus we cannot blow these up. At G1 ∩F1, the multiplicity is at most

a+ c+multq R1 ≤ a+ 1
12 + 1

3 a < 1.

Finally, at G1 ∩D1, the multiplicity is at most

3
4 + 1

12 + 1
3 a = 5

6 + 1
3 a < 1,

except when a = 1
2 . But this again would lead to Rm = ( 1

2 −b)E, which is impossible.
Thus we conclude that we can blow up one or both of the points F ∩D and then

we get S′.
If we blow up only one point, we have to contract F1, and we are in the already

considered case when S′ = F2.



106 J. Kollár

Case 6. If we blow up both points of F ∩D, we have to contract E1 ∪F1. We get
a surface with Picard number 2 and a single cyclic quotient singularity of the form
C

2/ 1
5 (1,2).

Claim. The surface S is isomorphic to a quasi-smooth hypersurface S6 ⊂
P(1,1,3,5), and D is the complete intersection of S6 with (t = 0).

I found this isomorphism by computing the quotient by the hyperelliptic invo-
lution of D, which acts on Sm,S′, and also on S. Once the isomorphism is guessed,
it is easier to verify by working backwards from the surface S6 ⊂ P(1,1,3,5). Its
equation can be written, after coordinate changes, as

S6 = (z2 + f6(x,y)+ �1(x,y)t = 0) ⊂ P(1,1,3,5).

Notice that its intersection with (�1 = 0) is the reducible curve (z2 + f6(x,αx) = 0)⊂
P(1,3,5) for some α . The two irreducible components correspond to the two excep-
tional curves of S′ → Sm. The rest is a straightforward computation. The surface is
specified by choosing 6 points in P

1 (given by f6 = 0) plus one more corresponding
to the choice of �1.

This leads to the case (7.3.e).

Case 7. Next we deal with the special case when F ∩D is a single point where
F and D are tangent. Computations as above yield that in this case, we can blow up
the point p on D at most 3-times.

Case 8. If S′ is obtained by 1 blow-up, we factor through F2 as before. If we do 2
blow-ups, we get S = P(1,2,5) and D ∈ |O(10)|. As in Case 3, Horb

1 (S, 3
4 D) = Z/2.

Set L := (x = 0). There are two basic cases, corresponding to Y (S,−2L, 1
4 D) and

Y (S,−7L, 3
4 D). The index 2 point (0 : 1 : 0) ∈ S adds a further complication since

the first of these does not satisfy the smoothness condition [7, 4.8.1].
The orbifold double cover of (S, 3

4 D) is

S10 := ( f10(x,y,z)+T 2 = 0) ⊂ P(1,2,5,5)

and the involution is (x : y : z : T ) 	→ (x : y : z : −T ). Since these are weighted pro-
jective coordinates, this is the same as (x : y : z : T ) 	→ (−x : y : −z : T ). (Note that
−1 acts by sending a coordinate u to (−1)wt(u)u, hence the + sign in front of y.)

This leads to the basic examples L = L∗(2,4,10,5;20) with sample equa-
tion (x10 + y5 + z2 + t4 = 0), The lifting of the involution is either (x,y,z, t) 	→
(−x,y,−z,−t) or (x,y,z, t) 	→ (−x,y,−z, t). Here the second action has fixed point;
this is consistent with our earlier considerations. Thus we get only one family, as in
(7.3.d).

Case 9. Finally, if we blow up 3-times, we can contract the birational transforms
of E,F and of the first 2 exceptional curves. This gives a surface with a single
singular point of the form C

2/ 1
9 (2,5).

Claim. The surface S is isomorphic to a quasi-smooth hypersurface S10 ⊂
P(1,2,5,9), and D is the complete intersection of S10 with (t = 0).
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Once again, it is easier to verify this by working backwards. The equation of
S10 is

( f5(x2,y)+ z2 + xt = 0) ⊂ P(1,2,5,9).

Its intersection with (x = 0) is the curve (ay5 + bz2 = 0) ⊂ P(2,5,9). This is a
smooth (but not quasi-smooth) rational curve, and it corresponds to the last excep-
tional curve of S′ → Sm. The surface is specified by choosing 6 points in P

1 (given
by x f5 = 0), that is, a genus 3 hyperelliptic curve plus a specified branch point. The
rest is a straightforward computation.

Thus we obtain (7.3.c).

Example 19. It is easy to write down infinitely many positive Sasakian structures on
certain simply connected 5-manifolds L either by hand or by consulting the (partially
unpublished) lists of Boyer and Galicki. Below I write the orbifolds (S,∆) and the
simplest equation. (Here Ck denotes a general curve of degree k in the weighted
projective plane P(a,b,c) with coordinates x,y,z and � := (x = 0).)

1. H2(L,Z) = (Z/3)2. For any (k,6) = 1, take
(
P(1,1,2),(1− 1

3 )C4 +(1− 1
k )�
)

and x4k + y4 + z2 + t3.

2. H2(L,Z) = (Z/5)2. For any (k,30) = 1, take
(
P(1,2,3),(1− 1

5 )C6 +(1− 1
k )�
)

and x6k + y3 + z2 + t5.

3. H2(L,Z) = (Z/3)4. For any (k,30) = 1, take
(
P(1,2,5),(1− 1

3 )C10 +(1− 1
k )�
)

and x10k + y5 + z2 + t3.

4. H2(L,Z) = (Z/2)2n. For n ≥ 0 and (k,2n(2n+1)) = 1 take

(
P(1,1,n),(1− 1

2 )C2n+1 +(1− 1
k )�
)

and xk(2n+1) + y2n+1 + yz2 + t2.

Sasakian–Einstein structures are known to exist in the first 3 cases, but for the last
one the criterion of [4] fails and existence is not known.

The situation is more complicated in the next two cases:

5. H2(L,Z) = (Z/4)2 or (Z/6)2. For any k, take
(
P(1,2,3),(1− 1

4 )C6 +(1− 1
k )�
)

resp.
(
P(1,2,3),(1− 1

6 )C6 +(1− 1
k )�
)
.

These are the right examples as log Del Pezzo surfaces, but the condition [7,
4.8.2] fails, so the corresponding Seifert bundles are not simply connected. Since
my approach is to rule out everything at the surface level, these cases could be
very hard to settle using my methods.

This leaves open the finiteness question for

6. H2(L,Z) = (Z/m)2 with 7 ≤ m ≤ 11, and
7. H2(L,Z) = (Z/3)6.
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The computations in Section 4 suggest that in these cases, there should be only
finitely many families of pre-SE structures.

However, as the examples with H2(L,Z) = (Z/4)4 suggest, the case analysis can
be rather tricky, and unexpected special configurations may arise.

3 The Main Series

Let us start by fixing an error in [7].

Correction 20 (Error in [7, Thm. 1.8.1(b)]). The theorem asserts that for each
m ≥ 12, there are exactly 93 pre-SE Seifert bundles f : L → (S,∆) on compact 5-
manifolds L satisfying H1(L,Z) = 0 and torsH2(L,Z) ∼= (Z/m)2.

The construction of the 93 families of pairs (S,∆) is correct. Going from (S,∆)
to the Seifert bundle is, however, done incorrectly because the conditions for a
Sasakian structure and for a pre–Sasakian–Einstein structure have been thoroughly
mixed up.

The construction of the 93 families given in [7, 7.6] starts with a surface T , which
is one of P

1 ×P
1,P2,Q,S5,P(1,2,3). For each of these write −KT ∼ d(T )H where

H ∈ Weil(T ) is a positive generator. We have

d(P1 ×P
1) = 2,d(P2) = 3,d(Q) = 4,d(S5) = 5,d(P(1,2,3)) = 6.

Next we perform some weighted blow-ups [7, 7.3] to get S = Bm1,...,mk T . There
are k exceptional curves E1, . . . ,Ek. Each Ei passes through a unique singular
point pi ∈ S, and Ei generates the local class group, which is Z/mi. Set d(S) :=
gcd(m1, . . . ,mk,d(T )).

The divisor class group Weil(S) is freely generated by

π∗H,E1, . . . ,Ek and KS ∼−d(T )π∗H +∑miEi.

The main condition that was overlooked is the smoothness criterion for Seifert
bundles [7, 3.6].

In our case, there is only one curve D, and S is smooth along D. Thus, by [7, 3.6],
the corresponding Seifert bundle Y (S,B, b

m D) is smooth iff

B generates the local class group at every point. (20.1)

Claim 20.2. Notation as above. Then

Y (Bm1,...,mk T,aH + c1E1 + · · ·+ ckEk,
b
m D) is smooth

iff (mi,ci) = 1 for i = 1, . . . ,k and (a,d(T )) = 1 if T is singular.

As a consequence, we see that all 93 cases correspond to positive Sasakian struc-
tures on smooth 5-manifolds.
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A Seifert bundle is pre-SE iff its Chern class c1(Y/S) = B + b
m D is a rational

multiple of −(KS + (1− 1
m )D). In our case D ∼ −KS, hence B itself is a rational

multiple of −KS. Thus

B = r
( d(T )

d(S) π
∗H −∑ mi

d(S)Ei
)

for some positive integer r. Thus if (20.1) holds, then −ci = rmi/d(S) is an integer
relatively prime to mi. Thus mi|d(S). Since d(S)|mi by definition, we conclude that
d(S) = mi for every i.

Furthermore, in the cases when T is singular, B generates the local class group at
each singular point of T iff d(T ) = d(S). Thus we obtain the following.

Claim 20.3. Notation as above. Then

Y (Bm1,...,mk T,aH + c1E1 + · · ·+ ckEk,
b
m D) is smooth and pre-SE iff

1. m1 = · · · = mk = d(S),
2. aH + c1E1 + · · ·+ ckEk = r(− d(T )

d(S) H +E1 + · · ·+Ek) for some r ∈ Z, and
3. if T is singular, then (r,d(T )) = 1 and d(S) = d(T ).

These conditions cut down considerably the list given in [7, 7.6], and we get the
19 cases of Table 1.

The condition [7, 4.8.2] says that the resulting Seifert bundle L satisfies
H1(L,Z) = 0 iff H2(S,Z) → H2(D,Z) → Z/m is surjective. If S = T , that is,
we do no blow-ups at all, then by [7, 9.8]

Im
[
H2(T,Z) → H2(D,Z)

]
= d(T )H2(D,Z).

After blow-ups, the new curves that come in are the exceptional curves Ei. Here
(Ei ·D) = 1, but the Ei pass through the singular points and they are only homology
classes. To get a cohomology class (or Cartier divisor), we need to take miEi since
mi is also the index of the singular point. Thus we conclude:

Claim 20.4. For S = Bm1,...,mk T , Im
[
H2(S,Z) → H2(D,Z)

]
= d(S) ·H2(D,Z).

Table 1 Del Pezzo surfaces with pre-SE structure.

Surfaces d(S)

B1P
2,B11P

2, . . . ,B11111111P
2 1

P
1 ×P

1,B2P
1 ×P

1,B22P
1 ×P

1,B222P
1 ×P

1 2
P

2,B3P
2,B33P

2 3
Q,B4Q 4
S5 5
P(1,2,3) 6
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Corollary 21. Let S be a projective surface with Du Val singularities such that
π1(S0) = 1. Let D ∈ |−KS| be a smooth elliptic curve. There is a simply connected
Seifert bundle f : L → (S,(1− 1

m )D) with a pre-SE structure iff

1. S is one of the surfaces in Table 1, and
2. m is relatively prime to d(S).

In these cases, f : L → (S,(1− 1
m )D) is uniquely determined by (S,(1− 1

m )D) (up
to reversing the orientation of the fibers) and L carries a Sasakian–Einstein metric
for m ≥ 7.

Proof. We have proved eveything, except the claims about the existence of
Sasakian–Einstein metrics. This will be established in (33). ��

Example 22. Quite surprisingly, all the singular surfaces on the list can be realized
in weighted projective 3-spaces. All of these examples are on the Boyer–Galicki
lists, but we also claim the converse: every singular Del Pezzo surface in Table 1
is isomorphic to a corresponding surface below. In all cases (t = 0) is the equa-
tion of D.

1. B2P
1 ×P

1: S3 ⊂ P(1,1,1,2), e.g. x3 + y3 + z3 + xt = 0.
2. B22P

1 ×P
1: S4 ⊂ P(1,1,2,2), e.g. x4 + y4 + z2 + zt = 0.

3. B222P
1 ×P

1: S6 ⊂ P(1,2,3,2), e.g. x6 + y3 + z2 + t3 = 0.
4. B3P

2: S4 ⊂ P(1,1,2,3), e.g. x4 + y4 + z2 + xt = 0.
5. B33P

2: S6 ⊂ P(1,2,3,3), e.g. x6 + y3 + z2 + zt = 0.
6. Q: S4 ⊂ P(1,1,2,4), e.g. x4 + y4 + z2t = 0.
7. B4Q: S6 ⊂ P(1,2,3,4), e.g. x6 + y3 + z2 + yt = 0.
8. S5: (sorry for the notation) S6 ⊂ P(1,2,3,5), e.g. x6 + y3 + z2 + zt = 0.
9. P(1,2,3): S6 ⊂ P(1,2,3,6), e.g. x6 + y3 + z2 + t = 0.

Remark 23. There are no hypersurface links on the Boyer–Galicki lists giving infi-
nitely many (S,∆) where S ∈ {B1P

2, . . . ,B11111P
2}.

I claim that these cannot be realized as the link L of a hypersurface with a C
∗-

action, at least when H2(L,Z) ⊃ (Z/m)2 for m ≥ 12 and (S,∆) is log Del Pezzo.
Assume the contrary. Then we get that S is a hypersurface in a weighted projective
space P(a,b,c,d) such that KS + (1− 1

m )D is proportional to H|S where H is the
hyperplane class of the weighted projective space. Since D ∈ |−KS|, we conclude
that KS is proportional to H. By the Grothendieck–Lefschetz theorem, this implies
that −KS = dH for some d ∈ Z. In our cases, −KS is not divisible, so d = 1. This
implies that

h0(S,OS(−KS)) = h0(P(a,b,c,d),OP(1)) ≤ 4,

as this dimension is the number of times that 1 occurs among a,b,c,d. In the above
cases, however, h0(S,OS(−KS)) ≥ 5.

Galicki told me that the link L∗(2,3,4,7;14) realizes S = B1111P
2, but the corre-

sponding ∆ is not a rational multiple of −KS.



Positive Sasakian Structures on 5-Manifolds 111

Table 2 Minimal Del Pezzo surfaces with π1(S0) > 1.

Degree Singularities π1(S0) Weil/Pic Univ. cover π1(S0 \D)

1 A8 Z/3 Z/3 B3111P
2

Z/3
1 A7 +A1 Z/4 Z/4 B2111P

2
Z/4

1 A5 +A2 +A1 Z/6 Z/6 B111P
2

Z/6
1 4A2 (Z/3)2 (Z/3)2

P
2 G27

1 2A3 +2A1 Z/2+Z/4 Z/2+Z/4 P
1 ×P

1 G16
1 2A4 Z/5 Z/5 B1111P

2
Z/5

1 A3 +4A1 (Z/2)2 (Z/2)3 +Z/4 B22P
1 ×P

1
Z/2+Z/4

2 A7 Z/2 Z/4 B41P
2

Z/2
2 A5 +A2 Z/3 Z/6 B11Q Z/3
2 2A3 +A1 Z/4 Z/2+Z/4 P

1 ×P
1

Z/2+Z/4
2 6A1 (Z/2)2 (Z/2)4

P
1 ×P

1 G8
2 2A3 Z/2 Z/2+Z/4 B22P

1 ×P
1

Z/4
3 A5 +A1 Z/2 Z/6 B3P

2
Z/6

3 3A2 Z/3 (Z/3)2
P

2 (Z/3)2

4 A3 +2A1 Z/2 Z/2+Z/4 Q (Z/2)2

4 4A1 Z/2 (Z/2)3
P

1 ×P
1 (Z/2)2

Remark 24 (The cases with nontrivial fundamental group). The classification of
minimal Del Pezzo surfaces with Du Val singularities is completed in [5,12,13,17].
We are interested only in those that have cyclic quotient singularities. The 5 cases
where π1(S0) = 1 were considered in [7]. Table 2 lists the remaining ones.

Here Gn is a non-Abelian group of order n.

1. G8 is the quaternion group,
2. G16 ⊂ GL4 is generated by (x,y,z, t) 	→ (z, t,−x,y) and (x,y,z, t) 	→ (y,−x, t,−z).
3. G27 ⊂ GL3 is generated by (x,y,z) 	→ (y,z,x) and (x,y,z) 	→ (x,εy,ε2z) where

ε3 = 1.

The computation of the table: The papers [5, p. 13–15], [12, p. 71], [13, p. 193],
and [17] contain tables for the first 4 columns, except Weil/Pic in the 4 cases
with Picard number 2. (The fundamental group of A7 + A1 is listed in [12, p. 71]
as (Z/2)2, but it is Z/4.) The Picard number and the singularities of the universal
cover are listed in [12, p. 71]; from this it is easy to work out where the surface is on
the list [7, 7.6].

By [17, 1.2 and 1.6], for each singularity type there is a unique surface, except
for 2A3 for which there is a 1-parameter family.

Once we have S̄ → S as the universal cover and D̄ ⊂ S̄ is the preimage of D, then
we have an exact sequence

π1(S̄0 \ D̄) → π1(S0 \D) → π1(S0) → 1.

Each time S̄ is obtained by a blow-up of weight 1, the resulting P
1 ⊂ S̄ intersects D̄

transversally at 1 point, so π1(S̄0 \D̄) = 1. In the remaining cases, one needs to write
down the action of the π1(S0) and see how it lifts to the universal cover of S̄0 \ D̄.
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Computing any entry of the table is an elementary task. Some computations are
quick, but a few are quite tedious. It is unfortunately easy to miss or misdraw a −1-
curve after performing many blow-ups, so anyone wishing to rely on a particular
entry is advised to recheck it.

In the simply connected case, there are many isomorphisms between blow-ups,
but this does not happen for the general case.

Lemma 25. Let S be a Del Pezzo surface with cyclic quotient singularities such that
|π1(S0)| > 1. There is a unique line in Table 2 such that S is a weighted blow-up of
a surface on that line. (We do not claim that the blow-up itself is unique.)

Proof. The blow-ups do not change the fundamental group [7, 7.3], and we create
only A1 and A2 singularities since we can only have blow-ups Bm1,...,mr T where
∑mi < degT −1 ≤ 3. It turns out that the fundamental group and the collection of
Ai : i ≥ 3 singularities uniquely determine in which line of Table 2 the surface is.
The Picard number and the Ai : i ≤ 2 singularities now determine the number and
type of blow-ups performed. ��

If degT = 1 (resp. 2,3,4), then we get 1 (resp. 2,4,7) blown-up surfaces, includ-
ing T itself. Thus we get 39 deformation types of Del Pezzo surfaces with cyclic
quotient singularities such that |π1(S0)| > 1. The 93 cases where π1(S0) = 1 were
enumerated in [7, 7.6], giving a total of 132 deformation types.

Remark 26 (Existence of smooth Seifert bundles). Let S be one of the surfaces
in Table 2 and D ∈ |−KS| a smooth elliptic curve. As in (20), we are considering
Seifert bundles Y (S,B, b

m D) where B is a Weil divisor class on S.
By (20.1), Y (S,B, b

m D) is smooth iff B generates the local class group at every
point.

Finding all such B requires a detailed computation of the divisor class group
Weil(S) and the restriction map

Weil(S)/Pic(S) → ∑
p∈SingS

Weil(p,S).

On a Del Pezzo surface of degree ≤ 7, the curves C with (C ·KS) = −1 generate
Weil(S). On the minimal desingularization S′ → S these are the −1 curves. Thus if
we have a description of S′ as a blow-up of P

2, we see all such curves by looking
at lines through 2 blow-up points, conics through 5 blow-up points, etc. (See [11,
Sec.26] for the complete list in degrees 2 and 1.) The description given in [5] gives
exactly these blow-ups. See also [12, Fig. 1].

In some cases, Weil(S)/Pic(S) is too small to get a surjection onto some
Weil(p,S), and then there are no smooth Seifert bundles at all. This happens in
3 cases:

A8,A7 +A1,A7.

More surprising is the mildly singular A3 + 2A1 case, which again has no smooth
Seifert bundle over it. On the minimal desingularization, the configuration of −1
and −2 curves is
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−2◦ − −1◦ − −2◦ − −2◦ − −2◦ − −1◦ − −2◦
In order to generate both Z/2 on the ends, we need to take the two −1-curves with
odd coefficients, but then we get only twice the generator of the Z/4 of the middle
singularity.

The more complicated A5 +A1 case leads to the configuration

−2◦ − −1◦ − −2◦ − −2◦ − −2◦ − −2◦ − −2◦

plus an extra −1-curve. The −1-curve shown generates both local class groups, so
there are smooth Seifert bundles, even with SE structure.

A glance at the diagrams for A5 + A2 + A1 and for 2A4 in [12, Fig. 1] shows
−1-curves that generate all local class groups.

As another concrete example, the group G27 operates freely on C
3 outside the

origin, thus S5/G27 → P
2/(Z/3)2 is a smooth Seifert bundle.

Just for illustration, let us compute one simple case completely.

Example 27 (3A2 case). We can write this as S = P
2/(Z/3) by the action

(x : y : z) 	→ (x : εy : ε2z) where ε3 = 1.

We can take D = (x3 + y3 + z3 = 0). The universal cover of P
2 \D is the cubic

(x3 + y3 + z3 = t3) ⊂ P
3.

We get a (Z/3)2-action generated by

(x : y : z : t) 	→ (x : εy : ε2z : t) and (x : y : z : t) 	→ (x : y : z : εt).

The 3 coordinate lines give the curves A,B,C ⊂ P
2/(Z/3). These generate

Weil(S) subject to the relations 3A = 3B = 3C = A+B+C. We can thus rewrite

Weil(S) = Z[A]+Z/3[A−B].

By explicit computations, the class Buv := uA + v(A−B) corresponds to a smooth
Seifert bundle iff none of the numbers u,v,u + v is divisible by 3. Whenever this
holds, there is a smooth pre-SE Seifert bundle Luv → (S,Buv,(1− 1

m )D) for any
(m,3) = 1. It has a Sasakian–Einstein metric for every m ≥ 4.

Remark 28. As a consequence of the classification, [13, Thm, p. 184] concludes
that the fundamental group of a Del Pezzo surface with Du Val singularities is
Abelian.

This is easy to see directly as follows. Let g : S′ → S be the universal cover. Pick
a smooth elliptic curve C ∈ |−KS|. Then C′ := g−1(C) ∈ |−KS′ |, thus it is also a
smooth elliptic curve. Hence the fundamental group is the same as the kernel of the
group homomorphism C′ →C, hence an Abelian group with at most 2 generators.
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4 Klt1 Conditions

Although we did not use it in the proof, it is instructive to see the relationship be-
tween finding S′ and the klt condition for (Sm,(1− 1

r )D
m +∆m +Hm).

Since ∆′ is a nonnegative linear combination, all exceptional curves of S′ → Sm

have nonpositive discrepancy with respect to (Sm,(1− 1
r )D

m + ∆m + Hm). If the
latter pair is klt, then, by an observation of Shokurov, there are only finitely many
such curves on any birational model of Sm and they can be found explicitly (cf.
[9, 2.36]).

The problem with using this result is that we do not know ∆m and Hm, only the
numerical class

∆m +Hm ≡−
(
KSm +(1− 1

r )D
m) .

The usual proofs of the above finiteness result start by taking a log resolution of
(Sm,(1− 1

r )D
m +∆m +Hm), and in essence we would need to understand all smooth

surfaces dominating Sm.
The key part of the proofs in (16) and (20) is to describe all exceptional curves

over Sm that have nonpositive discrepancy with respect to some (Sm,(1− 1
r )D

m +
∆m +Hm).

To this end, one can use the following result, which sharpens the klt conditions
used in [7, Sec. 8].

Proposition 29. Let S be a smooth surface, C a smooth curve on S, and D an ef-
fective Q-divisor on S such that C �⊂ SuppD. Let p ∈ S be point and n a natural
number. Then (S,(1− 1

n )C + cD) is klt at p for

c < min
{

1
(C ·D)p

+
1

n ·multp D
,

1
multp D

}
.

Proof. Choose local coordinates (x,y) such that C = (y = 0) and let f (x,y) = 0 be
an equation of mD for some m such that mD is an integral divisor.

Consider the local degree n cover π : T → S given by y = zn. By [8, 20.3.2],
(S,(1− 1

n )C + cD) is klt at p iff (T, c
m ( f (x,zn) = 0)) is klt at p.

We aim to apply a theorem of Varčenko [15] that gives a condition for
(T,γ(g(x,z) = 0)) to be klt in terms of the Newton polygon of g in a suitable
coordinate system, which is achieved after a series of coordinate changes of the
form (x,z) 	→ (x−αzi,z) or (x,z) 	→ (x,z−αxi). The problem is that we can handle
only those coordinate changes that are compatible with π . That is, those of the form
(x,z) 	→ (x−αzni,z). Thus we have to look carefully at the proof, not just the final
result.

We state the result in the rather artificial form that we need. The reader should
consult the proof given in [10, 6.40], especially pp. 172–3.

Lemma 30. Write g(x,z) = ∑b(i, j)xiz j. Assume that one of the following holds.

1 Klt is short for Kawamata log terminal, cf. [8, Defn. 2.34].
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1. (Main case.) There are (i, j) and (i′, j′) such that b(i, j) �= 0, b(i′, j′) �= 0 and the
line segment [(i, j),(i′, j′)] contains a point (γ,γ) with γ < c−1.

2. (Degenerate case.) There is (i, j) such that b(i, j) �= 0 and i, j < c−1.

Then one of the following also holds:

3. (Klt case.) (T,c(g(x,z) = 0)) is klt.
4. (Coordinate change.) There are natural numbers u,v,w and e such that (u,v) = 1,

e > w/(u+ v) and

∑
ui+v j=w

b(i, j)xiy j is divisible by (αxv +βyu)e.

In this case necessarily u = 1 or v = 1, there is a unique such factor, and the new
coordinates are (x,αxv +βy) if u = 1 and (αx+βyu,y) if v = 1.

Set a = (L · D)p and d = multp D. As before, write f = ∑b(i, j)xiy j. Then
b(am,0) �= 0 and b(i, j) �= 0 for some i+ j = md. Thus

f (x,zn) =∑b(i, j)xizn j.

If b(i, j) �= 0 for some i + j = md and j ≥ md/(n + 1), then the main case (30.1)
applies using the line segment [(am,0),(i,n j)]. The maximum value of γ is achieved
when i = 0, giving the condition c < a−1 +(nd)−1.

Otherwise b(i, j) �= 0 for some i + j = md and j < md/(n + 1). Thus i < md,
n j < md, and (30.2) applies, giving the condition c < d−1.

Thus either (T, c
m ( f (x,zn) = 0)) is klt as required or we are in the coordinate

change case (30.4). Thus we consider ∑ui+vn j=w b(i, j)xizn j. Set U = u/(u,n),V =
vn/(u,n),W = w/(u,n) and look at the irreducible factorization

∑
Ui+V j=W

b(i, j)xiy j =∏
�

(α�xV +β�yU )e� .

Correspondingly,

∑
ui+vn j=w

b(i, j)xizn j =∏
�

(α�xV +β�zUn)e� .

Since (30.4) applies, either min{V,Un} = 1, that is V = 1, or some (α�xV +β�zUn)
factors further. However, in the latter case we have (V,Un) > 1 factors of the same
multiplicity e� > w/(v + un), which is impossible. Thus V = 1 and the coordinate
change is of the form (x,z) 	→ (x− γzUn,z), which can be realized on S as (x,y) 	→
(x− γyU ,y). ��

The following consequences show that the klt condition is satisfied for the cases
leading to H2(L,Z) = (Z/m)2 for m ≥ 7 and for H2(L,Z) = (Z/3)6. This is why I
expect to have only finitely many families for them.
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Corollary 31. Let C ⊂ S be a smooth elliptic curve where S is P
2,P1 ×P

1 or F2.
Let D be an effective Q-divisor such that D ≡ 1

nC. Then (S,(1− 1
n )C +D) is klt for

n ≥ 7.

Proof. Start with the S = P
2 case. If H ⊂ P

2 is a line, then C ≡ 3H and so D ≡ 3
n H.

Thus (C ·D)p ≤ 9
n and multp D ≤ (H ·D) = 3

n . Since

n
9 + 1

3 > 1 for n ≥ 7,

the rest follows from (29). The other two cases are similarly easy. ��

Corollary 32. Let C ⊂ F4 be a smooth curve of genus 3 such that C ≡ 2E +8F. Let
D be an effective Q-divisor such that D ≡−(K + 2

3C). Then (F3,
2
3C +D) is klt.

Proof. Here D ≡ 2
3 (E +F), thus

(C ·D)p ≤ 2
3 · (2E +8F) · (E +F) = 4

3 ,

and multp D ≤ 2
3 . Since 3

4 + 1
2 > 1, the rest follows from (29). ��

One can also use (29) to check the existence condition [4] for orbifold Kähler–
Einstein metrics.

Corollary 33. Let S be a Del Pezzo surface with quotent singularities and C ∈ |−
KS| a smooth elliptic curve. Then (S,(1− 1

n )C) has an orbifold Kähler–Einstein
metric whenever n > 2

3 K2
S .

Proof. Set d = K2
S . Let D be an effective Q-divisor such that D ≡ 1

nC. We need to
check that (S,(1− 1

n )C + 2
3 D) is klt. As in (31), this holds if

2
3 < min

{ n
d + n

nd , n
d

}
= n

d .

��
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i Priložen. 10 (1976), 3, pp. 13–38. MR 0422257 (54 #10248).
16. C. Xu, Notes on π1 of Smooth Loci of Log Del Pezzo Surfaces, arXiv:math.AG/0706.3957,

2007.
17. Q. Ye, On Gorenstein log del Pezzo surfaces, Japan. J. Math. (N.S.) 28 (2002), 1, pp. 87–136.

MR 1933881 (2003h:14063).



Four-Manifolds, Curvature Bounds,
and Convex Geometry

Claude LeBrun

Abstract Seiberg–Witten theory leads to a remarkable family of curvature esti-
mates governing the Riemannian geometry of compact 4-manifolds. This chapter
describes a more transparent and user-friendly repackaging of these estimates, for-
mulated in terms of the convex hull of the set of monopole classes. New results
are then obtained concerning the boundary cases of the reformulated curvature esti-
mates.

1 Introduction

Seiberg–Witten theory leads to a remarkable family of curvature estimates gov-
erning the Riemannian geometry of compact 4-manifolds, and these, for example,
imply interesting results concerning the existence and/or uniqueness of Einstein
metrics on such spaces. The primary purpose of this chapter is to introduce a simpli-
fied, user-friendly repackaging of the information conveyed by the Seiberg–Witten
equations into a single, easily understood numerical invariant that appears to play
the starring role in the relevant curvature estimates. In addition, this article con-
tains some new results concerning boundary cases of the curvature estimates that
strengthen what was previously known.

The gist of the matter can be summarized as follows. Suppose that M is a smooth
compact oriented 4-manifold with b+(M) ≥ 2. By considering a geometrically rich
system of PDE called the Seiberg–Witten equations, one may then define a certain
finite subset C ⊂ H2(M,R) that depends only on the orientation and smooth struc-
ture of M. The elements of C are called monopole classes, and are, by definition, the
first Chern classes of those spinc structures on M for which the the Seiberg–Witten
equations have solutions for all metrics. Now, while the elements of C are all inte-
ger classes, we wish to focus here on the fact that C sits in a real vector space, as
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this allows us to consider its convex hull Hull(C). Because C is finite, Hull(C) is
necessarily compact. We can therefore define a real-valued invariant of M by setting

β 2(M) = max
{

v2 | v ∈ Hull(C)
}

when C �= ∅, while setting β 2(M) = 0 if C = ∅. Here v2 = 〈v � v, [M]〉 denotes
the intersection pairing of a class v ∈ H2(M,R) with itself. Because 0 ∈ Hull(C)
whenever C �= ∅, one automatically has β 2(M) ≥ 0; but, more importantly, there
are actually many 4-manifolds M for which β 2(M) > 0. It is this last fact that gives
the following result most of its interest:

Theorem A. Let M be a compact oriented 4-manifold with b+ ≥ 2. Then any metric
g on M satisfies the curvature estimates

∫

M
s2dµ ≥ 32π2β 2(M) (1)

∫

M
(s−

√
6|W+|)2dµ ≥ 72π2β 2(M) (2)

where s and W+ respectively denote the scalar and Weyl curvatures of g. Moreover,
if M carries a non-zero monopole class, equality occurs in either (1) or (2) if and
only if g is Kähler–Einstein, with negative Einstein constant.

Now, in an important respect, Theorem A is ostensibly weaker than a result that
the author has published elsewhere [28]. Indeed, as we shall see below, there is a
“softer” invariant, called α2(M), that can be defined in terms of C(M) via a compli-
cated minimax process; and naı̈ve comparison of the definitions of α2 and β 2 would
lead one merely to expect that

β 2(M) ≤ α2(M) ≤ b+(M)β 2(M).

Yet [28] inequalities (1) and (2) can still be shown to hold even when β 2(M) is
replaced by α2(M), yielding an apparently stronger statement. Oddly enough, how-
ever, it seems that in practice, one consistently has

α2(M) = β 2(M),

so that modifying (1) or (2) in this manner effectively seems to yield no added
punch. The fact that α2 and β 2 typically coincide will only partially be explained
here, via some simple results of distinctly limited scope. But the upshot is that the
finite configuration C ⊂ H2(M,R) consistently displays some unanticipated geo-
metrical properties that ought to be understood more precisely.

In yet a different direction, Theorem A contains some essentially new geometric
information, because the stated characterization of the equality case of (2) was not
previously known. The issue boils down to a problem in almost-Kähler geometry,
and is eventually resolved by Theorem 4.10.
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It should be pointed out that the convex hull of the set of monopole classes
first explicitly arose1 in the context of 3-manifold theory, where Kronheimer and
Mrowka [22] proved that it coincides with the unit ball of the dual Thurston norm.
Although this earlier theorem might superficially seem to bear little resemblance
to the results proved here, the author has concluded, in retrospect, that it subcon-
sciously represented an important paradigm during the conceptualization of the cur-
rent work. He would therefore like to express his indebtedness to Kronheimer and
Mrowka by drawing the reader’s attention to their deep and beautiful paper.

2 Rudiments of 4-Dimensional Geometry

This article will make frequent reference to a constellation of basic facts regarding
4-dimensional geometry, which, though largely familiar to the cognoscenti, would
completely confuse the neophyte if left unexplained. For clarity’s sake, we will
therefore begin with a quick review of the key points.

Many peculiar features of 4-dimensional geometry are directly attributable to
the fact that the bundle of 2-forms over an oriented Riemannian 4-manifold (M,g)
invariantly decomposes as the direct sum

Λ2 = Λ+ ⊕Λ− (3)

of the eigenspaces of the Hodge star operator

∗ : Λ2 → Λ2.

The sections of Λ+ are called self-dual 2-forms, whereas the sections of Λ− are
called anti–self-dual 2-forms. The decomposition (3) is, moreover, conformally in-
variant, in the sense that it is left unchanged if g is multiplied by an arbitrary smooth
positive function. An arbitrary 2-form can thus be uniquely expressed as

ϕ = ϕ+ +ϕ−,

where ϕ± ∈ Λ±, and we then have

ϕ ∧ϕ =
(
|ϕ+|2 −|ϕ−|2

)
dµg,

where dµg denotes the metric volume form associated with the fixed orientation.
The decomposition (3) in turn leads to a decomposition of the Riemann curvature

tensor. Indeed, identifying the curvature tensor of g with the self-adjoint linear map

R : Λ2 −→ Λ2

ϕ jk 	−→ 1
2ϕ�mR�m

jk

1 A dually related 4-manifold antecedent may be glimpsed in the seminorm J of [21].
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we obtain a decomposition

R =

⎛
⎜⎜⎜⎜⎜⎜⎝

W+ + s
12 r̊

r̊ W− + s
12

⎞
⎟⎟⎟⎟⎟⎟⎠

. (4)

where W+ + s
12 : Λ+ → Λ+, etc. Here W+ is the trace-free piece of its block, and is

called the self-dual Weyl curvature of (M,g); the anti–self-dual Weyl curvature W−
is defined analogously. Both of the objects are conformally invariant, in the sense
that the tensors (W±) j

k�m both remain unaltered if g is multiplied by any smooth
positive function. Note that the scalar curvature s is understood to act in (4) by
scalar multiplication, whereas the trace-free Ricci curvature r̊ jk = R�

j�k − s
4 g jk acts

on 2-forms by
ϕ jk 	→ r̊�[ jϕ�

k].

Next, let us suppose that (M,g) is a compact oriented Riemannian 4-manifold.
The Hodge theorem then tells us that every de Rham class on M has a unique har-
monic representative. In particular, we therefore have a canonical identification

H2(M,R) = {ϕ ∈ Γ(Λ2) | dϕ = 0, d ∗ϕ = 0}.

However, the Hodge star operator ∗ defines an involution of the right-hand side,
giving rise to an eigenspace decomposition

H2(M,R) = H+
g ⊕H−

g , (5)

where
H±

g = {ϕ ∈ Γ(Λ±) | dϕ = 0}
are the spaces of self-dual and anti–self-dual harmonic forms. The intersection form

H2(M,R)×H2(M,R) −→ R

( b, c ) 	−→ b · c := 〈b � c, [M]〉

becomes positive-definite when restricted to H+
g and negative-definite when re-

stricted to H−
g . Moreover, these two subspaces are mutually orthogonal with respect

to the intersection form. The numbers b±(M) = dimH±
g are therefore oriented ho-

motopy invariants of M. Their difference

τ(M) = b+(M)−b−(M)

is called the signature of M. By the Hirzebruch signature theorem, τ(M) coincides
with 〈 1

3 p1(T M), [M]〉, and so can be expressed as a curvature integral
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τ(M) =
1

12π2

∫

M

(
|W+|2 −|W−|2

)
dµ (6)

for any Riemannian metric g on M. This, of course, is analogous to the generalized
Gauss–Bonnet formula

χ(M) =
1

8π2

∫

M

(
s2

24
+ |W+|2 + |W−|2 − | ◦r |2

2

)
dµ (7)

for the Euler characteristic.

Lemma 2.1. Let ψ be a closed 2-form on a compact oriented Riemannian 4-
manifold (M,g). Let v = [ψ] denote the de Rham class of ψ , and use (5) to write

v = v+ +v−

where v± ∈ H±
g . Then ∫

M
|ψ+|2dµg ≥ (v+)2,

with equality iff ψ+ is a harmonic form.

Proof. Let φ be the unique harmonic form cohomologous to ψ . Since φ is then the
de Rham representative of v of minimal L2-norm, we therefore have

∫

M
(|ψ+|2 + |ψ−|2)dµ ≥

∫

M
(|φ+|2 + |φ−|2)dµ ,

with equality iff ψ = φ . However,
∫

M
(|ψ+|2 −|ψ−|2)dµ =

∫

M
(|φ+|2 −|φ−|2)dµ ,

as
∫
ψ∧ψ =

∫
φ ∧φ by Stokes’ theorem. Averaging these expressions, we therefore

have ∫

M
|ψ+|2dµ ≥

∫

M
|φ+|2dµ =

∫

M
φ+ ∧φ+ = (v+)2 ,

with equality iff ψ+ = (ψ +∗ψ)/2 is closed. ��

When using this result, it is important to remember that the decomposition (5)
depends on the metric g, as consequently does the number (v+)2. This makes it vital
to better understand the natural map

{metrics on M} −→ Gr+
b+

[H2(M,R)]

g 	−→ H+
g

from the infinite-dimensional space of all metrics to the finite-dimensional Grass-
mannian of b+(M)-dimensional subspaces of H2(M,R) on which the intersection
form is positive-definite. This map is called the period map of M. It is easily seen to
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be invariant under both conformal rescaling and the identity component Diff0(M) of
the diffeomorphism group. A beautiful result of Donaldson [9, p. 336] asserts that
the period map is not only smooth but also is actually transverse to the set of planes
containing any given element of positive self-intersection. This has the following
useful consequence:

Proposition 2.2 (Donaldson). Let (M,g) be any smooth compact oriented 4-
manifold with b+(M) ≥ 1, and let b ∈ H+

g ⊂ H2(M,R) be the de Rham class
of any non-zero harmonic self-dual 2-form on (M,g). Then there is a smooth family
of Riemannian metrics gt, t ∈ Bε(0) ⊂H−

g , with g0 = g, such that (b+ t) ∈H+
gt for

each and every t.

As the above discussion makes clear, the Hodge Laplacian

∆d = dd∗ +d∗d = −∗d ∗d −d ∗d ∗

is an operator of fundamental geometric importance. It is thus worth pointing out
that if ψ is a self-dual 2-form, then ∆dψ is also self-dual, and can, moreover, be
re-expressed by means of the Weitzenböck formula [8]

∆dψ = ∇∗∇ψ−2W+(ψ, ·)+
s
3
ψ . (8)

Taking the L2 inner product with ψ , we therefore have
∫

M

(
|∇ψ|2 −2W+(ψ,ψ)+

s
3
|ψ|2
)

dµ ≥ 0,

as ∆d is a nonnegative operator. On the other hand, since W+ : Λ+ → Λ+ is self-
adjoint and trace-free,

|W+(ψ,ψ)| ≤
√

2
3
|W+||ψ|2,

so it follows that any self-dual 2-form ψ satisfies

∫

M
|∇ψ|2dµ ≥

∫

M

(
−2

√
2
3
|W+|−

s
3

)
|ψ|2dµ . (9)

Moreover, assuming that ψ �≡ 0, equality holds iff ψ is closed, belongs to the lowest
eigenspace of W+ at each point, and the two largest eigenvalues of W+ are every-
where equal. Of course, this last assertion crucially depends on the fact [1, 3] that if
∆dψ = 0 and ψ �≡ 0, then ψ �= 0 on a dense subset of M.

A rather special set of techniques can be applied when (M,g) happens to admit a
closed self-dual 2-form ω ∈ H+

g with constant point-wise norm |ω|g ≡
√

2. In this
case, there is an almost-complex structure J : T M → T M, J2 = 1, defined by

g(J·, ·) = ω(·, ·),
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and this almost-complex structure then acts on T M in a g-preserving fashion. The
triple (M,g,ω) is then said to be an almost-Kähler 4-manifold. Because J allows
one to to think of T M as a complex vector bundle, it is only natural to look for a
connection on its anticanonical line bundle L = ∧2T 1,0

J
∼= Λ0,2

J in order to use the
Chern–Weil theorem to express cR

1 (M,J) as

cR

1 (L) = [
i

2π
F ] ∈ H2

DR(M,R) ,

where F is the curvature of the relevant connection on L. A particular choice of
Hermitian connection on L was first introduced by Blair [7], and is so geometrically
natural that it was later rediscovered by Taubes [32] for entirely different reasons.
The curvature FB = F+

B +F−
B of this Blair connection is given [10, 29] by

iF+
B =

s+ s∗

8
ω +W+(ω)⊥ (10)

iF−
B =

s− s∗

8
ω̂ + ρ̊ (11)

where the so-called star-scalar curvature is given by

s∗ = s+ |∇ω|2 = 2W+(ω,ω)+
s
3

,

while W+(ω)⊥ is the component of W+(ω) orthogonal to ω ,

ρ̊(·,J·) =
r̊ + J∗r̊

2
,

and where the anti–self-dual 2-form ω̂ ∈ Λ− is defined only on the open set where
s∗ − s �= 0, and satisfies |ω̂| ≡

√
2.

An important special case occurs when ∇ω = 0. This happens precisely when
J is integrable, and g is a Kähler metric on the complex surface (M,J). In this
case, s = s∗, ω is an eigenvector of the W+, and r is J-invariant, so that iFB just
becomes the Ricci form ρ defined by ρ(·, ·) = r(J·, ·). In fact, ω is an eigenvector
of W+ with eigenvalue s/6, whereas the elements of ω⊥ = ℜeΛ2,0

J are eigenvectors
of eigenvalue −s/12.

Kähler manifolds with scalar curvature s = const < 0 will play an important role
in this paper. By the above discussion, they belong to the following broader class of
almost-Kähler manifolds:

Definition 2.3. An almost-Kähler 4-manifold (M4,g,ω) will be said to be satu-
rated if

• s+ s∗ is a negative constant;
• ω belongs to the lowest eigenspace of W+ : Λ+ → Λ+ everywhere; and
• the two largest eigenvalues of W+ : Λ+ → Λ+ are everywhere equal.
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3 The Seiberg–Witten Equations

This section is intended both to fix our terminological conventions and to provide
streamlined proofs of the key preliminary curvature estimates. We note that, whereas
the results in this section can generally be found elsewhere in the literature [17, 26–
28], some of the proofs given here are both simpler and more detailed than those
published heretofore.

We begin with a discussion of spinc structures. If M is any smooth oriented 4-
manifold, its second Stieffel–Whitney class w2(T M)∈ H2(M,Z2) is always [15,18]
in the image of the natural homomorphism

H2(M,Z) → H2(M,Z2),

and we can therefore always find Hermitian line bundles L → M such that

c1(L) ≡ w2(T M) mod 2.

For any such L, and for any Riemannian metric g on M, one can then find rank-2
Hermitian vector bundles V± that formally satisfy

V± = S±⊗L1/2,

where S± are the locally defined left- and right-handed spinor bundles of (M,g).
Such a choice of V±, up to isomorphism, is called a spinc structure c on M. More-
over, if H1(M,Z) does not contain elements of order 2, then c is completely deter-
mined by

c1(L) = c1(V±) ∈ H2(M,Z),

which is called the first Chern class of the spinc structure c.
Every unitary connection A on L induces a connection

∇A : Γ(V+) → Γ(Λ1 ⊗V+),

and composition of this with the natural Clifford multiplication homomorphism

Λ1 ⊗V+ → V−

gives one a spinc version
DA : Γ(V+) → Γ(V−)

of the Dirac operator [16,23]. This is an elliptic first-order differential operator, and
in many respects it closely resembles the usual Dirac operator of spin geometry. In
particular, one has the so-called Weitzenböck formula

〈Φ,D∗
ADAΦ〉 =

1
2
∆|Φ|2 + |∇AΦ|2 +

s
4
|Φ|2 +2〈−iF+

A ,σ(Φ)〉 (12)
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for any Φ ∈ Γ(V+), where F+
A is the self-dual part of the curvature of A, and where

σ : V+ → Λ+ is a natural real-quadratic map satisfying

|σ(Φ)| = 1
2
√

2
|Φ|2.

Equation (12) is a natural generalization of the Weitzenböck formula used by
Lichnerowicz [30] to prove that metrics with s > 0 cannot exist when M is spin and
τ(M) �= 0. Unfortunately, however, one cannot hope to derive interesting geometric
information about the Riemannian metric g by just using (12) for an arbitrary con-
nection A, since one would have no control at all over the F+

A term. Witten [33],
however, had the brilliant insight that one could remedy this by considering both Φ
and A as unknowns, subject to the Seiberg–Witten equations

DAΦ = 0 (13)
−iF+

A = σ(Φ). (14)

These equations are nonlinear, but they become an elliptic first-order system once
one imposes the “gauge-fixing” condition

d∗(A−A0) = 0, (15)

where A0 is an arbitrary “background” connection on L, and i(A−A0) is simply
treated as a real-valued 1-form on M. This eliminates the natural action of the “gauge
group” of automorphisms of the Hermitian line bundle L → M.

Because the Seiberg–Witten equations are nonlinear, one cannot use something
like an index formula to predict that they must have solutions. Nonetheless, there
exist spinc structures on many 4-manifolds for which there is at least one solution
for every metric g. This situation is conveniently described by the following termi-
nology [20]:

Definition 3.1. Let M be a smooth compact oriented 4-manifold with b+ ≥ 2. An el-
ement a∈H2(M,R) is called a monopole class of M iff there exists a spinc structure
c on M with

cR

1 (L) = a

for which the Seiberg–Witten equations (13–14) have a solution for every Rie-
mannian metric g on M.

When the gauge-fixing condition (15) is imposed, the Seiberg–Witten equations
amount to saying that (Φ,A) belongs to the preimage of zero for a Fredholm map
of Banach spaces. This so-called monopole map turns out to behave roughly like
a proper map of finite-dimensional spaces [5]. When the “expected dimension”
of the moduli space of solutions modulo gauge equivalence, as determined by the
Fredholm index of the monopole map, is zero, Witten [33] discovered that one can
define an invariant analogous to the degree of a map between finite-dimensional
manifolds of the same dimension. More recently, Bauer and Furuta [4,5] discovered
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that the monopole map determines a well-defined class in an equivariant cohomo-
topy group. Either of these invariants can be used [17] to detect the presence of a
monople class. Moreover, these invariants are often nontrivial; for example, a cel-
ebrated result of Taubes [32] shows that if (M,ω) is a symplectic 4-manifold with
b+ ≥ 2, then Witten’s invariant is non-zero for the spinc structure canoncially de-
temined by ω , so that ±c1(M,ω) are both monopole classes. On the other hand,
Kronheimer’s results [20] may indicate that some 4-manifolds admit monopole
classes that are not detected by any known invariant. For a discussion of the b+ = 1
case, see Section 5.

Equations (13–14) are precisely chosen so as to imply the Weitzenböck formula

0 = 2∆|Φ|2 +4|∇AΦ|2 + s|Φ|2 + |Φ|4. (16)

In particular, these Seiberg–Witten equations can never admit a solution (Φ,A) with
Φ �≡ 0 relative to a metric g with s > 0. This leads, in particular, to a cornucopia of
simply connected nonspin 4-manifolds that do not admit positive-scalar-curvature
metrics — in complete contrast with the situation in higher dimensions [14]. Even
more strikingly, the Seiberg–Witten equations actually imply integral estimates for
the scalar curvature [25, 33]:

Proposition 3.2. Let (M,g) be a smooth compact oriented Riemannian manifold,
and let a ∈ H2(M,R) be a monopole class of M. Then the scalar curvature s of g
satisfies ∫

M
s2dµg ≥ 32π2(a+)2.

If a+ �= 0, moreover, equality occurs iff there is an integrable complex structure
J with cR

1 (M,J) = a such that (M,g,J) is a Kähler manifold of constant negative
scalar curvature.

Proof. By Definition 3.1, there must be a spinc structure with cR

1 (L) = a for which
the Seiberg–Witten equations (13–14) have a solution (Φ,A) on (M,g). However,
given such a solution, Φ satisfies the Weitzenböck formula (16) with respect to g
and A, and integrating this then reveals that

0 =
∫

[4|∇AΦ|2 + s|Φ|2 + |Φ|4]dµ .

Hence ∫
(−s)|Φ|2dµ ≥

∫
|Φ|4dµ ,

and applying the Cauchy–Schwarz inequality to the left-hand side yields
(∫

s2dµ
)1/2(∫

|Φ|4dµ
)1/2

≥
∫

|Φ|4dµ .

Equation (14) therefore tells us that
∫

s2dµ ≥
∫

|Φ|4dµ = 8
∫

|F+
A |2dµ .
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However, because iFA/2π represents a in de Rham cohomology, Lemma 2.1 tells us
that ∫

|F+
A |2dµ ≥ 4π2(a+)2 .

It follows that ∫
s2dµ ≥ 32π2(a+)2 ,

exactly as claimed.
If equality holds, the inequalities in the above argument must all be equalities.

Hence ∇AΦ = 0, and iF+
A = −σ(Φ) is therefore a parallel self-dual 2-form with de

Rham class 2πa+. When this cohomology class is non-zero, this form cannot vanish,
and we therefore conclude that (M,g) is Kähler. Inspection of (16) then reveals that
s must be a negative constant. Moreover, Φ⊗Φ is then a non-zero section of Λ2,0⊗L
with respect to the relevant complex structure, so cR

1 (M,J) = cR

1 (L) = a. Conversely,
any such Kähler metric would saturate the inequality because the self-dual part of
the Ricci form of any Kähler metric on a Kähler surface is sω/4, where ω = g(J·, ·)
is the Kähler form. ��

Proposition 3.3. Let M be a compact oriented 4-manifold with b+(M) ≥ 2. If there
is a non-zero monopole class a ∈ H2(M,R)−{0}, then M does not admit metrics
of scalar curvature s ≥ 0.

Proof. Let M be a smooth compact 4-manifold with b+(M) ≥ 2, and suppose that
a ∈ H2(M,R)−0 is a non-zero monopole class. By definition, this means that there
is a spinc structure on M with cR

1 (L) = a for which the Seiberg–Witten equations
have some solution (Φ,A) with respect to any metric g on M. But if the metric in
question has s ≥ 0, the Weitzenböck formula (16) says that

0 = 2∆|Φ|2 +4|∇AΦ|2 + s|Φ|2 + |Φ|4

so that s ≥ 0 implies that

0 ≥
∫

|Φ|4dµg

and we therefore have Φ ≡ 0. But this implies that F+
A = iσ(Φ) ≡ 0, too, so that

a = [ i
2π FA] ∈ H−

g . In particular, if g has scalar curvature s ≥ 0 and if b ∈ H+
g , then

a ·b = 0.
Next, suppose that we had some metric g on M with strictly positive scalar cur-

vature s > 0. Choose some b ∈ H+
g with b2 = 1. The argument in the previous

paragraph tells us that a ∈H−
g , so that the integer class a �= 0 must satisfy a2 ≤−1.

However, Proposition 2.2 now tells us we can now find a smooth 1-parameter family
of metrics gt , t ∈ (−ε,ε), such that g0 = g, and such that b+ta ∈H+

gt for all t. Since
we have assumed that g has s > 0, the same is necessarily true of all the metrics gt
for sufficiently small t, and we thus certainly have a contradiction, because the ar-
gument of the previous paragraph would now tell us that a · (b + ta) = ta2 would
have to vanish for all small values of t. It follows that M cannot admit any metrics
of positive scalar curvature.
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Finally, let us suppose instead that g is a metric on M with s ≥ 0. Since M is now
known not to admit metrics of positive scalar curvature, g must then have s ≡ 0,
since otherwise [2, 6] we would be able to produce a metric of strictly positive
scalar curvature by conformally rescaling it. We may now proceed much as in the
previous case. Once again, s ≡ 0 implies that a ∈H−

g . Again, choose some b ∈H+
g

with b2 = 1, and observe that, once again, there exists a family of metrics gt , t ∈
(−ε,ε) with g0 = g for which b + ta ∈ H+

gt . But this time, we invoke a theorem
of Koiso [6, 19] on the Yamabe problem with parameters, and thereby construct a
smooth family of constant-scalar-curvature, unit-volume metrics g̃t by conformally
rescaling each gt . The conformal invariance of (3) then tells us that we still have
b + ta ∈ H+

g̃t
. Since the family g̃t is smooth, the value sg̃t of its scalar curvature is

therefore a smooth function of t. But since M does not admit metrics of positive
scalar curvature, and since sg̃0 = 0, this smooth function must have a maximum at
t = 0. Hence there is a positive constant C such that

0 ≥ sg̃t ≥−Ct2

for all sufficiently small t, and we therefore have

C2t4 ≥ s2
g̃t

=
∫

M
s2

g̃t
dµg̃t

for t in the same range. However, Proposition 3.2 and the Cauchy–Schwarz inequal-
ity tell us that

∫

M
s2

g̃t
dµg̃t ≥ 32π2(a+

g̃t
)2 ≥ 32π2 [a · (b+ ta)]2

(b+ ta)2 = 32π2 t2|a2|2
1− t2|a2| ≥ 32π2t2

so we conclude that (const)t4 ≥ t2 for all small t, which is certainly a contradiction.
Thus no metric with s ≥ 0 can exist, and we are done. ��
Definition 3.4. For any smooth compact oriented 4-manifold M with b+ ≥ 2, we set

C(M) =
{

monopole classes a ∈ H2(M,R)
}

.

We will often abbreviate C(M) as C when no confusion seems likely to result.

Lemma 3.5. For any smooth compact oriented 4-manifold M with b+ ≥ 2,

C(M) = −C(M).

That is, a ∈ H2(M,R) is a monopole class iff −a ∈ H2(M,R) is a monopole
class, too.

Proof. Let g be any metric on M, and let V± be the twisted spin bundles of some
spinc structure c. Then the conjugate vector bundles V± are the twisted spin bundles
of a second spinc structure c, since we have natural isomorphisms

V± ∼= V±⊗L−1, L = det(V±)
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induced by the wedge and inner products. Since we locally have

V± = S±⊗L1/2

V± = S±⊗L−1/2

as bundles with connection, it follows that

DAΦ = DĀΦ

for any Φ ∈ Γ(V+) and any Hermitian connection A on L, where Ā denotes the dual
connection on L−1 induced by A. Moreover, because, the associated antilinear map

S+ → S+

acts by multiplying by the quaternion j, we also have

σ(Φ) = −σ(Φ).

Since FA∗ = −FA, it follows that if (Φ,A) is a solution of (13–14) with respect to
(g,c), then (Φ, Ā) is a solution of (13–14) with respect to (g,c). If, for every metric
g on M, there is a solution of the Seiberg–Witten equations for the spinc structure c,
the same is therefore also true of c. Since c1(c) = c1(V+) = −c1(V+) = −c1(c), it
follows that the set of monopole classes is invariant under multiplication by −1. ��

A particularly important consequence of Proposition 3.2 is the following funda-
mental fact [17]:

Proposition 3.6. Let M be any smooth compact oriented 4-manifold with b+(M) ≥
2. Then C(M) is a finite set.

Proof. First, observe that one can always find a basis {e j | j = 1, . . . ,b2} for
H2(M,R), together with a collection of metrics g j such that e j ∈ H+

g j
. Indeed,

let g = g1 = · · · = gb+ be any metric, let e1, . . . ,eb+ be any basis for H+
g , and let

eb++1, . . . ,eb2 then be small perturbations of e1 by linearly independent elements
of H−

g , while using Proposition 2.2 to find compatible metrics gb++1, . . . ,gb2 . Al-
ternatively, one can simply take the e j to be any collection of rational classes with
e2

j > 0 that span H2(M,R), and then cite a remarkable recent construction of Gay
and Kirby [12, Theorem 1], which shows that any rational cohomology class with
positive self-intersection can be be represented by a closed 2-form that is self-dual
with respect to some metric. Given this data, we now introduce a constant for each
j by setting

κ j =

(
e2

j

32π2

∫

M
s2

g j
dµg j

)1/2

.

Let L j : H2(M,R) → R be the linear functionals Lj(x) = e j · x. Since the inter-
section form is positive-definite on each H+

g j
, the Cauchy–Schwarz inequality and

Proposition 3.2 together imply that any monopole class a ∈ H2(M,R) must satisfy
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∣∣L j(a)
∣∣= ∣∣e j ·a

∣∣=
∣∣∣e j ·a+

g j

∣∣∣≤
√

e2
j

√
(a+)2 ≤ κ j

for each j. Hence C ⊂ H2(M,R) is contained in the parallelepiped
{

x ∈ H2(M,R)
∣∣∣ |L j(x)| ≤ κ j ∀ j = 1, . . . ,b2(M)

}
,

which is a compact set. But C ⊂ H2(M,Z)/torsion, and is therefore also discrete.
Hence C is finite, as claimed. ��

We now introduce a generalization of the Seiberg–Witten equations. Let (M,g)
be a smooth oriented Riemannian 4-manifold, let c be a spinc-structure on M, and
let f : M → R

+ be a smooth positive function. Then we will say that (Φ,A) solves
the rescaled Seiberg–Witten equations if

DAΦ = 0 (17)
−iF+

A = fσ(Φ) (18)

Lemma 3.7. Let M be a smooth compact 4-manifold with b+ ≥ 2, and let a ∈
H2(M,R) be a monopole class. Then, for any smooth metric g and any smooth posi-
tive function f , there is a solution of the rescaled Seiberg–Witten equations (17–18)
for some spinc structure on M with cR

1 (L) = a.

Proof. Consider the conformally related metric ĝ = f−2g. Because a is a monopole
class, there must then be a solution (Φ̂,A) of the Seiberg–Witten equations wtih
respect to ĝ and some spinc structure with cR

1 (L) = a. However, the Dirac equa-
tion (13) is conformally invariant. More precisely, Φ̂ uniquely determines [23, 31]
a solution Φ of (13) with respect to g, such that |Φ|g = f−3/2|Φ̂|ĝ, and such that
σg(Φ) = f−1σĝ(Φ̂). Hence (Φ,A) satisfies (17–18) with respect to g. ��

Given a solution (Φ,A) of (17–18), substitution into (12) yields the Weitzenböck
formula

0 = 2∆|Φ|2 +4|∇AΦ|2 + s|Φ|2 + f |Φ|4.
Multiplying by |Φ|2 and integrating, we then obtain an inequality

0 ≥
∫

M

[
4|Φ|2|∇AΦ|2 + s|Φ|4 + f |Φ|6

]
dµ (19)

and we will now use this to prove our next result.

Proposition 3.8. Let (M,g) be a smooth compact oriented Riemannian manifold,
and let a ∈ H2(M,R) be a monopole class of M. Then the scalar curvature s and
self-dual Weyl curvature W+ of g satisfy

∫

M
(s−

√
6|W+|)2dµg ≥ 72π2(a+)2.
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If a+ �= 0, moreover, equality holds iff there is a symplectic form ω , where [ω] is a
negative multiple of a+ and cR

1 (M,ω) = a, such that (M,g,ω) is a saturated almost-
Kähler manifold in the sense of Definition 2.3.

Proof. For any smooth function f > 0 on M, Lemma 3.7 guarantees that the cor-
responding rescaled Seiberg–Witten equations (17–18) must have some solution
(Φ,A). Set ψ = 2

√
2σ(Φ), and observe that the definition of σ then implies that

|Φ|4 = |ψ|2, 4|Φ|2|∇AΦ|2 ≥ |∇ψ|2.

Thus inequality (19) tells us that

0 ≥
∫

M

[
|∇ψ|2 + s|ψ|2 + f |ψ|3

]
dµ .

However, inequality (9) also tells us that

∫

M
|∇ψ|2dµ ≥

∫

M

(
−2

√
2
3
|W+|−

s
3

)
|ψ|2dµ ,

and combining these facts yields

0 ≥
∫

M

[(
2
3

s−2

√
2
3
|W+|

)
|ψ|2 + f |ψ|3

]
dµ .

Set ϕ = 3
2ψ = 3

√
2σ(Φ). We then have

0 ≥
∫

M

[(
s−

√
6|W+|

)
|ϕ|2 + f |ϕ|3

]
dµ .

Rewriting this as
∫

M

[
−
(

s−
√

6|W+|
)

f−2/3
](

f 2/3|ϕ|2
)

dµ ≥
∫

M
f |ϕ|3dµ

and applying the Hölder inequality to the left-hand side then yields

[∫
M

∣∣∣s−
√

6|W+|
∣∣∣
3

f−2dµ
]1/3 [∫

M
f |ϕ|3dµ

]2/3

dµ ≥
∫

M
f |ϕ|3dµ ,

which is to say that
∫

M

∣∣∣s−
√

6|W+|
∣∣∣
3

f−2dµ ≥
∫

M
f |ϕ|3dµ .

But the Hölder inequality also tells us that

(∫
M

f 4dµ
)1/3(∫

M
f |ϕ|3dµ

)2/3

≥
∫

M
f 4/3
[

f 2/3|ϕ|2
]

dµ ,
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where equality holds only if |ϕ| is a constant multiple of f . Hence

(∫
M

f 4dµ
)1/3(∫

M

∣∣∣s−
√

6|W+|
∣∣∣
3

f−2dµ
)2/3

≥
∫

M
f 2|ϕ|2dµ .

But as fϕ = 3
√

2 fσ(Φ) = 3
√

2(−iF+
A ), we also have

∫

M
f 2|ϕ|2dµ = 18

∫

M
|F+

A |2dµ ≥ 18(2πa+)2 = 72π2(a+)2

by Lemma 2.1, iFA ∈ 2πcR

1 (L) = 2πa. Thus

(∫
M

f 4dµg

)1/3(∫
M

∣∣∣s−
√

6|W+|
∣∣∣
3

f−2dµg

)2/3

≥ 72π2(a+)2 (20)

for any smooth positive function f on M.
Now choose a sequence of smooth positive functions f j on M with

f j ↘
√∣∣∣s−

√
6|W+|

∣∣∣

uniformly on M. Because the inequality f 2
j ≥
∣∣∣s−√

6|W+|
∣∣∣ implies

∫

M
f 4

j dµ ≥
(∫

M
f 4

j dµg

)1/3(∫
M

∣∣∣s−
√

6|W+|
∣∣∣
3

f−2
j dµg

)2/3

,

we then have ∫

M
f 4

j dµ ≥ 72π2(a+)2

by applying (20). But since
∫

M

(
s−

√
6|W+|

)2
dµ = lim

j→∞

∫

M
f 4

j dµ ,

this shows that ∫

M

(
s−

√
6|W+|

)2
dµ ≥ 72π2(a+)2, (21)

as desired.
Finally, we analyze the equality case. Suppose that g is a metric such that equality

holds in (21). Then g must in particular minimize

A(g) =
∫

(sg −
√

6|W+|g)2dµg

in its conformal class. However, if u is any smooth positive function, and if ĝ = u2g,
then
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A(u2g) =
∫

(sg +6u−1∆gu−
√

6|W+|g)2dµg

so that, for the 1-parameter family of metrics given by

gt = (1+ tF)2g

one has
d
dt
A(gt)

∣∣∣
t=0

= 12
∫

[∆gF ](sĝ −
√

6|W+|ĝ)dµg.

If g minimizes A in its conformal class, we must therefore have

∆g

(
s−

√
6|W+|

)
= 0

in the weak (or distributional) sense. Elliptic regularity [13] therefore tells us that
s−

√
6|W+| is smooth, and integrating by parts
∫ ∣∣∣∇

(
s−

√
6|W+|

)∣∣∣
2

dµ =
∫ (

s−
√

6|W+|
)[

∆
(

s−
√

6|W+|
)]

dµ = 0

therefore shows that
s−

√
6|W+| = constant.

Assuming a+ �= 0, moreover, Proposition 3.3 tells us this constant must be negative.
With this proviso, we can then set

f =
√∣∣∣s−

√
6|W+|

∣∣∣,

and equality in (21) then implies that equality occurs in (20) for this choice of f > 0.
But then, for this choice of f , we must therefore have equality at every step of the
proof of (20). Since this f is constant, it thus follows that ϕ = 3

√
2σ(Φ) is a closed

self-dual 2-form of non-zero constant length. Setting ω =
√

2ϕ/|ϕ|, it follows that
(M,g,ω) is an almost-Kähler manifold. Moreover, since ψ = 2

3ϕ belongs to the
lowest eigenspace of W+ at each point, while the two largest eigenvalues of W+
must be equal at every point, we have

|W+| =
√

3
2

[−W+(ω,ω)]
|ω|2 = −1

2

√
3
2

W+(ω,ω)

so that
s+ s∗ = s+

[ s
3

+2W+(ω,ω)
]

=
4
3

(
s−

√
6|W+|

)
,

which we already know to be a negative constant. The almost-Kähler manifold
(M,g,ω) is therefore saturated in the sense of Definition 2.3. Moreover, since Φ⊗Φ
is a non-zero section of Λ2,0

J ⊗ L, we have cR

1 (M,ω) = cR

1 (L) = a. Moreover, by
construction, ω is a negative multiple of iF+

A /2π , which is therefore the harmonic
representative of a+.
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Conversely, if (M,g,ω) is an almost-Kähler manifold with b+ ≥ 2, then a =
cR

1 (M,ω) is a monopole class by Taubes’ theorem [32], and in the saturated case our
formula (10) then shows not only that the harmonic representative of a+ is given by
iF+

B /2π , where FB is the curvature of the Blair connection, but also moreover that
equality occurs in (21) for this choice of monopole class. The proposition therefore
follows. ��

4 Monopoles and Convex Hulls

In the previous section, we saw that monopole classes lead to nontrivial lower
bounds for the L2-norms of certain curvature expressions. Unfortunately, however,
these lower bounds still depend on the image of g under the period map and so are
not yet uniform in the metric. We will now remedy this, using some simple tricks
from convex geometry.

We begin by establishing a notational convention:

Definition 4.1. Let V be a vector space over R, and let S ⊂ V. Then Hull(S) ⊂ V
will denote the convex hull of S, meaning the smallest convex subset of V which
contains S.

Lemma 4.2. Let M be a smooth compact oriented 4-manifold with b+ ≥ 2, and let
C = C(M) ⊂ H2(M,R) be its set of non-zero monopole classes. Then Hull(C) ⊂
H2(M,R) is compact. Moreover, Hull(C) is symmetric, in the sense that Hull(C) =
−Hull(C).

Proof. By definition, Hull(C) is the smallest convex subset of H2(M,R) that con-
tains C(M). However, since C(M) is a finite subset, say {a1, . . . ,an}, we can explic-
itly express this convex hull as

Hull(C) =

{
n

∑
j=1

t ja j

∣∣∣ t j ∈ [0,1],
n

∑
j=1

t j = 1

}
,

since the set on the right is certainly a convex subset containing the a j, and con-
versely is necessarily contained in any convex subset containing these points. In
particular, this means that Hull(C) is the image of the standard (n−1)-simplex

�n−1 =

{
(t1, · · · , tn) ∈ [0,1]n

∣∣∣ ∑
j

t j = 1

}

under the continuous map

(t1, · · · , tn) 	−→
n

∑
j=1

t ja j ,

and, as �n−1 is compact, it follows that Hull(C) is, too.
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On the other hand, Lemma 3.5 tells us that C(M) is symmetric. Hence

Hull(C) = Hull(−C) = −Hull(C)

and Hull(C) is therefore symmetric, too. ��

Let us now consider the self-intersection function

Q : H2(M,R) −→ R

v 	−→ v2 ,

where v2 is of course just short-hand for v ·v = 〈v � v, [M]〉. Notice that Q is a poly-
nomial function, and therefore continuous. Since Hull(C) is compact by Lemma
4.2, it thus follows that Q|Hull(C) necessarily achieves its maximum. We are thus
entitled to make the following definition:

Definition 4.3. Let M be a smooth compact oriented 4-manifold with b+ ≥ 2, and
let Hull(C) ⊂ H2(M,R) denote the convex hull of the set C = C(M) of monopole
classes of M. If C �= ∅, we define

β 2(M) = max
{

v2 ∣∣ v ∈ Hull(C)
}

.

If, on the other hand, C = ∅, we instead set β 2(M) = 0.

Proposition 4.4. For any smooth M4 with b+ ≥ 2, β 2(M) ≥ 0.

Proof. If C = ∅, we have β 2(M) = 0 by Definition 4.3. Otherwise, let a ∈ C, and
observe that −a ∈ C, too, by Lemma 3.5. Thus 0 = 1

2 a+ 1
2 (−a) ∈ Hull(C). Hence

β 2(M) = max
{

v2 ∣∣ v ∈ Hull(C)
}
≥ 02 = 0,

exactly as claimed. ��

Proposition 4.5. Let M be a smooth compact oriented 4-manifold with C(M) �= ∅.
Then, for any Riemannian metric g on M, there is a monopole class a ∈ C(M) such
that

(a+)2 ≥ β 2(M).

Proof. Let v∈Hull(C) be a maximum point of Q, so that v2 = β 2(M) by Definition
4.3. Let Π : H2(M,R) → H+

g denote the orthogonal projection map. Since Π is a
linear map, we automatically have Hull(Π(C)) = Π(Hull(C)). However, since the
intersection form is positive definite on H+

g , Q|H+
g

has positive-definite Hessian,
and the maximum of Q on a line segment pq ⊂ H+

g can therefore never occur at
an interior point. The maximum points of Q|Π(Hull(C)) must therefore all belong to
Π(C). In particular, there must be a monopole class a ∈ C such that

(a+)2 = Q(Π(a)) ≥ Q(Π(v)) = (v+)2.
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On the other hand,
v2 = (v+)2 −|(v−)2| ,

so we therefore have
(a+)2 ≥ (v+)2 ≥ v2 = β 2(M),

and the monopole class a therefore fulfills our desideratum.

The first part of Theorem A now follows immediately:

Theorem 4.6. Let M be a smooth compact oriented 4-manifold with b+ ≥ 2. Then
any metric g on M satisfies curvature estimates (1) and (2):

∫

M
s2dµ ≥ 32π2β 2(M)

∫

M
(s−

√
6|W+|)2dµ ≥ 72π2β 2(M)

Proof. For any metric g on M, Proposition 4.5 tells us that there is a monopole class
a such that (a+)2 ≥ β 2(M). Proposition 3.2 therefore tells us that

∫

M
s2dµ ≥ 32π2(a+)2 ≥ 32π2β 2(M) ,

while Proposition 3.8 tells us that
∫

M
(s−

√
6|W+|)2dµ ≥ 72π2(a+)2 ≥ 72π2β 2(M),

and the theorem therefore follows. ��

To prove Theorem A, we therefore merely need to understand the equality cases
of the curvature estimates (1) and (2). To do this, we will first need the following
simple observation:

Lemma 4.7. Suppose that (M,g) is a Riemannian manifold with b+ ≥ 2, and that
M carries a non-zero monopole class. If equality occurs in either (1) or (2), then
β 2(M) > 0.

Proof. If equality were to hold in (1) or (2), and if we also had β 2(M) = 0, the
metric in question would necessarily have s ≥ 0. But Proposition 3.3 says that no
such metric can exist in the presence of a non-zero monopole class. The claim thus
follows by contradiction. ��

We will also need the following basic fact:

Lemma 4.8. If M is a a smooth compact oriented 4-manifold with b+ > 1, and if
g is a Kähler–Einstein metric on M with negative scalar curvature, then equality is
achieved in (1) by g.
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Proof. For any compact Kähler surface (M,J) with b+ > 1, the classical Seiberg–
Witten invariant is well-defined and non-zero [33] for the spinc structure deter-
mined by J, and a = cR

1 (M,J) is therefore a monopole class. Hence cR

1 (M,J) ∈
C ⊂ Hull(C), and

β 2(M) = max{v2 | v ∈ Hull(C)} ≥ c2
1(M).

On the other hand, the Ricci form ρ = r(J·, ·) represents 2πcR

1 (M,J) in de Rham co-
homology, and just equals sω/4 in the Kähler–Einstein case. Thus, since the volume
form of a Kähler surface is given by ω2/2, we have

∫

M
s2dµ =

∫ (sω)2

2
= 8

∫
ρ ∧ρ = 32π2c2

1(M) .

Proposition 3.2 therefore tells us that

32π2c2
1(M) =

∫

M
s2dµ ≥ 32π2β 2(M) ≥ 32π2c2

1(M),

and equality must thus hold at every step. Hence β 2(M) = c2
1(M), and equality is

achieved in (1) by g, as claimed. ��

Lemma 4.9. Let M be a compact oriented 4-manifold with b+ ≥ 2 that carries a
non-zero monopole class. Then whenever equality holds in (1) for a metric g on M,
equality holds in (2), too.

Proof. If equality holds in (1), we have

32π2β 2(M) =
∫

M
s2dµ ,

so by Propositions 3.2 and 4.5, there is a monopole class a such that

32π2β 2(M) =
∫

M
s2dµ ≥ 32π2(a+)2 ≥ 32π2β 2(M) > 0,

and equality must therefore hold throughout. But Proposition 3.2 then asserts that
there exists a complex structure J such that (M,g,J) is a Kähler manifold of constant
negative scalar curvature.

Now any Kähler metric on a complex surface automatically satisfies |W+|2 =
s2/24, so that s −

√
6|W+| = 3

2 s wherever s ≤ 0. Our negative-scalar-curvature
Kähler metric g thus satisfies

∫

M
(s−

√
6|W+|)2dµ =

(
3
2

)2 ∫

M
s2dµ = 72π2β 2(M),

and therefore also achieves equality in (2), as claimed. ��

We now analyze the boundary case of (2).
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Theorem 4.10. Let M be a compact oriented 4-manifold with b+ ≥ 2 which carries
a non-zero monopole class, and suppose that g is a metric on M such that equality
holds in (2): ∫

M
(s−

√
6|W+|)2dµ = 72π2β 2(M).

Then g is Kähler–Einstein, with negative Einstein constant.

Proof. Let v ∈ Hull(C) be a point where v2 = v · v achieves its maximum value,
namely β 2(M). Let a1, . . . ,an ∈ C be a list of all the monopole classes, and express
v ∈ Hull(C) as

v =
n

∑
j=1

t ja j

where the coefficients t j ∈ [0,1] satisfy ∑ j t j = 1; and after permuting the a j as
necessary, we may henceforth assume that t j > 0 iff j ≤ m, where m is some integer,
1 ≤ m ≤ n. By Propositions 3.8 and 4.5,

1
72π2

∫

M
(s−

√
6|W+|)2dµ ≥ max {(a+

j )2 | j = 1, . . . ,n}

≥ (v+)2 ≥ v2 = β 2(M)

and our hypotheses therefore imply that equality holds at every step. In particular,
it follows that v = v+ and that max j(a+

j )2 = β 2(M). Since the intersection form is
positive definite on H+

g , the Cauchy–Schwarz inequality therefore tells us that

v ·a+
j ≤
√

(a+
j )2
√

(v)2 ≤ β 2(M) ,

for all j, with equality iff a+
j = v. Since

β 2(M) = v ·v = v ·v+

= v ·
(

m

∑
j=1

t ja+
j

)

=
m

∑
j=1

t j

(
v ·a+

j

)

≤
m

∑
j=1

t j β 2(M)

= β 2(M)

(
m

∑
j=1

t j

)

= β 2(M) ,

we must therefore have a+
j = v for every j = 1, . . . ,m.
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For each j = 1, . . . ,m, we therefore have (a+
j )2 = β 2(M). Moreover, β 2(M) > 0

by Lemma 4.7. Our hypotheses thus imply that
∫

(s−
√

6|W+|)2dµ = 72π2(a+
j )2 > 0,

and Proposition 3.8 therefore tells us that there is a g-compatible symplectic form
ω j such that [ω j] is a negative multiple of a+

j = v, and such that cR

1 (M,ω j) = a j for
each j = 1, . . . ,m. Since [ω j]2/2 = Vol(M,g) for each j, it follows that [ω1] = · · · =
[ωm] ∈ H2(M,R). But each ω j is harmonic with respect to g, and the harmonic
representative of any de Rham class is unique. Hence ω1 = · · · = ωm. But since
cR

1 (M,ω j) = a j, this implies that a1 = · · · = am. Hence m = 1, and

v =
m

∑
j=1

t ja j = a1 = cR

1 (M,ω1).

Let us now simplify our notation by setting ω = ω1. Since −[ω] ∝ v = c1(M,ω),
the curvature of any connection on the anti-canonical line bundle L of (M,ω) must
be cohomologous to a constant negative multiple of ω . However, we saw in (10–11)
that the curvature FB = F+

B +F−
B of the Blair connection on L is given by

iF+
B =

s+ s∗

8
ω +W+(ω)⊥

iF−
B =

s− s∗

8
ω̂ + ρ̊

where W+(ω)⊥ is the component of W+(ω) orthogonal to ω ,

ρ̊(·,J·) =
r̊ + J∗r̊

2
,

and where the bounded anti–self-dual 2-form ω̂ ∈ Λ− is defined only on the open
set where s∗ − s �= 0, and satisfies |ω̂| ≡

√
2. Here, the star-scalar curvature s∗ once

again means the important quantity

s∗ = s+ |∇ω|2 = 2W+(ω,ω)+
s
3
.

Since Proposition 3.8 tells us that (M,g,ω) is saturated, s + s∗ is constant and
W+(ω)⊥ = 0. Hence F+

B is closed, and therefore ∗FB = 2F+
B −FB is closed, too.

Thus FB is harmonic. But we also know that FB is cohomologous to a constant mul-
tiple of ω , which is itself a self-dual harmonic form. Hence F−

B ≡ 0, and

ρ̊ ≡ s∗ − s
8

ω̂.
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This shows that

|r̊|2 ≥ (s∗ − s)2

16
at every point of M, with equality precisely at those points at which the Ricci tensor
r is J-invariant.

On the other hand, W+ has eigenvalues (−λ/2,−λ/2,λ ), where

λ =
1
2

W+(ω,ω) =
3s∗ − s

12
,

so

|W+|2 =
(3s∗ − s)2

96
.

Hence

4π2(2χ +3τ)(M) =
∫

M

(
s2

24
+2|W+|2 −

|r̊|2
2

)
dµ

=
∫

M

(
s2

24
+

2(3s∗ − s)2

96
− |r̊|2

2

)
dµ

≤
∫

M

(
s2

24
+

2(3s∗ − s)2

96
− (s∗ − s)2

32

)
dµ

=
1

32

∫

M

(
s2 −2ss∗ +5(s∗)2)dµ

with equality iff |r̊|2 ≡ (s∗ − s)2/16. On the other hand, since FB = F+
B ,

4π2(2χ +3τ)(M) = 4π2c2
1(M)

=
∫

M

(
s+ s∗

8
ω
)
∧
(

s+ s∗

8
ω
)

=
1

32

∫

M

(
s2 +2ss∗ +(s∗)2)dµ .

We therefore have
∫

M

(
s2 −2ss∗ +5(s∗)2)dµ ≥

∫

M

(
s2 +2ss∗ +(s∗)2)dµ ,

which we can rewrite as ∫

M
4s∗(s∗ − s)dµ ≥ 0; (22)

moreover, equality can hold only if |r̊|2 ≡ (s∗ − s)2/16. However, since (M,g,ω) is
saturated, s∗+ s is a negative constant, and W+(ω,ω)≤ 0; hence s∗ ≤ s/3, and s∗ ≤
(s+ s∗)/4 is therefore negative everywhere. On the other hand, s∗ − s = |∇ω|2 ≥ 0
on any almost-Kähler manifold. Hence

s∗(s∗ − s) ≤ 0



Four-Manifolds, Curvature Bounds, and Convex Geometry 143

everywhere on M, with equality only at points where s = s∗. The inequality (22)
therefore implies that

|∇ω|2 = s− s∗ ≡ 0.

Hence (M,g,ω) is Kähler. But equality in (22) only holds if |r̊|2 ≡ (s∗ − s)2/16,
so we moreover must have r̊ ≡ 0, and we therefore conclude that (M,g) is Kähler–
Einstein, as promised. ��

Our main result now follows easily:

Proof of Theorem A. Theorem 4.6 shows that (1) and (2) hold for any metric on
any 4-manifold with b+ ≥ 2. On the other hand, assuming there is at least one
non-zero monopole class, Theorem 4.10 shows that any metric for which equality
holds in (2) must be Kähler–Einstein. Lemma 4.9 thus implies that any metric for
which equality holds in (1) must be Kähler–Einstein, too. Finally, Lemmas 4.8
and 4.9 show that equality actually does hold in (1) and (2) when the metric is
Kähler–Einstein. ��

Of course, the method used here to treat the boundary case of (1) has a Rube
Goldberg feel to it, as it proceeds by reducing an easy problem to a harder one.
However, it is not difficult to winnow a simple, direct treatment of this case out of
the above discussion. Details are left to the interested reader.

5 Theory and Practice

One apparent weakness of our definition of β 2(M) is that there is no obvious way
of exactly determining the entire set C(M) of all monopole classes of a given 4-
manifold M. However, we do have various criteria that serve to show that certain
classes actually belong to C(M). Thus, if S ⊂ C(M) is some collection of known
monopole classes, we then have

β 2(M) ≥ max{v2 | v ∈ Hull(S)}.

It is thus relatively easy to find lower bounds for β 2, even without knowing C(M)
exactly.

At the same time, our curvature estimates (1) and (2) provide upper bounds for
β 2(M) for each metric g on M. By taking an infimum of such upper bounds for a
carefully chosen sequence of metrics g j on M, one can, in practice, often determine
β 2(M) by showing that it is simultaneously no less than and no greater than some
target value.

Example. Let X be a minimal complex surface of general type with b+ > 1, and let
M = X#kCP2 be its blow-up at k points. Then

β 2(M) = c2
1(X).
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Indeed, if E1, . . . ,Ek are generators for the various copies of H2(CP2,Z), then
±c1(X)±E ±·· ·±Ek are [11, 26] the first Chern classes of various complex struc-
tures of Kähler type on M, and so are monopole classes [33]. Hence c1(X) ∈
Hull(C(M)), and hence β 2(M) ≥ c2

1(X). However, by approximating the Kähler–
Einstein orbifold metric on the pluricanonical model for X , one can construct [26]
sequences of metrics g j on M with

∫
s2dµ ↘ 32π2c2

1(X). Thus (1) implies that we
also have c2

1(X) ≥ β 2(M), and the claim follows. ♦

Example. Let X , Y , and Z be simply connected, minimal complex surfaces of gen-
eral type with h2,0 odd. Let M = X#Y #Z#kCP2. Then

β 2(M) = c2
1(X)+ c2

1(Y )+ c2
1(Z).

Indeed, using the Bauer–Furuta invariant [4, 5], one can show that

±c1(X)± c1(Y )± c1(Z)±E1 ±·· ·±Ek ∈ C(M).

Hence v = c1(X)+ c1(Y )+ c1(Z) ∈ Hull(C(M)), and

β 2(M) ≥ [c1(X)+ c1(Y )+ c1(Z)]2 = c2
1(X)+ c2

1(Y )+ c2
1(Z).

On the other hand, there exist [17] sequences of metrics g j on M with
∫

s2dµ ↘
32π2[c2

1(X) + c2
1(Y ) + c2

1(Z)], so (1) therefore shows that we also have c2
1(X) +

c2
1(Y )+ c2

1(Z) ≥ β 2(M). The claim therefore follows.
Similar techniques can also be used for connected sums involving two or four

surfaces of general type. ♦

Example. Let N be any oriented 3-manifold, and let M = N×S1. Then β 2(M) = 0,
because one has

∫
s2dµ ↘ 0 for product metrics on M with shorter and shorter S1

factors. However, such manifolds often carry [20] many monopole classes, although
these all belong to the isotropic subspace H2(N) ↪→ H2(N ×S1). ♦

By the arguments detailed in [24,27], the estimates (1) and (2) have the following
interesting consequences:

Theorem 5.1. Let M be a smooth compact oriented 4-manifold with b+(M) ≥ 2. If
M admits an Einstein metric g, then

(2χ−3τ)(M) ≥ 1
3
β 2(M).

Moreover, if M carries a non-zero monopole class, equality occurs if and only if
(M,g) is a compact quotient CH2/Γ of the complex hyperbolic plane, equipped
with a constant multiple of its standard Kähler–Einstein metric.
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Theorem 5.2. Let M be a smooth compact oriented 4-manifold with b+(M) ≥ 2. If
M admits an Einstein metric g, then

(2χ +3τ)(M) ≥ 2
3
β 2(M),

with equality only if both sides vanish, in which case g must be a hyper-Kähler
metric, and M must be diffeomorphic to K3 or T 4.

Theorem 5.3. Let M be a smooth compact oriented 4-manifold with b+(M) ≥ 2.
Then any metric g on M satisfies

∫

M
|r|2dµ ≥ 8π2 [2β 2 − (2χ +3τ)

]
(M),

with equality iff g is Kähler–Einstein.

Now Proposition 4.4 entitles us to introduce the following definition:

Definition 5.4. If M is any smooth compact oriented 4-manifold with b+(M) ≥ 2,
we set β (M) :=

√
β 2(M).

This invariant provides a natural yardstick with which to measure the Yamabe
invariants of 4-manifolds:

Theorem 5.5. Let M be a smooth compact oriented 4-manifold with b+(M) ≥ 2. If
M carries at least one non-zero monopole class, then the Yamabe invariant of M
satisfies

Y(M) ≤−4
√

2πβ (M).

We remark in passing that if M does not admit a metric of positive scalar cur-
vature, its Yamabe invariant Y(M) is just the supremum of the scalar curvatures
of unit-volume constant-scalar-curvature metrics on M. This result is therefore an
immediate consequence of (1). More intriguingly, though, Theorem 5.5 is actually
sharp; equality actually holds [17, 26] for large classes of 4-manifolds, including
those discussed previously.

Now, although we have seen that considering the convex hull of the set of mono-
pole classes leads to an elegant invariant β 2(M) that seems remarkably well adapted
to the study of the curvature of 4-manifolds, it is still unclear whether this ap-
proach is optimal in all circumstances. Indeed, the basic forms of our estimates,
seen in Propositions 3.2 and 3.8, involve the numbers (a+)2 for the various mono-
pole classes, and one can therefore [28] define an invariant that simply tries to
make optimal use of this information. Indeed, consider the open Grassmannian
Gr = Gr+

b+
[H2(M,R)] of all maximal linear subspaces H of the second cohomology

on which the restriction of the intersection pairing is positive definite. Each element
H ∈ Gr then determines an orthogonal decomposition

H2(M,R) = H⊕H⊥
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with respect to the intersection form. Given a monopole class a ∈ C and a positive
subspace H∈Gr, we may then define a+ to be the orthogonal projection of a into H.
Using this, we can now define [28] yet another oriented-diffeomorphism invariant.

Definition 5.6. Let M be a smooth compact oriented manifold with b+ ≥ 2. If C = ∅,
set α2(M) = 0. Otherwise, we set

α2(M) = inf
H∈Gr

[
max
a∈C

(a+)2
]

.

Propositions (3.2) and (3.8) then easily imply that (1) and (2) still hold when β 2(M)
is replaced by α2(M). Moreover, the proof of Proposition 4.5 shows that one al-
ways has

α2(M) ≥ β 2(M).

On the other hand, we have also seen that (1) and (2) are sharp for large classes
of manifolds, such as those discussed previously. Thus α2 = β 2 in all these cases.
It is therefore only natural for us to ask whether this is a general phenomenon. In
this direction, however, we can only give some partial results. We begin with the
following:

Lemma 5.7. Let M be a smooth oriented 4-manifold with b+ ≥ 2. Then

α2(M) = 0 ⇐⇒ β 2(M) = 0.

Proof. The =⇒ direction is obvious, as α2 ≥ β 2 ≥ 0. Conversely, if β 2 = 0, the
intersection form must be negative-semidefinite on span (C). Write this subspace as
N⊕ I, where the intersection form is negative-definite on N and vanishes on I. We
can then choose a sequence H j ∈Gr that are all orthogonal to N and that decompose
orthogonally as P⊕J j, where P is orthogonal to I and J j → I. Then each monopole
class satisfies (a+)2 → 0 for this sequence. It thus follows that α2 = 0, as claimed.

��

Next, we point out the following:

Proposition 5.8. Let M be a smooth oriented 4-manifold with b+ ≥ 2. Suppose,
moreover, that there is a linear subspace L ⊂ H2(M,R) on which the intersection
form is of Lorentzian (+−·· ·−) type, with

C(M) ⊂ L ⊂ H2(M,R).

Then α2(M) = β 2(M).

Proof. By Lemma 5.7, we may assume that β 2(M) > 0. Let v ∈ Hull(C)⊂ L be an
element with v2 = β 2(M) > 0. Now, because (1− t)v+ ta ∈ Hull(C) for any a ∈ C

and any t ∈ [0,1], we therefore have

v2 ≥ [(1− t)v+ ta]2 = v2 +2t(v ·a−v2)+O(t2)
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for all small positive t, and it therefore follows that

v ·a ≤ v2

for all monopole classes a. Since C(M) is invariant under multiplication by −1, it
moreover follows that

|v ·a| ≤ v2 ∀a ∈ C(M).

Now let P⊂L⊥ be a maximal positive subspace, and set H = P⊕span (v). Then
for this choice of H ∈ Gr we, have

a+ =
v ·a
v2 v

and hence

(a+)2 =
(v ·a)2

v2 ≤ v2 = β 2(M)

for all a ∈ C. Hence

α2(M) = inf
H∈Gr

[
max
a∈C

(a+)2
]
≤ β 2(M).

But we also know that β 2 ≤ α2, so it follows that α2 = β 2, as claimed. ��

Example. If (M,J) is a compact complex surface of Kähler type with b+ > 1, we
may take L = H1,1(M,R)⊂ H2(M,R). Since an argument due to Witten [33] shows
that solutions of the Seiberg–Witten equations can exist with respect to a Kähler
metric only when c1(L) is a (1,1)-class, it follows that any monopole class must
belong to L. This provides one explanation of why α2 = β 2 for complex algebraic
surfaces. ♦

In light of Proposition 5.8, the reader may wonder why we have systematically
excluded the b+ = 1 case throughout our discussion, especially as the entire the-
ory does nominally work in this setting and even has some nontrivial consequences.
Such an approach, however, would simply ignore most of what has been learned
from the chamber-dependent theory [11, 26] of Seiberg–Witten invariants on man-
ifolds with b+ = 1. To avoid this pitfall, it seems wiser to instead introduce the
following set of different definitions to treat this case. Let M be a smooth compact
oriented 4-manifold with b+(M) = 1. The set of cohomology classes b ∈ H2(M,R)
with b2 > 0 thus consists of two connected components. We arbitrarily label mem-
bers of one component future-pointing and those in the other past-pointing. Let
K ⊂ H2(M,R) be the closure of the set of past-pointing vectors. We now declare
a ∈ H2(M,R) to be a retroactive class if there is at least one metric g such that

(a+)g ∈ K (23)
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and if, for some spinc structure with c1 ≡ a mod torsion, there exists a solution of
the Seiberg–Witten equations for every metric g satisfying (23). Let D ⊂ H2(M,R)
denote the set of retroactive classes, and set

A = K∩Hull(D).

For any metric g, a variant of Proposition 3.2 shows that D is contained in a half-
space of the form {v | b ·v≥ κ}, where b∈H+

g is future-pointing and κ is a nonpos-
itive constant. In particular, the closed convex set A is bounded, and hence compact.

Definition 5.9. Let M be a smooth compact oriented 4-manifold with b+(M) = 1,
and let A = A(M) ⊂ H2(M,R) be the compact convex set defined above. If A �= ∅,
we set

β 2(M) = max
{

v2 | v ∈ A
}

.

If, on the other hand, A = ∅, we set β 2(M) = 0.

Given any metric g, a minor modification of the proof of Proposition 3.6 shows
that the discrete set {a ∈ D|(a+)g ∈ K} is covered by a finite union of paral-
lelepipeds and is therefore finite. Consequently, by an argument parallel to the proof
of Proposition 4.5, there is, for any metric g and any v ∈ A, a retroactive class a
satisfying (23) for which (a+)2

g ≥ v2. But to say that a is a retroactive class means
that (23) implies the existence of a solution of the Seiberg–Witten equations (13–14)
with c1 ≡ a; and since (23) is conformally invariant, it also implies the existence of
a solution of the rescaled Seiberg–Witten equations (17–18) for any f . The proofs
of Propositions 3.2 and 3.8 thus apply. Choosing v ∈ A so that v2 = β 2(M), we thus
conclude that every metric satisfies

∫

M
s2dµg ≥ 32π2(a+)2

g ≥ 32π2v2 = 32π2β 2(M)

and ∫

M
(s−

√
6|W+|)2dµg ≥ 72π2(a+)2

g ≥ 72π2v2 = 72π2β 2(M).

In other words, we have successfully extended our definition of β 2(M) in a manner
that guarantees that the curvature estimates (1) and (2) now also hold for smooth
compact 4-manifolds with b+ = 1. If β 2(M) > 0, moreover, one can still show that
equality in (1) or (2) occurs iff g is Kähler–Einstein, with negative scalar curvature.

Example. Let X be a minimal complex surface of general type with b+ = 1, and let
M = X#kCP2 be obtained from X by blowing up k points. Let E1, . . . ,Ek denote the
Poincaré duals of the exceptional divisors introduced by the blow-up procedure. If
we conventionally label −c1(X) as a future-pointing vector, then the set of retroac-
tive classes satisfies

D ⊃ {c1(X)±E1 ±·· ·±Ek}
because each of these classes has non-zero Seiberg–Witten invariant in the appro-
priate chamber [11, 26]. Hence
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c1(X) ∈ Hull(D)∩K ⊂ A

and we therefore have
c2

1(X) ≤ max
v∈A

v2 = β 2(M).

On the other hand, there is [26] a sequence of metrics on M, obtained by ap-
proximating the Kähler–Einstein orbifold metric on the pluricanonical model, with∫

s2dµ ↘ 32π2c2
1(X). Thus, inequality (1) shows that c2

1(X) ≥ β 2(M), and it fol-
lows that

β 2(M) = c2
1(X).

It follows [27] that the estimates (1) and (2) are now sharp for all complex surfaces
of general type, whatever the value of b+. ♦

We leave it as an exercise for the interested reader to define a b+ = 1 analog of α2

in terms of retroactive classes. If this is done in the most natural manner, the proof
of Proposition 5.8 will then show, mutatis mutandis, that this invariant necessarily
coincides with our b+ = 1 version of β 2.

We now return to the setting of b+ ≥ 2, and conclude our comparison of α2 and
β 2 with the following simple result:

Proposition 5.10. Let M be a smooth oriented 4-manifold with b+ ≥ 2, and sup-
pose that there is a collection of mutually orthogonal linear subspaces L j ⊂
H2(M,R), j = 1, . . . , �, on each of which the intersection form is of Lorentzian
(+−·· ·−) type. Moreover, suppose that

C(M) = C1 ×·· ·×C� ⊂ L1 ⊕·· ·⊕L�,

for some subsets

C j ⊂ L j, j = 1, . . . , �.

Then α2(M) = β 2(M).

Proof. Fix a maximal positive subspace P ⊂ (L1⊕·· ·⊕L�)⊥, and consider choices
of H ∈ Gr of the form H = P ⊕ span {e1, . . . ,e�}, where e j ∈ L j is a non-zero
time-like vector. If the intersection form on span (C j) is negative-definite, moreover
choose e j ∈ L j to be orthogonal to this subspace. If, on the other hand, span (C j) is
Lorentzian, set e j = v j, where v j maximizes v2 on Hull(C j). Finally, if the intersec-
tion form is degenerate on span (C j), choose v j ∈ Hull(C j) to be a non-zero null
vector, and consider a sequence of different possible e j converging to v j. In this way,
one obtains a sequence of choices of H for which max(a+)2 → ∑(v j)2 = β 2(M).
Hence α2 ≤ β 2 ≤ α2, and α2(M) = β 2(M), as claimed. ��

This result gives a partial explanation of why α2 = β 2 for the connected sums
of complex surfaces we have considered, since the set of known monopole classes
in this case constitutes a configuration of the described type, where the Lorentzian
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subspaces in question are given by H1,1 of the various summands. Of course, this ex-
planation still remains less than entirely satisfactory, since we cannot be absolutely
certain that we currently have a full catalog of the monopole classes of these spaces.

Finally, let us point out that one cannot hope to prove that α2 = β 2 if C is
simply replaced with an arbitrary finite, centrally symmetric set in an arbitrary finite-
dimensional vector space with indefinite inner product. For example, let us just con-
sider R

3 equipped with the (++−) inner product dx2 +dy2 −dz2, and consider the
candidate for “C” given by

{
±(1,0,1), ±

(√
3

2
,−1

2
,1

)
, ±
(
−
√

3
2

,−1
2
,1

)}
,

Because the elements of this configuration “C” are all null vectors, one can use
Proposition 5.8 “upside-down” to show that the analog of α2 must then equal 1.
On the other hand, a simple symmetry argument shows that the analog of β 2 equals
3
4 for this configuration. Of course, this choice of “C” does not consist of integer
points, but one can easily remedy this by rational approximation and rescaling.

The upshot is that whereas, one definitely has α2(M) = β 2(M) for a remarkably
large and interesting array of examples, this statement can generally hold only to the
degree that the set C of monopole classes satisfies some manifestly nontrivial geo-
metric constraints. The precise extent to which these constraints hold or fail remains
to be determined. It is hoped that some interested reader will find the challenge of
fully fathoming this mystery both stimulating and fruitful.
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The 1-Nullity of Sasakian Manifolds

Philippe Rukimbira

Abstract On a closed, (2n + 1)-dimensional Sasakian manifold, we show that ei-
ther the dimension of the 1-nullity distribution N(1) is less than or equal to n, or
N(1) is the entire tangent bundle T M. In the latter case, the Sasakian manifold M is
isometric to a quotient of the Euclidean sphere under a finite group of isometries.

1 Introduction

Contact, non-Sasakian manifolds whose characteristic vector field lies in the (k,µ)-
nullity distribution have been fully classified by Boecks [6]. One of the main goals
of this chapter is to describe the leaves of the 1-nullity distribution and the topology
of Sasakian manifolds using variational calculus.

We collect some preliminaries on contact metric geometry in Section 2 and define
the k-nullity distribution of a Riemannian manifold in Section 3. Section 4 deals with
Sasakian manifolds in general. Using variational calculus techniques, we prove the
main theorem of this paper there.

2 Preliminaries

A contact form on a (2n + 1)-dimensional manifold M is a 1-form α such that
α ∧ (dα)n is a volume form on M. There is always a unique vector field Z, the
characteristic vector field of α , which is determined by the equations α(Z) = 1
and dα(Z,X) = 0 for arbitrary X . The distribution Dp = {V ∈ TpM : α(V ) = 0} is
called the contact distribution of α . Clearly, D is a symplectic vector bundle with
symplectic form dα .
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On a contact manifold (M,α,Z), there is also a nonunique Riemannian metric g
and a partial complex operator J adapted to α in the sense that the identities

2g(X ,JY ) = dα(X ,Y ), J2X = −X +α(X)Z

hold for any vector fields X , Y on M. We have adopted the convention for exterior
derivative so that

dα(X ,Y ) = Xα(Y )−Yα(X)−α([X ,Y ]) .

The tensors α , Z, J, and g are called contact metric structure tensors, and the man-
ifold M with such a structure will be called a contact metric manifold [4]. We will
use the notation (M,α,Z,J,g) to denote a contact metric manifold M with specified
structure tensors. Assuming that (M,g) is a complete Riemannian manifold, let ψt ,
t ∈ R denote the 1-parameter group of diffeomorphism generated by Z. The group
ψt preserves the contact form α , that is, ψ∗

t α = α . If ψt is also a 1-parameter group
of isometries of g, then the contact metric manifold is called a K-contact manifold.
By ∇, we shall denote the Levi–Civita covariant derivative operator of g. On a K-
contact manifold, one has the identity

∇X Z = −JX ,

valid for any tangent vector X . On a general contact metric manifold, the identity

∇X Z = −JX − JhX

is satisfied, where hX = 1
2 (LZJ)X . If the identity

(∇X J)Y = g(X ,Y )Z −α(Y )X

is satisfied for any vector fields X and Y on M, then the contact metric structure
(M,α,Z,J,g) is called a Sasakian structure. A submanifold N in a contact manifold
(M,α,Z,J,g) is said to be invariant if Z is tangent to N and JX is tangent to N
whenever X is. An invariant submanifold is a contact submanifold.

3 The k-Nullity Distribution

For a real number k, the k-nullity distribution of a Riemannian manifold (M,g) is
the subbundle N(k) defined at each point p ∈ M by

Np(k) = {H ∈ TpM |R(X ,Y )H = k(g(Y,H)X −g(X ,H)Y ) ∀X ,Y ∈ TpM} ,

where R denotes the Riemann curvature tensor given by the formula

R(X ,Y )H = ∇X∇Y H −∇Y∇X H −∇[X ,Y ]H
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for arbitrary vector fields X , Y and H on M. If H lies in N(k), then the sectional
curvatures of all plane sections containing H are equal to k. By Rk, we denote the
tensor field defined for arbitrary vector fields X , Y , H by

Rk(X ,Y )H = R(X ,Y )H − k{g(Y,H)X −g(X ,H)Y}.

Rk satisfies similar identities as the curvature tensor R, mainly:

(i) g(Rk(X ,Y )H,V ) = −g(Rk(X ,Y )V,H),
(ii) g(Rk(X ,Y )H,V ) = g(Rk(X ,H)Y,V ),
(iii) ∇X Rk(Y,H)V +∇Y Rk(H,X)V +∇HRk(X ,Y )V = 0.

Now, let X , Y , V be tangent vectors at p ∈ M. Extend X , Y and V into local vector
fields such that at p, one has ∇X = 0 = ∇Y = ∇V . Let H, W be two vector fields in
the nullity distribution of Rk, that is,

Rk(X ,Y )H = 0 = Rk(X ,Y )W

for any X , Y on M. Using identity (iii), one obtains:

0 = g(∇HRk(X ,Y )V +∇X Rk(Y,H)V +∇Y Rk(H,X)V,W )
= g(∇H(Rk(X ,Y )V )+∇X (Rk(Y,H)V )+∇Y (Rk(H,X)V )−Rk(Y,∇X H)V

−Rk(∇Y H,X)V +Others,W )
= Zg(Rk(X ,Y )V,W )−g(Rk(X ,Y )V,∇HW )+Xg(Rk(Y,H)V,W )

−g(Rk(Y,H)V,∇XW )+Y g(Rk(H,X)V,W )−g(Rk(H,X)V,∇YW )
−g(Rk(Y,∇X H)V,W )−g(Rk(∇Y H,X)V,W )+g(Others,W ) .

“Others” stands for terms vanishing at p. Applying identities (i) and (ii), and evalu-
ating at p, we obtain

0 = g(Rk(X ,Y )∇HW,V ) ,

for arbitrary X , Y and V . This means that ∇HW also belongs to the k nullity distrib-
ution whenever H and W do. The above argument proves that N(k) is an integrable
subbundle with totally geodesic leaves of constant curvature k [12]. Hence, if k > 0
and dimN(k) > 1, then each leaf of N(k) is a compact manifold ([9], Corollary
19.5).

In [3], the authors introduced a class of contact metric manifolds (M,α,Z,J,g)
for which the characteristic vector field Z belongs to the (k,µ)-nullity distribution
for some real numbers k and µ . This means that the Riemannian curvature tensor R
satisfies

R(X ,Y )Z = k(α(Y )X −α(X)Y )+µ(α(Y )hX −α(X)hY ) ,

for all vector fields X and Y on M, where h = 1
2 LZJ. From now on, when µ = 0, the

(k,µ)-nullity distribution will be referred to as the k-nullity distribution.
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On a contact metric (2n + 1)-dimensional manifold M, n > 1, Blair and
Koufogiorgos showed that if the characteristic vector field Z lies in the (k,µ)-
nullity distribution, then k ≤ 1. If k < 1 and k �= 0, then the dimension of the
(k,µ)-nullity distribution is equal to 1 [1]. The corresponding result for n = 1 is
due to R. Sharma [11]. If k = 0, then M is locally En+1 ×Sn(4) and Z is tangent to
the Euclidean factor giving that the dimension of the (0,µ)-nullity distribution is
equal to n+1 [5]. If k = 1, the contact metric structure is Sasakian, and we wish to
investigate the dimension of N(1) on a Sasakian manifold. Contact, non-Sasakian,
manifolds whose characteristic vector field lies in the (k,µ)-nullity distribution
have been fully classified by Boeckx in [6]. First, we will describe the leaves of the
1-nullity distribution on a Sasakian manifold.

Proposition 1. Let (M,α,Z,J,g) be a closed Sasakian manifold. If the dimension of
N(1) is bigger than 1, then each leaf of N(1) is a closed Sasakian submanifold that
is isometric to a quotient of a Euclidean sphere under a finite group of isometries.
In particular, if the dimension of N(1) is bigger than 1, then the Sasakian manifold
(M,α,g) is quasi-regular, i.e., all integral curves of Z are circles.

Proof. Let N be a leaf of N(1). Since the leaf is a totally geodesic submanifold and Z
is tangent to it, one has that JX =−∇X Z is tangent to the leaf for any X tangent to it.
So, N is an invariant contact submanifold of the Sasakian manifold M and therefore
it is also Sasakian. Since N is complete of constant curvature 1, it is isometric to a
quotient of a Euclidean sphere under a finite group of Euclidean isometries [13]. ��

To simplify notations, we will denote the dimension of N(k) by dimN(k).

Remark 2. The second part in the statement of Proposition 1 makes it clear that
Theorem 4.3 of [10] is incorrect as stated. If dimN(1) > 1, then the Sasakian mani-
fold has necessarily rank 1 and cannot therefore have isolated characteristics.

4 The 1-Nullity of Sasakian Manifolds

On compact Sasakian manifolds, one has the following lemma the first part of which
is due to Binh and Tamássy [2].

Lemma 3. Let (M,α,Z,J,g) be a closed (2n + 1)-dimensional Sasakian manifold
and N ⊂ M a (2r + 1)-dimensional invariant submanifold. Let γ(t) be a normal
geodesic issuing from γ(0) = x ∈ N in a direction perpendicular to N. Then, there
exist orthonormal vectors Ei ∈ TxN, i = 1,2, . . . ,r such that their parallel translated
Ei(t) along γ(t), completed with JEi(t), form a vector system that is orthonormal
and parallel along γ(t). Moreover, denoting by V the unit tangent vector field along
γ , each of Ei(t), JEi(t) is simultaneously orthogonal to V and JV .

Proof. We will prove only the second part of the lemma, referring to the papers [2]
or [10] for the rest of the proof. Since JEi(t) is orthogonal to V and V is orthogonal
to Z along γ , one has also
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g(Ei(t),JV ) = −g(JEi(t),V ) = 0 ,

g(JEi(t),JV ) = g(Ei(t),V ) = 0 .

This completes the proof of the second part of Lemma 1. ��

Given a closed Sasakian manifold (M,α,g), we shall denote by G2T M the Gras-
mannian bundle of tangent 2-planes on M and by H, the function “sectional cur-
vature” defined on G2T M. Let −κ2 denote the minimum value for the directional
derivative of H over G2T M, that is −κ2 is the minimum value of dH(v), where v
runs through all unit tangent vectors on G2T M with a metric naturally induced form
the Sasakian metric g. We now state the main theorem:

Theorem 4. Let (M,α,Z,J,g) be a closed (2n+1)-dimensional Sasakian manifold.
Then either dimN(1) ≤ n or dimN(1) = 2n+1.

Proof. Suppose N1 and N2 are two distinct 2r+1-dimensional leaves of N(1), where
2r + 1 > 1. Denoting by T the distance between N1 and N2, there exist a minimal
geodesic γ(t), 0 ≤ t ≤ T from N1 to N2 such that γ(0) ∈ N1, γ(T ) ∈ N2, and γ(t)
realizes the distance between the two compact leaves. Let V (t) be the unit tangent
vector to the geodesic γ(t). Then V (0) is orthogonal to N1 and V (T ) is orthogonal
to N2. Let Ei, JEi, i = 1,2, . . . ,r be an orthonormal basis for the contact distribu-
tion at γ(0) ∈ N1 (recall N1 is a contact submanifold). Let Ei(t) denote the parallel
translation of Ei from γ(0) to γ(t). Then Ei(t), JEi(t), i = 1,2, . . . ,r is a parallel
orthonormal frame field along γ(t) as stated in Lemma 1 and proved in [2] or [10].
Suppose now that 2r + 1 > n. Then 2r− (2n− 2r− 2) = 2(2r + 1)− 2n > 0. This
means that the vector space spanned by Ei, JEi, i = 1,2, . . . ,r has dimension 2r,
which is bigger than 2n−2r−2, where 2n−2r−2 is the dimension of the orthog-
onal complement of V and JV in the normal space of N2. Since the vector space
spanned by Ei and JEi is orthogonal to V and JV by Lemma 1, one can find at
least one unit vector F ∈ Tγ(0)N1 that is a linear combination of the Ei(0), JEi(0),
i = 1,2, . . . ,r such that its parallel translated F(T ) ∈ Tγ(T )N2.

We interrupt the proof for a needed lemma.

Lemma 5. Suppose N1 and N2 are at distance T from each other, 0≤ T ≤ 1
2κ2 . Then

the sectional curvature K(V,F)(t) along γ satisfies:

K(V,F)(t) > 0 .

Proof. Since K(V,F)(0) = 1, one has for 0 ≤ t ≤ T ≤ 1
2κ2 (and H denoting the

function“sectional curvature” defined on G2T M):

K(V,F)(t) = 1+
∫ t

0

dH
ds

ds > 1+
∫ t

0
−κ2 ds ≥ 1−κ2t ≥ 1

2
> 0 ,

completing the proof of Lemma 2. ��
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With Lemma 2 at hand, we continue the proof of the main theorem.
The vector field F(t) along γ(t) provides a variation γs(t) of the geodesic γ(t)

with endpoints in N1 and N2. Let Vs(t) denote the tangent vector to the curves in
such a variation. Then the arclength functional L(s) is given by:

L(s) =
∫ T

0
‖Vs(t)‖dt .

One has L′(0) = 0 because γ(t) is a minimal geodesic. Furthermore, by Synge’s
formula for the second variation [8], one has

L′′
F(0) = σN2(F,F)(T )−σN1(F,F)(0)−

∫ T

0
g(R(F,V )V,F)(t)dt ,

where σNi is the second fundamental form of the submanifold Ni, and g(R(F,V )V,F)
= K(V,F)(t) is the sectional curvature of the plane spanned by F and V . Recalling
that Ni, i = 1,2 is totally geodesic and the curvature K(V,F)(t) > 0 for 0 ≤ t ≤ T ≤

1
2κ2 by Lemma 2, one concludes that σN1(F,F)(0) = 0 = σN2(F,F)(T ) and

L′′
F(0) = −

∫ T

0
K(V,F)(t)dt < 0 .

Therefore, the second variation of L in the direction F along γ(t) is strictly negative
in contradiction with the minimality of the geodesic γ(t). Thus, we have established
that if dimN(1) > n, then N(1) can have only one leaf, which has to be the manifold
M itself. ��

An immediate consequence of the main theorem is that for a 5-dimensional,
closed Sasakian manifold M, either the dimension of its 1-nullity distribution is
1, or M is of constant sectional curvature 1.

Next we give an example of a 7-dimensional Riemannian manifold whose
1-nullity distribution has dimension 3.

If a Riemannian manifold (M2n+1,g) admits three contact metric structures
(αi,Zi,Ji,g), i = 1,2,3 satisfying the following for a circular permutation (i, j,k)
of (1,2,3),

Jk = JiJj −α j ⊗Zi = −JjJi +αi ⊗Z j ,
Zk = JiZ j = −JjZi, αk = αi ◦ Jj = −α j ◦ Ji ,

then the manifold is said to have a 3-Sasakian structure [4]. The homogeneous
7-dimensional Riemannian manifold M7 = SU(3)/U(1) carries a 3-Sasakian struc-
ture whose contact metric is not of constant sectional curvature ([7], page 253). Let
Z1,Z2,Z3 be 3 orthonormal characteristic vector fields in the 3-Sasakian structure.
Each one of these belongs to the 1-nullity distribution of M7, so the dimension of
N(1) is at least equal to 3 in this case. But since the manifold M7 is not of constant
sectional curvature, it follows from Theorem 4 that the dimension of N(1) must be
exactly 3.
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To our knowledge, there are at present no known examples of 1-nullity distrib-
utions of dimension n ≥ 5 on closed, Sasakian manifolds of dimension 2n + 1. In
fact, it is widely believed that on such a manifold, the dimension of N(1) can take
only one of the values 1, 3, or 2n+1.
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New Results in Sasaki–Einstein Geometry

James Sparks

Abstract This article is a summary of some of the author’s work on Sasaki–Einstein
geometry. A rather general conjecture in string theory known as the AdS/CFT corre-
spondence relates Sasaki–Einstein geometry, in low dimensions, to superconformal
field theory; properties of the latter are therefore reflected in the former, and vice
versa. Despite this physical motivation, many recent results are of independent geo-
metrical interest and are described here in purely mathematical terms: explicit con-
structions of infinite families of both quasi-regular and irregular Sasaki–Einstein
metrics; toric Sasakian geometry; an extremal problem that determines the Reeb
vector field for, and hence also the volume of, a Sasaki–Einstein manifold; and fi-
nally, obstructions to the existence of Sasaki–Einstein metrics. Some of these results
also provide new insights into Kähler geometry, and in particular new obstructions
to the existence of Kähler–Einstein metrics on Fano orbifolds.

1 Introduction

Sasaki–Einstein geometry is the odd-dimensional cousin of Kähler–Einstein geom-
etry. In fact the latter, for positive Ricci curvature, is strictly contained in the former;
Sasaki–Einstein geometry is thus a generalization of Kähler–Einstein geometry. The
author’s initial interest in this subject stemmed from a rather general conjecture in
string theory known as the AdS/CFT correspondence [31]. This is probably the most
important conceptual development in theoretical physics in recent years. AdS/CFT
conjecturally relates quantum gravity, in certain backgrounds, to ordinary quantum
field theory without gravity. Moreover, the relation between the two theories is holo-
graphic: the quantum field theory resides on the boundary of the region in which
gravity propagates.
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In a particular setting, the AdS/CFT correspondence relates Sasaki–Einstein
geometry, in dimensions five and seven, to superconformal field theory, in dimen-
sions four and three, respectively. Superconformal field theories are very special
types of quantum field theories: they possess superconformal symmetry, and hence
in particular conformal symmetry. The five-dimensional case of this correspondence
is currently understood best. One considers a ten-dimensional Riemannian prod-
uct (B× L,gB + gL), where (L,gL) is a Sasaki–Einstein five-manifold and (B,gB)
is five-dimensional hyperbolic space. We may present B as the open unit ball
B = {x ∈ R

5 | ‖x‖ < 1} with metric

gB =
4∑5

i=1 dxi ⊗dxi

(1−‖x‖2)2 . (1.1)

Here ‖x‖ denotes the Euclidean norm of x ∈ R
5. We may naturally compactify

(B,gB), in the sense of Penrose, by adding a conformal boundary at infinity. One
thus considers the closed unit ball B̄ = {x ∈ R

5 | ‖x‖ ≤ 1} equipped with the metric

gB̄ = f 2gB (1.2)

where f is a smooth function on B̄ that is positive on B and has a simple zero on
∂ B̄ = S4. For example, f = 1−‖x‖2 induces the standard metric on S4, but there
is no natural choice for f . Thus S4 inherits only a conformal structure. The iso-
metric action of SO(1,5) on (B,gB) extends to the action of the conformal group
SO(1,5) on the four-sphere. The AdS/CFT correspondence1 conjectures that type
IIB string theory, which is supposed to be a theory of quantum gravity, propagat-
ing on (B × L,gB + gL) is equivalent to a four-dimensional superconformal field
theory that resides on the boundary four-sphere. Indeed, the ten-dimensional mani-
fold is a supersymmetric solution to type IIB supergravity; in differentio-geometric
terms, this means that there exists a solution to a certain Killing spinor equation.
The AdS/CFT correspondence thus in particular implies a correspondence between
Sasaki–Einstein manifolds in dimension five and superconformal field theories in
four dimensions: for each Sasaki–Einstein five-manifold (L,gL), we obtain a differ-
ent superconformal field theory. The AdS/CFT correspondence then naturally maps
geometric properties of (L,gL) to properties of the dual superconformal field theory.

I should immediately emphasize, however, that this article is aimed at geometers,
rather than theoretical physicists. Unfortunately, explaining AdS/CFT to a mathe-
matical audience is beyond the scope of this chapter. Instead I shall focus mainly
on the new geometrical results obtained by the author. The paper is based on a
talk given at the conference “Riemannian Topology: Geometric Structures on Man-
ifolds” in Albuquerque, New Mexico.

The outline of the article is as follows. Section 2 contains a brief review of
Sasakian geometry, in the language of Kähler cones. Section 3 summarizes the prop-
erties of several infinite families of Sasaki–Einstein manifolds that were constructed

1 The Lorentzian version of hyperbolic space is known as anti–de Sitter spacetime (AdS). The
acronym CFT stands for conformal field theory.
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in [13, 14, 21–23, 33], focusing on the (most physically interesting) case of di-
mension five. Section 4 reviews toric Sasakian geometry, as developed in [34].
Section 5 is a brief account of an extremal problem that determines the Reeb vector
field for a Sasaki–Einstein metric [34, 35]. This is understood completely for toric
Sasaki–Einstein manifolds, whereas the general case currently contains some tech-
nical gaps. Finally, Section 6 reviews some obstructions to the existence of Sasaki–
Einstein metrics [25]. A far more detailed account of Sasakian geometry, together
with many other beautiful results in Sasaki–Einstein geometry not described here,
may be found in the book [7].

2 Sasakian Geometry

Whereas Kähler geometry [27] has been studied intensively for more than seventy
years, Sasakian geometry [39] has, in contrast, received relatively little attention.
Sasakian geometry was originally defined in terms of metric-contact geometry, but
this does not really emphasize its relation to Kähler geometry. The following is a
good definition.

Definition. A compact Riemannian manifold (L,gL) is Sasakian if and only if its
metric cone (X0 = R+ ×L,g = dr2 + r2gL) is a Kähler cone.

Here r ∈ (0,∞) may be regarded as a coordinate on the positive real line R+.
The reason for the subscript on X0 will become apparent later. Note that (L,gL) is
isometrically embedded ι : L → X0 into the cone with image {r = 1}. By definition,
(X0,g) is a noncompact Kähler manifold, with Kähler form

ω =
1
4

ddcr2 . (2.1)

Here dc =J ◦d = i(∂̄−∂ ), as usual, with J the complex structure tensor on X0. The
square of the radial function r2 thus serves as a global Kähler potential on the cone.
It is not difficult to verify that the homothetic vector field r∂/∂ r is holomorphic,
and that

ξ = J
(

r
∂
∂ r

)
(2.2)

is holomorphic and also a Killing vector field: Lξ g = 0. ξ is known as the Reeb
vector field. It is tangent to the surfaces of constant r, and thus defines a vector field
on L, which, in a standard abuse of notation, we also denote by ξ . Another important
object is the one-form

η = dc logr . (2.3)
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This is homogeneous degree zero2 under r∂/∂ r and pulls back via ι∗ to a one-form,
which we also denote by η , on L. In fact, η is precisely a contact one-form on
L; that is, η ∧ (dη)n−1 is a volume form on L. Here n = dimC X0, or equivalently
2n−1 = dimR L. The pair {η ,ξ} then satisfy, either on the cone or on L, the relations

η(ξ ) = 1, dη(ξ , ·) = 0 . (2.4)

This is the usual definition of the Reeb vector field in contact geometry. Indeed, the
open cone (X0,ω) is the symplectization of the contact manifold (L,η), where one
regards ω = 1

2 d(r2η) as a symplectic form on X0.
The square norm of ξ , in the cone metric g, is ‖ξ‖2

g = r2, and thus in particular
ξ is nowhere zero on X0. It follows that the orbits of ξ define a foliation of L. It
turns out that the metric transverse to these orbits gT is also a Kähler metric. Thus
Sasakian structures are sandwiched between two Kähler structures: the Kähler cone
of complex dimension n and the transverse Kähler structure of complex dimension
n−1.

Consideration of the orbits of ξ leads to a global classification of Sasakian struc-
tures. Suppose that all the orbits of ξ close. This means that ξ generates an isometric
U(1) action on (L,gL). Such Sasakian structures are called quasi-regular. Since ξ
is nowhere zero, this action must be locally free: the isotropy subgroup at any point
must be finite and therefore isomorphic to a cyclic group Zm ⊂U(1). If the isotropy
subgroups for all points are trivial, then the U(1) action is free, and the Sasakian
structure is called regular. We use the term strictly quasi-regular for a quasi-regular
Sasakian structure that is not regular. In either case there is a quotient V = L/U(1),
which is generally an orbifold. The isotropy subgroups descend to the local orbifold
structure groups in the quotient space V = L/U(1); thus V is a manifold when the
Sasakian structure is regular. The transverse Kähler metric descends to a Kähler met-
ric on the quotient, so that (V,gV ) is a Kähler manifold or orbifold. Indeed, (V,gV )
may be regarded as the Kähler reduction of the Kähler cone (X0,ω) with respect to
the U(1) action, which is Hamiltonian with Hamiltonian function 1

2 r2.
If the orbits of ξ do not all close, the Sasakian structure is said to be irregular.

The generic orbit is R, and in this case one cannot take a meaningful quotient.
The closure of the orbits of ξ defines an Abelian subgroup of the isometry group
of (L,gL). Since L is compact, the isometry group of (L,gL) is compact, and the
closure of the orbits of ξ therefore defines a torus T

s, s > 1, which acts isometrically
on (X0,g) or (L,gL). Thus irregular Sasakian manifolds have at least a T

2 isometry
group.

The main focus of this article will be Sasaki–Einstein manifolds. A simple cal-
culation shows that3

Ric(g) = Ric(gL)−2(n−1)gL = Ric(gT )−2ngT (2.5)

2 That is, Lr∂/∂ rη = 0.
3 Notice the slight abuse of notation here: we are regarding all tensors in this equation as tensors
on X0.
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where Ric(·) denotes the Ricci tensor of a given metric. Thus the Kähler cone
(X0,g) is Ricci-flat if and only if (L,gL) is Einstein with positive scalar curvature
2(n−1)(2n−1), if and only if the transverse metric is Einstein with positive scalar
curvature 4n(n−1). (L,gL) is then said to be a Sasaki–Einstein manifold. Notice that
(X0,g) is then a Calabi–Yau cone, and in the quasi-regular case the circle quotient
of (L,gL) is a Kähler–Einstein manifold or orbifold of positive Ricci curvature. The
converse is also true: give a positively curved Kähler–Einstein manifold or orbifold
(V,gV ), there exists a Sasaki–Einstein metric4 on the total space of a U(1) principal
(orbi-)bundle over V . This was proved in general by Boyer and Galicki in [4].

3 Explicit Constructions of Sasaki–Einstein Manifolds

Explicit examples of Sasaki–Einstein manifolds were, until recently, quite rare. In
dimension five, the only simply-connected5 examples that were known in explicit
form were the round sphere and a certain homogeneous metric on S2 × S3 [42],
known as T 1,1 in the physics literature. These are both regular, being circle bundles
over CP

2 and CP
2 ×CP

1 with their standard Kähler–Einstein metrics, respectively.
In fact, regular Sasaki–Einstein manifolds are classified [18]. This follows since
smooth Kähler–Einstein surfaces with positive Ricci curvature have been classified
by Tian and Yau [43,44]. The result is that the base may be taken to be a Del Pezzo
surface obtained by blowing up CP

2 at k generic points with 3 ≤ k ≤ 8; although
proven to exist, the Kähler–Einstein metrics on these Del Pezzo surfaces are not
known explicitly. More recently, Boyer, Galicki, and collaborators have produced
vast numbers of quasi-regular Sasaki–Einstein metrics using existence results of
Kollár for Kähler–Einstein metrics on Fano orbifolds, together with the U(1) lifting
mentioned at the end of the previous section. For a review of their work, see [6, 7].

Until 2004, no explicit examples of nontrivial strictly quasi-regular Sasaki–
Einstein manifolds were known, and it was not known whether or not irregular
Sasaki–Einstein manifolds even existed. In fact, Cheeger and Tian conjectured in
[10] that they did not exist. The following theorem disproves this conjecture:

Theorem 3.1 ([22]). There exist a countably infinite number of Sasaki–Einstein
metrics Y p,q on S2 × S3, labeled naturally by p,q ∈ N where gcd(p,q) = 1, q < p.
Y p,q is quasi-regular if and only if 4p2 −3q2 is the square of a natural number, oth-
erwise it is irregular. In particular, there are infinitely many strictly quasi-regular
and irregular Sasaki–Einstein metrics on S2 ×S3.

4 In the orbifold case, this lifting may or may not be an orbifold. If {Γα} denote the local orbifold
structure groups of V , then the data that define an orbibundle over V with structure group G include
elements of Hom(Γα ,G) for each α , subject to certain gluing conditions. A moment’s thought
shows that the total space of a G principal orbibundle over V is smooth if and only if all these maps
are injective.
5 Positively curved Einstein manifolds have finite fundamental group [37].
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These metrics were constructed explicitly in [22], based on supergravity con-
structions by the same authors in [21]. The metrics are cohomogeneity one, meaning
that the generic orbit under the action of the isometry group has real codimension
one. The Lie algebra of this group is su(2)×u(1)×u(1). The volumes of the met-
rics are given by the formula

vol[Y p,q]
π3 =

q2(2p+
√

4p2 −3q2)

3p2(3q2 −2p2 +
√

4p2 −3q2)
. (3.1)

The result that Y p,q is diffeomorphic to S2 ×S3 follows from Smale’s classification
of 5-manifolds [41]. Interestingly, the cone X0 corresponding to Y 2,1 is the open
complex cone over the first Del Pezzo surface [32]. Note that the first Del Pezzo
surface was missing from the list of Tian and Yau; it cannot admit a Kähler–Einstein
metric since its Futaki invariant is non-zero. The Ricci-flat Kähler cone metric is in
fact irregular for Y 2,1. We shall return to this in Section 6. Recently, Conti [12]
has classified cohomogeneity one Sasaki–Einstein 5-manifolds: they are precisely
the set {Y p,q}. The construction of the above metrics also easily extends to higher
dimensions [11, 23, 24]. This leads to the following

Corollary 3.2. There exist countably infinitely many strictly quasi-regular and
irregular Sasaki–Einstein structures in every (odd) dimension greater than 3.

This corollary should be contrasted with several other results. It is known that
for fixed dimension there are finitely many (deformation classes of) Fano manifolds
[28]; thus there are only finitely many positively curved Kähler–Einstein structures
in each dimension, and hence finitely many regular Sasaki–Einstein structures in
each odd dimension. On the other hand, these may occur in continuous families.
This is already true for Del Pezzo surfaces with k ≥ 5 blow-ups, which have a com-
plex structure moduli space of complex dimension 2(k− 4). The quasi-regular ex-
istence results of Boyer and Galicki also produce examples with, sometimes quite
large, moduli spaces [6]. It is currently unknown whether or not there exist contin-
uous families of irregular Sasaki–Einstein structures.

Perhaps surprisingly, there also exist explicit cohomogeneity two Sasaki–
Einstein 5-manifolds. The following subsumes Theorem 3.1:

Theorem 3.3 ([13, 14, 33]). There exist a countably infinite number of Sasaki–
Einstein metrics La,b,c on S2 × S3, labeled naturally by a,b,c ∈ N where a ≤ b,
c ≤ b, d = a + b − c, gcd(a,b,c,d) = 1, gcd({a,b},{c,d}) = 1. Here the latter
means that each of the pair {a,b} must be coprime to each of {c,d}. Moreover,
Lp−q,p+q,p = Y p,q. The metrics are generically cohomogeneity two, generically ir-
regular, and generically have volumes that are the product of quartic irrational
numbers with π3.

The condition under which the metrics are (strictly) quasi-regular is not simple
to determine in general. The quartic equation with integer coefficients that is sat-
isfied by vol[La,b,c]/π3 is written down explicitly in [13]. For integers (a,b,c) not
satisfying some of the coprime conditions, one obtains Sasaki–Einstein orbifolds.
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We conclude this section with a comment on how the metrics in Theorem 3.3
were constructed. In [13, 14], the local form of the metrics was found by writing
down the Riemannian forms of known black hole metrics, and then taking a cer-
tain “BPS” limit. The initial family of metrics are local Einstein metrics, and in
the limit one obtains a local family of Sasaki–Einstein metrics. One then deter-
mines when these local metrics extend to complete metrics on compact manifolds,
and this is where the integers (a,b,c) enter. The same metrics were independently
discovered in a slightly different manner in [33]. In the latter reference, the local
Kähler–Einstein metrics in dimension four are constructed first. It turns out that
these are precisely the orthotoric Kähler–Einstein metrics in [1]. The construction
again easily extends to higher dimensions [13, 14]; the metrics are generically co-
homogeneity n−1.

4 Toric Sasakian Geometry

In this section, we summarize some of the results in [34] on toric Sasakian geometry.
This probably warrants a:

Definition. A Sasakian manifold (L,gL) is said to be toric if there exists an effective,
holomorphic, and Hamiltonian action of the torus T

n on the corresponding Kähler
cone (X0,g). The Reeb vector field ξ is assumed to lie in the Lie algebra of the torus
ξ ∈ tn.

The Hamiltonian condition means that there exists a T
n-invariant moment map

µ : X0 → t∗n . (4.1)

The condition on the Reeb vector field implies that the image is a strictly convex
rational polyhedral cone [17,29]. Symplectic toric cones with Reeb vector fields not
satisfying this condition form a short list and have been classified in [29]. The main
result of this section is Proposition 4.1, which describes, in a rather explicit form,
the space of toric Sasakian metrics on the link of a fixed affine toric variety X . Any
toric Sasakian manifold is of this form, with the open Kähler cone X0 = X \{p}
being the smooth part of X , with p an isolated singular point.

We begin by fixing a strictly convex rational polyhedral cone C∗ in R
n, where the

latter is regarded as the dual Lie algebra of a torus t∗n ∼= R
n with a particular choice

of basis:

C∗ = {y ∈ t∗n | 〈y,va〉 ≥ 0,∀a = 1, . . . ,d} . (4.2)

The strictly convex condition means that C∗ is a cone over a convex polytope of
dimension n−1. It follows that necessarily n ≤ d ∈ N. The rational condition on C∗
means that the vectors va ∈ tn ∼= R

n are rational. In particular, one can normalize
the va so that they are primitive vectors in Z

n ∼= ker{exp : tn → T
n}. The va are

thus the inward-pointing primitive normal vectors to the bounding hyperplanes of
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the polyhedral cone C∗. We may alternatively define C∗ in terms of its generating
vectors {uα ∈ Z

n}:

C∗ =
{
∑
α

λαuα | λα ≥ 0
}

. (4.3)

The primitive vectors uα generate the one-dimensional faces, or rays, of the poly-
hedral cone C∗.

Define the linear map

A : R
d → R

n

ea 	→ va (4.4)

where {ea} denotes the standard orthonormal basis of R
d . Let Λ ⊂ Z

n denote the
lattice spanned by {va} over Z. This is of maximal rank, since C∗ is strictly convex.
There is an induced map of tori

T
d ∼= R

d/2πZ
d → R

n/2πZ
n ∼= T

n (4.5)

where the kernel is a compact Abelian group A, with π0(A) ∼= Γ∼= Z
n/Λ.

Using this data, we may construct the following Kähler quotient:

X = C
d//A . (4.6)

Here we equip C
d with its standard flat Kähler structure ωflat. A⊂T

d acts holomor-
phically and Hamiltonianly on (Cd ,ωflat). We then take the Kähler quotient (4.6) at
level zero. The origin of C

d projects to a singular point in X , and the induced Kähler
metric gcan on its complement X0 is a cone. Moreover, the quotient torus T

d/A∼= T
n

acts holomorphically and Hamiltonianly on (X0,ωcan), with moment map

µ : X0 → t∗n; µ(X) = C∗ . (4.7)

The quotient (4.6) may be written explicitly as follows. One computes a primitive
basis for the kernel of A over Z by finding all solutions to

∑
a

Qa
I va = 0 (4.8)

with Qa
I ∈Z, and such that for each I the {Qa

I | a = 1, . . . ,d} have no common factor.
The number of solutions, which are indexed by I, is d −n since A is surjective; this
latter fact again follows since C∗ is strictly convex. One then has

X = K/A≡ C
d//A (4.9)

with

K ≡
{

(Z1, . . . ,Zd) ∈ C
d |∑

a
Qa

I |Za|2 = 0
}
⊂ C

d (4.10)
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where Za denote standard complex coordinates on C
d , and the charge matrix Qa

I
specifies the torus embedding T

d−n ⊂ T
d .

It is a standard fact that the space X is an affine toric variety; that is, X is an
affine variety equipped with an effective holomorphic action of the complex torus
T

n
C
∼= (C∗)n, which has a dense open orbit. Let

C = {ξ ∈ tn | 〈ξ ,y〉 ≥ 0,∀y ∈ C∗} . (4.11)

This is the dual cone to C∗, which is also a convex rational polyhedral cone by
Farkas’ theorem. In the algebro-geometric language, the cone C is precisely the fan
for the affine toric variety X . We have X0 = R+ ×L with L compact. If one begins
with a general strictly convex rational polyhedral cone C∗, the link L will be an
orbifold; in order that L be a smooth manifold, one requires the moment polyhedral
cone C∗ to be good [29]. This puts certain additional constraints on the vectors va;
the reader is referred to [34] for the details. Note that L inherits a canonical Sasakian
metric from the Kähler quotient metric gcan on X0.

Let ∂/∂φi, i = 1, . . . ,n, be a basis6 for tn, where φi ∈ [0,2π) are coordinates on
the real torus T

n. Then we have the following:

Proposition 4.1 ([34]). The space of toric Kähler cone metrics on the smooth part
of an affine toric variety X0 is a product

Cint ×H1(C∗)

where ξ ∈ Cint ⊂ tn labels the Reeb vector field, with Cint the open interior of C,
and H1(C∗) denotes the space of homogeneous degree one functions on C∗ that are
smooth up to the boundary (together with the convexity condition below).

Explicitly, on the dense open image of T
n
C

we have

g = Gi jdyidy j +Gi jdφidφ j (4.12)

where

Gi j =
∂ 2G

∂yi∂y j (4.13)

with matrix inverse Gi j, and the function

G(y) = Gcan(y)+Gξ (y)+h(y) (4.14)

is required to be strictly convex with h(y) ∈H1(C∗) and

Gcan(y) =
1
2

d

∑
a=1

〈y,va〉 log〈y,va〉

Gξ (y) =
1
2
〈ξ ,y〉 log〈ξ ,y〉− 1

2

(
d

∑
a=1

〈va,y〉
)

log

(
d

∑
a=1

〈va,y〉
)

.

6 By a standard abuse of notation, we identify vector fields on X0 with corresponding elements of
the Lie algebra.
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In particular, the canonical metric on X0, induced from Kähler reduction of the
flat metric on C

d , is given by setting G(y) = Gcan(y). This function has a certain sin-
gular behavior at the boundary ∂C∗ of the polyhedral cone; this is required precisely
so that the metric compactifies to a smooth metric on X0.

The space of Reeb vector fields is the interior of the cone C. One can show [35]
that for ξ ∈ ∂C, the vector field ξ must vanish somewhere on X0. Specifically, the
bounding facets of C correspond to the generating rays of C∗ under the duality map
between cones; ξ being in a bounding facet of C implies that the corresponding
vector field then vanishes on the inverse image, under the moment map, of the dual
generating ray of C∗. However, since the Reeb vector field is nowhere vanishing, we
see that the boundary of C is a singular limit of Sasakian metrics on X0.

Fixing a particular choice of Kähler cone metric on X0, the image of L = {r = 1}
under the moment map is

µ(L) =
{

y ∈ C∗ | 〈y,ξ 〉 = 1
2

}
≡ H(ξ ) . (4.15)

The hyperplane 〈y,ξ 〉= 1
2 is called the characteristic hyperplane [5]. This intersects

the moment cone C∗ to form a compact n-dimensional polytope ∆(ξ ) = µ({r ≤ 1}),
bounded by ∂C∗ and the compact (n−1)-dimensional polytope H(ξ ). In particular,
the image H(ξ ) of L under the moment map depends only on the Reeb vector field
ξ , and not on the choice of homogeneous degree one function h in Proposition 4.1.
Moreover, the volume of a toric Sasakian manifold (L,gL) is [34]

vol[gL] = 2n(2π)n vol[∆(ξ )] (4.16)

where vol[∆(ξ )] is the Euclidean volume of ∆(ξ ).
Finally in this section, we introduce the notion of a Gorenstein singularity:

Definition. An analytic space X with isolated singular point p and smooth part
X \ {p} = X0 is said to be Gorenstein if there exists a smooth nowhere zero holo-
morphic (n,0)-form Ω on X0.

We shall refer to Ω as a holomorphic volume form. X being Gorenstein is a necessary
condition for X0 to admit a Ricci-flat Kähler metric and hence for the link L to admit
a Sasaki–Einstein metric. Indeed, the Ricci-form ρ = Ric(J ·, ·) is a curvature two-
form for the holomorphic line bundle Λn,0. The Ricci-flat Kähler condition implies

in

2n (−1)n(n−1)/2Ω∧ Ω̄ =
1
n!

ωn . (4.17)

For affine toric varieties, it is again well-known that X being Gorenstein is equivalent
to the existence of a basis for the torus T

n for which va = (1,wa) for each a =
1, . . . ,d, and wa ∈ Z

n−1.

Example ([32,33]). From Theorems 3.1 and 3.3, one sees that La,b,c, which contain
Y p,q as a subset, have a holomorphic Hamiltonian action of T

3 on the corresponding
Kähler cones and are thus toric Sasaki–Einstein manifolds. One finds that the image
of the cone under the moment map is always a four–sided polyhedral cone (d = 4)
in R

3. The charge matrix Q is
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Q = (a,b,−c,−a−b+ c) . (4.18)

The Gorenstein condition is reflected by the fact that the sum of the components of
Q is zero. In particular, for Y p,q (which is a = p−q, b = p+q, c = p), we have

v1 = [1,0,0], v2 = [1,1,0], v3 = [1, p, p], v4 = [1, p−q−1, p−q] . (4.19)

It is relatively straightforward to see that the affine toric Gorenstein singularities for
La,b,c are the most general such that are generated by four rays.

5 A Variational Problem for the Reeb Vector Field

In this section, we consider the following problem: given a Gorenstein singularity
(X ,Ω), with isolated singular point and smooth set X0 = R+ ×L, what is the Reeb
vector field for a Ricci-flat Kähler cone metric on X0, assuming it exists? We shall
go quite a long way in answering this question and give a complete solution for
affine toric varieties; in general, more work still remains to be done.

The strategy is to set up a variational problem on a space of Sasakian metrics on
L, or equivalently a space of Kähler cone metrics on X0. To this end, we suppose
that X0 is equipped with an effective holomorphic action of the torus T

s for some s;
this is clearly necessary. Indeed, for irregular Sasakian metrics, one requires s > 1,
as commented in Section 2. We then assume we are given a space of Kähler cone
metrics S(X0) on X0 such that:

• The torus T
s acts Hamiltonianly on each metric g ∈ S(X0).

• The Reeb vector field for each metric lies in the Lie algebra ts of T
s.

We shall continue to denote Kähler cone metrics by g, the corresponding Sasakian
metric by gL, and regard either as elements of S(X0). The second condition above
ensures that the torus action is of Reeb type [5, 17]. We then have the following:

Proposition 5.1 ([35]). The volume of the link (L,gL), as a functional on the space
S(X0), depends only on the Reeb vector field ξ for the Sasakian metric gL ∈ S(X0).

It follows that vol may be regarded as a function on the space of Reeb vector
fields:

vol : R(X0) → R+ (5.1)

where

R(X0) = {ξ ∈ ts | ξ = Reeb vector field for some gL ∈ S(X0)} . (5.2)

The first and second derivatives are given by
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Proposition 5.2.

dvol(Y ) = −n
∫

L
η(Y )dµ (5.3)

d2 vol(Y,Z) = n(n+1)
∫

L
η(Y )η(Z)dµ . (5.4)

Here Y,Z are holomorphic Killing vector fields in ts, η is the contact one-form for
the Sasakian metric, and dµ is the Riemannian measure on (L,gL).

Note that for toric Sasakian metrics (for which the torus T
s has maximal dimen-

sion: s = n), we already noted Proposition 5.1 in the previous section — see equation
(4.16). Note also that (5.4) shows that vol is a strictly convex function of ξ .

Proposition 5.1 is proved roughly as follows. Suppose one has two Kähler cone
metrics on X0 with the same homothetic vector field r∂/∂ r. It is then straightforward
to show that the Kähler potentials differ by a multiplicative factor expϕ , where ϕ is
a basic homogeneous degree zero function: Lξϕ = 0 = Lr∂/∂ rϕ , where recall that
ξ = J (r∂/∂ r). One then shows that the volume is independent of ϕ .

This is precisely analogous to the situation in Kähler geometry where one fixes a
Kähler class. Suppose that (M,ω) is a compact Kähler manifold with Kähler class
[ω] ∈ H1,1(M). Then any other Kähler metric on M in the same Kähler class is
given by ω + i∂ ∂̄ϕ for some smooth real function ϕ . The volume of (M,ω) clearly
depends only on [ω].

Indeed, one can push the analogy further. A choice of Reeb vector field on X0
should be regarded as a choice of polarization.7 The space of quasi-regular Reeb
vector fields is dense in the space of all Reeb vector fields: quasi-regular Reeb vector
fields correspond to rational vectors in the Lie algebra ts ∼= R

s, and these are dense
since the rationals are dense in the reals. For ξ quasi-regular, the U(1) quotient is a
Kähler orbifold (V,ωV ). Changing the polarization ξ thus changes the quotient V , in
contrast to the Kähler setting in the last paragraph where M is fixed and the Kähler
class changes. It is also straightforward to show that the space of Reeb vector fields
ξ forms a cone: if ξ is a Reeb vector field, then cξ is also a Reeb vector field for
another Kähler cone metric on X0, for any constant c > 0. Thus the space R(X0) of
Reeb polarizations forms a cone, analogous to the Kähler cone in Kähler geometry:
we saw this explicitly in the previous section on toric Sasakian manifolds, where the
space of Reeb vector fields is the interior Cint of the polyhedral cone C.

We now suppose that X is also Gorenstein. This is necessary for the existence of
a Ricci-flat Kähler metric on X0. We then introduce the subspace S(X0,Ω) as the
space of metrics in S(X0) for which the Reeb vector field ξ satisfies

LξΩ = inΩ . (5.5)

Equivalently, Ω should be homogeneous degree n under r∂/∂ r. This is again clearly
a necessary condition for a Ricci-flat Kähler cone metric, cf. (4.17).

7 This terminology was introduced in [8].
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Recall now that Einstein metrics on L are critical points of the Einstein–Hilbert
action:

I : Metrics(L) → R

gL 	→
∫

L
[s(gL)+2(n−1)(3−2n)]dµ (5.6)

where s(gL) is the scalar curvature of gL. We then have the following proposition:

Proposition 5.3 ([35]). The Einstein–Hilbert action, as a functional on S(X0), de-
pends only on the Reeb vector field ξ . It may thus be regarded as a function of ξ .
Moreover, for Sasakian metrics gL ∈ S(X0,Ω), we have

I(gL) = 4(n−1)vol[gL] . (5.7)

Thus the Einstein–Hilbert action restricted to the space S(X0,Ω) is simply the
volume functional and depends only on the Reeb vector field ξ of the metric. This
suggests we introduce

R(X0,Ω) =
{
ξ ∈R(X0) | LξΩ = inΩ

}
. (5.8)

Since Sasaki–Einstein metrics are critical points of I, we see that the Reeb vector
field for a Sasaki–Einstein metric is determined by a finite-dimensional extremal
problem, namely dI = 0, where I is interpreted as a function on R(X0,Ω). For toric
varieties, this is particularly simple:

Theorem 5.4. Let X be an affine toric Gorenstein variety with fan (or Reeb poly-
tope) C ⊂ tn, and generating vectors of the form va = (1,wa). Then the Reeb vector
field ξ for a Ricci-flat Kähler cone metric on X0 is uniquely determined as the criti-
cal point of the Euclidean volume of the polytope ∆(ξ )

vol[∆] : Nint → R+ (5.9)

where N is the (n−1)-dimensional polytope N = {ξ ∈ C | 〈(1,0, . . . ,0),ξ 〉 = n}.

Here we may take R(X0) = Cint and R(X0,Ω) = Nint, following the classification
of toric Sasakian metrics in Section 4. The first and second derivatives (5.3), (5.4)
in Proposition 5.2 may be written [34]

∂ vol[∆]
∂ξi

=
1

2ξkξk

∫

H(ξ )
yi dσ (5.10)

∂ 2 vol[∆]
∂ξi∂ξ j

=
2(n+1)
ξkξk

∫

H(ξ )
yiy j dσ . (5.11)

Here dσ is the standard measure induced on the (n − 1)-polytope H(ξ ) ⊂ C∗.
Uniqueness and existence of the critical point follows from a standard convexity
argument: vol[∆] is a strictly convex (by (5.11)) positive function on the interior of a
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compact convex polytope N. Moreover, vol[∆] diverges to +∞ at ∂N. It follows that
vol[∆] must have precisely one critical point in the interior of N.

Given these results, it is natural to consider the general case, with s ≤ n. We
begin by recalling a classical result. Let −∇2

L be the scalar Laplacian on (L,gL),
with spectrum {Eν}∞ν=0. Then we may define the heat kernel trace

Θ(t) =
∞

∑
ν=0

exp(−tEν) (5.12)

where t ∈ (0,∞). There is a holomorphic analogue of this. Let f be a holomorphic
function on X0 with

Lξ f = λ i f (5.13)

where R ( λ > 0, and we refer to λ as the charge of f under ξ . Since f is holomor-
phic, this immediately implies that

f = rλ f̃ (5.14)

where f̃ is homogeneous degree zero under r∂/∂ r; that is, f̃ is the pull-back to X
of a function on the link L. Moreover, since (X0,g) is Kähler, one can show that f is
harmonic, and that

−∇2
L f̃ = E f̃ (5.15)

where

E = λ [λ +(2n−2)] . (5.16)

Thus any holomorphic function f of definite charge under ξ , or equivalently degree
under r∂/∂ r, corresponds to an eigenfunction of the Laplacian −∇2

L on the link.
The charge λ is then related simply to the eigenvalue E by the above formula (5.16).
We may thus in particular define the holomorphic spectral invariant

Z(t) =
∞

∑
i=0

exp(−tλi) (5.17)

where {λi}∞i=0 is the holomorphic spectrum, in the above sense. This is also the trace
of a kernel, namely the Szegö kernel.

Recall the following classical result:

Theorem 5.5 ([36]). Let (L,gL) be a compact Riemannian manifold with heat kernel
trace Θ(t) given by (5.12). Then

vol[gL] = lim
t↘0

(4πt)n− 1
2 Θ(t) . (5.18)

In the holomorphic setting we have:
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Theorem 5.6 ([35]). For gL ∈ S(X0,Ω) with Reeb vector field ξ we have

vol[gL]
vol[S2n−1,gcan]

= lim
t↘0

tn Z(t) . (5.19)

This result first appeared for regular Sasaki–Einstein manifolds in [2]. The
proof of Theorem 5.6 is essentially the Riemann–Roch theorem. Suppose that
gL ∈S(X0,Ω) is quasi-regular,8 so that ξ generates a U(1) action on L. The quotient
is a Fano orbifold (V,ωV ):

Definition. A compact Kähler orbifold (V,ωV ) is Fano if the cohomology class of
the Ricci-form in H1,1(V ) is represented by a positive (1,1)-form.

Holomorphic functions on X0 that are eigenstates under Lξ correspond to holo-
morphic sections of a holomorphic orbifold line bundle L−k → V for some k; here
L is the associated holomorphic line orbibundle to the U(1) principal orbibundle
U(1) ↪→ L → V . This is holomorphic since the curvature is proportional to the
Kähler form on V , which is of Hodge type (1,1). The number of holomorphic sec-
tions is given by an orbifold version of the Riemann–Roch theorem, involving char-
acteristic classes on V . In general, this is rather more complicated than the smooth
Riemman–Roch theorem, but the limit in Theorem 5.6 simplifies the formula con-
siderably: only a leading term contributes. The essential point now is that the volume
may also be written in terms of Chern classes:

Proposition 5.7. For a quasi-regular Sasakian metric gL ∈ S(X0,Ω), one has

vol[gL]
vol[S2n−1,gcan]

=
β
nn

∫

V
c1(V )n−1 . (5.20)

Here (S2n−1,gcan) is the round sphere metric; β ∈ Q is defined by

c1(L) = −c1(V )
β

∈ H2
orb(V ;Z) (5.21)

where H2
orb(V ;Z) is the orbifold cohomology of Haefliger9 [26], c1(V ) is the first

Chern class of the holomorphic tangent bundle of V , and L is the orbifold line
bundle associated to the U(1) principal orbibundle U(1) ↪→ L →V .

The cohomology group H2
orb(V ;Z) classifies orbifold line bundles over V , in ex-

actly the same way that H2(V ;Z) classifies line bundles when V is smooth. The

8 The reader who is uneasy with orbifolds may take a regular Sasakian manifold in what follows.
However, the point here is that quasi-regular Reeb vector fields are dense in the space of Reeb
vector fields, since the rationals are dense in the reals; regular Sasakian structures are considerably
more special.
9 One defines H∗

orb(V ;Z) = H∗(BV ;Z) where BV is the classifying space for V . For details, see for
example [4].
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proposition relates the volume of gL ∈ S(X0,Ω), for quasi-regular ξ , to character-
istic classes of V . Theorem 5.6 then follows from the fact that quasi-regular Reeb
vector fields are dense in the space of all Reeb vector fields, and vol is continuous.

We end this section with a localization formula for the volume. We first require
a definition.

Definition. Let (X ,Ω) be a Gorenstein singularity with isolated singular point p,
X0 = R+×L, and let S(X0,Ω) be as above, with respect to an effective holomorphic
action of T

s. We say that an orbifold X̂ is a partial resolution of X if

π : X̂ → X (5.22)

is a T
s-equivariant map with π : X̂ \E → X0 a T

s-equivariant biholomorphism for
some exceptional set E. If X̂ is smooth, we say that it is a resolution of X .

First note that such a partial resolution X̂ always exists: one can take any quasi-
regular Reeb vector field ξ ∈ ts and blow up the corresponding orbifold V . In this
case, the exceptional set E = V and the partial resolution is clearly equivariant. We
then have the following:

Theorem 5.8 ([35]). Let gL ∈ S(X0,Ω) and pick a partial resolution X̂ of X. Sup-
pose that the Kähler form of X0 extends to a suitable smooth family of Kähler forms
on X̂ (see [35] for details). Then

vol[gL]
vol[S2n−1,gcan]

= ∑
{F}

1
dF

∫

F

R

∏
m=1

1
〈ξ ,um〉nm

[
∑
a≥0

ca(Em)
〈ξ ,um〉a

]−1

. (5.23)

Here

• E ⊃ {F} = set of connected components of the fixed point set, where ξ is a
generic vector ξ ∈ ts; that is, the orbits of ξ are dense in the torus T

s.
• For fixed connected component F, the linearized T

s action on the normal bundle
E of F in X̂ is determined by a set of weights u1, . . . ,uR ∈ Q

s ⊂ t∗s . E then splits
E =

⊕R
m=1 Em where rankC Em = nm and ∑R

m=1 nm = rankC(E).
• ca(Em) are the Chern classes of Em.
• When X̂ has orbifold singularities, the normal fiber to a generic point on F is not

a complex vector space, but rather an orbifold C
l/Γ. Then E is more generally

an orbibundle, and dF = |Γ| denotes the order of Γ.

This theorem is proved as follows. One notes that the volume vol[gL] may be
written [35] as

vol[gL] =
1

2n−1(n−1)!

∫

X0

e−r2/2 ωn

n!
. (5.24)

The function r2/2 is precisely the Hamiltonian function for the Reeb vector field ξ .
One may then naively apply the theorem of Duistermaat–Heckman [15, 16], which
easily extends to noncompact manifolds and orbifolds. This theorem localizes such
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an integral to the fixed point set of ξ . However, since ‖ξ‖2
g = r2, the integral for-

merly localizes at the singular point p = {r = 0} of X . To obtain a sensible answer,
one must first resolve the singularity, as in Theorem 5.8. Such a proof requires that
the Kähler form of X0 extends to a suitable smooth family of Kähler forms on X̂ . One
then applies the Duistermaat–Heckman theorem to this family and takes the cone
limit (X ,g). The limit is independent of the choice of resolving family of Kähler
metrics on X̂ .

Remark. The author believes that the technical condition requiring the ability to
extend the Kähler form ω on X0 to a smooth family of Kähler forms on X̂ is proba-
bly redundant. In fact, one can also formerly apply the equivariant Riemann–Roch
theorem to X̂ , with respect to the holomorphic action of T

s, and Proposition 5.7
to obtain the same result. This has the advantage of not requiring existence of any
Kähler metrics.

Note the theorem guarantees that vol : R(X0) → R+, relative to the volume of
the round sphere, is a rational function of ξ with rational coefficients. Since vol is
strictly convex, its critical points are isolated. By Theorem 5.8, one thus sees that
the volume of a Sasaki–Einstein manifold, relative to that of the round sphere, is an
algebraic number.

Since the expression in Theorem 5.8 is rather formidable, we end with an
example.

Example. Let X be an affine toric variety with moment polytope C∗. Let π : X̂ →
X be a toric resolution of X , with some choice of Kähler metric, and denote the
moment polytope by µ̂(X̂) = P ⊂ t∗n. It is standard that such a resolution and Kähler
metric always exist. Let Vert(P) denote the set of vertices of P. For each vertex
A∈Vert(P), there are precisely n outward-pointing edge vectors; these may be taken
to be primitive vectors ui

A ∈ Z
n ⊂ t∗n, i = 1, . . . ,n. This follows since the resolution

is smooth. Then

vol[gL]
vol[S2n−1,gcan]

= ∑
A∈Vert(P)

n

∏
i=1

1
〈ξ ,ui

A〉
. (5.25)

Note that this gives an unusual way of computing the Euclidean volume of the poly-
tope ∆(ξ ), which, by (4.16), is also essentially the left-hand side of (5.25).

6 Obstructions to the Existence of Sasaki–Einstein Metrics

In this final section we examine the following:

Problem 6.1. Let (X ,Ω) be a Gorenstein singularity with isolated singular point
p, X \ {p} = X0 = R+ ×L, and let gL ∈ S(X0,Ω) be a Sasakian metric with Reeb
vector field satisfying (5.5). When does X0 admit a Ricci-flat Kähler cone metric
with this Reeb vector field?
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We shall describe three obstructions. The first is a natural corollary of the previous
section, whereas the remaining two obstructions are based on classical theorems in
differential geometry, and in particular lead to new obstructions to the existence of
Kähler–Einstein orbifold metrics.

The previous section implies that a Sasaki–Einstein metric is a critical point of
the volume functional, thought of as a function on the space R(X0,Ω) of Reeb vector
fields satisfying (5.5). Thus the Reeb vector field in Problem 6.1 must be a critical
point of this function, or equivalently of the Einstein–Hilbert action on L. We have
already given this condition, in Proposition 5.2:

dvol(Y ) = −n
∫

L
η(Y ) . (6.1)

Here Y ∈ ts and recall that η is the contact one-form on L. For a Sasaki–Einstein
metric (6.1) must be zero for all holomorphic vector fields Y ∈ ts satisfying
LYΩ = 0. Suppose that the Sasakian metric gL ∈ S(X0,Ω) is quasi-regular. Then
there is a quotient V = L/U(1) that is a Fano orbifold. In this case, we have the
following:

Theorem 6.2. Let gL ∈ S(X0,Ω) be quasi-regular and let Y ∈ ts with LYΩ = 0.
Then

dvol(Y ) = − �

2
F (JV (YV )) . (6.2)

Here � = 2πβ/n is the length of the generic Reeb S1 fiber, JV is the complex struture
tensor on V , YV is the push-forward of Y to V , and F : aut(V ) → R is the Futaki
invariant of V .

The Futaki invariant is a well-known obstruction to the existence of a Kähler–
Einstein metric on V [19]. It is conventionally defined as follows. Let (V,ωV ) be
a compact Kähler orbifold with Kähler form satisfying [ρV ] = 2n[ωV ] ∈ H1,1(V ),
where ρV = Ric(JV ·, ·) is the Ricci-form of (V,ωV ). Then there exists a real function
f on V , unique up to an additive constant, satisfying

ρV −2nωV = i∂ ∂̄ f . (6.3)

Given any real holomorphic vector field ζ ∈ aut(V ), we define

F(ζ ) =
∫

V
Lζ f

ωn−1
V

(n−1)!
. (6.4)

Clearly, if (V,ωV ) is Kähler–Einstein of scalar curvature 4n(n− 1), then f is con-
stant, and the function F : aut(V ) → R vanishes. However, more generally F also
satisfies the following rather remarkable properties [9, 19]:

• F is independent of the choice of Kähler metric representing [ωV ].
• The complexification FC is a Lie algebra homomorphism FC : autC(V ) → C.
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Note that the first point is implied by Proposition 5.1 and Theorem 6.2. The second
is due to Calabi [9]. The Sasakian setting thus gives a dynamical interpretation of
the Futaki invariant.

We now turn to two further simple obstructions to the existence of solutions to
Problem 6.1. These are based on the classical theorems of Lichnerowicz [30] and
Bishop [3], respectively. We begin with the latter. Recall from Proposition 5.1 that
the volume of a Sasakian metric gL ∈S(X0,Ω) is determined by its Reeb vector field
ξ . In particular, one can compute this volume vol(ξ ) using Theorem 5.6. In some
cases, one can compute the trace over holomorphic functions on X directly. Now,
Bishop’s theorem [3] implies that for any (2n− 1)-dimensional Einstein manifold
(L,gL) with Ric(gL) = 2(n−1)gL, we have

vol(L,gL) ≤ vol(S2n−1,gcan) . (6.5)

Combining these two results, we have

Theorem 6.3 (Bishop obstruction [25]). Let (X ,Ω) be as in Problem 6.1, with
Reeb vector field ξ . If vol(ξ ) > vol(S2n−1,gcan), then X0 admits no Ricci-flat Kähler
cone metric with Reeb vector field ξ .

A priori, it is not clear this condition can ever obstruct existence. We shall provide
examples below. However, in [25] we conjectured that for regular Reeb vector fields
ξ , Theorem 6.3 never obstructs. This is equivalent to the following conjecture about
smooth Fano manifolds:

Conjecture 6.4 ([25]). Let V be a smooth Fano manifold of complex dimension n−1
with Fano index I(V ) ∈ N. Then

I(V )
∫

V
c1(V )n−1 ≤ n

∫

CP
n−1

c1(CP
n−1)n−1 = nn (6.6)

with equality if and only if V = CP
n−1.

This is related to, although slightly different from, a standard conjecture about Fano
manifolds. For further details, see [25].

We turn now to the Lichnerowicz obstruction. Suppose that (L,gL) is Einstein
with Ric(gL) = 2(n−1)gL. The first non-zero eigenvalue E1 > 0 of −∇2

L is bounded
from below:

E1 ≥ 2n−1. (6.7)

This is Lichnerowicz’s theorem [30]. Moreover, equality holds if and only if (L,gL)
is isometric to the round sphere (S2n−1,gcan) [38]. From (5.16), we immediately see
that for holomorphic functions f on X0 of charge λ under ξ , Lichnerowicz’s bound
becomes λ ≥ 1. This leads to a potential holomorphic obstruction to the existence
of Sasaki–Einstein metrics:
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Theorem 6.5 (Lichnerowicz obstruction [25]). Let (X ,Ω) be as in Problem 6.1,
with Reeb vector field ξ . Suppose that f is a holomorphic function on X of positive
charge λ < 1 under ξ . Then X0 admits no Ricci-flat Kähler cone metric with Reeb
vector field ξ .

Again, it is not immediately clear that this can ever obstruct existence. Indeed,
for regular ξ , one can prove [25] that this never obstructs. This follows from the
fact that I(V ) ≤ n for any smooth Fano V of complex dimension n− 1. However,
there exist plenty of obstructed quasi-regular examples.

Notice then that the Lichnerowicz obstruction involves holomorphic functions on
X of small charge with respect to ξ , whereas the Bishop obstruction is a statement
about the volume, which is determined by the asymptotic growth of holomorphic
functions on X , analogously to Weyl’s asymptotic formula.

Example. Our main set of examples of Theorems 6.3 and 6.5 is provided by isolated
quasi-homogeneous hypersurface singularities. Let w ∈N

n+1 be a vector of positive
weights. This defines an action of C

∗ on C
n+1 via

(z1, . . . ,zn+1) 	→ (qw1 z1, . . . ,qwn+1zn+1) (6.8)

where q ∈ C
∗. Without loss of generality, one can take the set {wi} of components

of w to have no common factor. This ensures that the above C
∗ action is effective.

Let

F : C
n+1 → C (6.9)

be a quasi–homogeneous polynomial on C
n+1 with respect to w. This means that F

has definite degree d under the above C
∗ action:

F(qw1 z1, . . . ,qwn+1 zn+1) = qdF(z1, . . . ,zn+1) . (6.10)

Moreover, we assume that the affine algebraic variety

X = {F = 0} ⊂ C
n+1 (6.11)

is smooth everywhere except at the origin (0,0, . . . ,0). For obvious reasons, such X
are called isolated quasi-homogeneous hypersurface singularities. The correspond-
ing link L is the intersection of X with the unit sphere in C

n+1:

n+1

∑
i=1

|zi|2 = 1 . (6.12)

We define a nowhere zero holomorphic (n,0)-form Ω on the smooth part of X by

Ω =
dz1 ∧·· ·∧dzn

∂F/∂ zn+1
. (6.13)
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This defines Ω on the patch where ∂F/∂ zn+1 �= 0. One has similar expressions
on patches where ∂F/∂ zi �= 0 for each i, and it is simple to check that these glue
together into a nowhere zero form Ω on X0. Thus all such X are Gorenstein, and
moreover they come equipped with a holomorphic C

∗ action by construction. The
orbit space of this C

∗ action, or equivalently the orbit space of U(1) ⊂ C
∗ on the

link, is a complex orbifold V . In fact, V is the weighted variety defined by {F = 0}
in the weighted projective space WCP

n
[w1,w2,...,wn+1]. It is not difficult to show that V

is a Fano orbifold if and only if

|w|−d > 0 (6.14)

where |w| = ∑n+1
i=1 wi. To see this, first notice that |w|− d is the charge of Ω under

U(1) ⊂ C
∗. To be precise, if ζ denotes the holomorphic vector field on X with

Lζ z j = w jiz j (6.15)

for each j = 1, . . . ,n+1, then

LζΩ = (|w|−d)iΩ . (6.16)

Positivity of this charge then implies [35] that the cohomology class of the natural
Ricci-form induced on V is represented by a positive (1,1)-form, which is the def-
inition that V is Fano. If there exists a Ricci-flat Kähler metric on X0 that is a cone
under R+ ⊂ C

∗, then the correctly normalized Reeb vector field ξ ∈ R(X0,Ω) is
thus

ξ =
n

|w|−d
ζ . (6.17)

Bishop’s theorem then requires, for existence of a Sasaki–Einstein metric on L
with Reeb vector field ξ ,

d (|w|−d)n ≤ wnn (6.18)

where w = ∏n+1
i=1 wi is the product of the weights. The computation of the volume

that gives this inequality may be found in [25]. It is simple to write down infinitely
many examples of isolated quasi-homogeneous hypersurface singularities that vio-
late this inequality and are thus obstructed by Theorem 6.3.

Lichnerowicz’s theorem requires, on the other hand, that

|w|−d ≤ nwmin (6.19)

where wmin is the smallest weight. Moreover, this bound can be saturated if and only
if (X0,g) is C

n \{0} with its flat metric. It is again clearly trivial to construct many
examples of isolated hypersurface singularities that violate this bound and are hence
obstructed by Theorem 6.5.
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We conclude by making some remarks on the possible solution to Problem 6.1.
Let us first comment on the case of toric varieties. The Reeb vector field for a critical
point of the Einstein–Hilbert action, considered as a function on R(X0,Ω), exists
and is unique, by Theorem 5.4. The remaining condition for a Ricci-flat Kähler cone
metric may be written as a real Monge–Ampère equation on the polytope C∗ [34].
This has recently been shown to always admit a solution in [20]. We state this as:

Theorem 6.6 ([20]). Let (X ,Ω) be an affine toric Gorenstein singularity. Then X0
admits a T

n-invariant Ricci-flat Kähler cone metric, with Reeb vector field deter-
mined by Theorem 5.4.

Thus toric varieties are unobstructed. However, this still leaves us with the gen-
eral non-toric case. Problem 6.1 is in fact closely related to a major open conjecture
in the Kähler category. If ξ is regular, then existence of a Ricci-flat Kähler cone met-
ric on X0 with this Reeb vector field is equivalent to existence of a Kähler–Einstein
metric on the Fano V , and we then have the following conjecture due to Yau:

Conjecture 6.7 ([45]). A Fano manifold V admits a Kähler–Einstein metric if and
only if it is stable in the sense of geometric invariant theory.

A considerable amount of progress has been made on this conjecture, notably by
Tian and Donaldson. However, it is still open in general. The conjecture is closely
related to Problem 6.1, and it is clearly of interest to extend the work in the Kähler
setting to the Sasakian setting.

Physics might also provide a different viewpoint. Suppose that X admits a
crepant resolution π : X̂ → X . This means that the holomorphic volume form Ω
on X0 extends smoothly10 as a holomorphic volume form onto the resolution X̂ .
Then one expects the derived category of coherent sheaves Db(coh(X̂)) on X̂ to be
equivalent to the derived category of representations Db(Reps (Q,R)) of a quiver
Q with relations R. In fact, this could be stated formerly as a conjecture; it is known
to be true for various sets of examples. A quiver Q is simply a directed graph. R is
a set of relations on the path algebra CQ of the quiver. The above correspondence
between derived categories, if correct, would allow for a more precise mathematical
statement of what the AdS/CFT map is. Physically, one is placing D3-branes at the
singular point p of X ; mathematically, a D3-brane at a point on X corresponds to
the structure sheaf of that point. The corresponding representation of Q then defines
an N = 1 supersymmetric quantum field theory in four dimensions; this is precisely
the quantum field theory on the D3-brane. The quiver representation determines the
gauge group and matter content of the quantum field theory, and the relations spec-
ify the superpotential, which determines the interactions. The choice of (Q,R) is
known to be nonunique, and this nonuniqueness is related to a duality known as
Seiberg duality [40]. The AdS/CFT correspondence then implies that X admits a
Ricci-flat Kähler cone metric (in dimension n = 3) if and only if this supersymmet-
ric quantum field theory flows to a dual infrared fixed point under renormalization

10 This is certainly an extra constraint. For example, the singularities w2k+1 + x2 + y2 + z2 = 0
admit no crepant resolution by an argument in [25].
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group flow; this infrared fixed point is precisely the superconformal field theory in
the AdS/CFT correspondence. Thus the solution to Problem 6.1, in complex dimen-
sion n = 3, is related to the low-energy behavior of certain supersymmetric quiver
gauge theories in four dimensions.
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30. A. Lichnerowicz, “Géometrie des groupes de transformations,” III, Dunod, Paris, 1958.
31. J. M. Maldacena, “The large N limit of superconformal field theories and supergravity,”

Adv. Theor. Math. Phys. 2, 231 (1998) [Int. J. Theor. Phys. 38, 1113 (1999)] [arXiv:hep-
th/9711200].

32. D. Martelli, J. Sparks, “Toric geometry, Sasaki–Einstein manifolds and a new infinite class of
AdS/CFT duals,” Commun. Math. Phys. 262, 51 (2006) [arXiv:hep-th/0411238].

33. D. Martelli, J. Sparks, “Toric Sasaki–Einstein metrics on S2 × S3,” Phys. Lett. B 621, 208
(2005) [arXiv:hep-th/0505027].

34. D. Martelli, J. Sparks, S.-T. Yau, “The geometric dual of a-maximisation for toric Sasaki–
Einstein manifolds,” Commun. Math. Phys. 268, 39–65 (2006) [arXiv:hep-th/0503183].

35. D. Martelli, J. Sparks, S.-T. Yau, “Sasaki–Einstein Manifolds and Volume Minimisation,”
Commun. Math. Phys. 280 (2008), 611–673 arXiv:hep-th/0603021.

36. S. Minakshisundaram, A. Pleijel, “Some properties of the eigenfunctions of the Laplace–
operator on Riemannian manifolds,” Canadian J. Math. 1 (1949), 242–256.

37. S. B. Myers, “Riemannian manifolds with positive mean curvature,” Duke Math. J. 8 (1941),
401–404.

38. M. Obata, “Certain conditions for a Riemannian manifold to be isometric to a sphere,” J. Math.
Soc. Japan 14 (1962), 333–340.

39. S. Sasaki, “On differentiable manifolds with certain structures which are closely related to
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Some Examples of Toric Sasaki–Einstein
Manifolds

Craig van Coevering

Abstract A series of examples of toric Sasaki–Einstein 5-manifolds is constructed,
which first appeared in the author’s Ph.D. thesis [40]. These are submanifolds
of the toric 3-Sasakian 7-manifolds of C. Boyer and K. Galicki. And there is a
unique toric quasi-regular Sasaki–Einstein 5-manifold associated to every simply
connected toric 3-Sasakian 7-manifold. Using 3-Sasakian reduction as in [7, 8], an
infinite series of examples is constructed of each odd second Betti number. They
are all diffeomorphic to #kM∞, where M∞ ∼= S2 × S3, for k odd. We then make use
of the same framework to construct positive Ricci curvature toric Sasakian met-
rics on the manifolds X∞#kM∞ appearing in the classification of simply connected
smooth 5-manifolds due to Smale and Barden. These manifolds are not spin, thus do
not admit Sasaki–Einstein metrics. They are already known to admit toric Sasakian
metrics (cf. [9]) that are not of positive Ricci curvature. We then make use of the
join construction of C. Boyer and K. Galicki first appearing in [6], see also [9], to
construct infinitely many toric Sasaki–Einstein manifolds with arbitrarily high sec-
ond Betti number of every dimension 2m+1 ≥ 5. This is in stark contrast with the
analogous case of Fano manifolds in even dimensions.

1 Introduction

A new series of quasi-regular Sasaki–Einstein 5-manifolds is constructed. These
examples first appeared in the author’s Ph.D. thesis [40]. They are toric and arise
as submanifolds of toric 3-Sasakian 7-manifolds. Applying 3-Sasakian reduction to
torus actions on spheres, C. Boyer, K. Galicki, et al. [8] produced infinitely many
toric 3-Sasakian 7-manifolds. More precisely, one has a 3-Sasakian 7-manifold SΩ
for each integral weight matrix Ω satisfying some conditions to ensure smoothness.
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This produces infinitely many examples of each b2(SΩ) ≥ 1. A result of
D. Calderbank and M. Singer [12] shows that, up to finite coverings, this pro-
duces all examples of toric 3-Sasakian 7-manifolds. Associated to each SΩ is its
twistor space Z , a complex contact Fano 3-fold with orbifold singularities. The
action of T 2 complexifies to T 2

C
= C

∗ ×C
∗ acting on Z . Furthermore, if L is the

line bundle of the complex contact structure, the action defines a pencil

E = P(tC) ⊆ |L|,

where tC is the Lie algebra of T 2
C

. We determine the structure of the divisors in
E. The generic X ∈ E is a toric variety with orbifold structure whose orbifold an-
ticanonical bundle K−1

X is positive. The total space M of the associated S1 orb-
ifold bundle to KX has a natural Sasaki–Einstein structure. Associated to any toric
3-Sasakian 7-manifold S with π1(S) = e, we have the following diagram.

(1.1)

The horizontal maps are inclusions, and the vertical are orbifold fibrations. And M
is the 4-dimensional anti–self-dual Einstein orbifold over which S is an Sp(1) or
SO(3) orbifold bundle.

It follows from the Smale/Barden classification of smooth 5-manifolds (cf. [38]
and [3]) that M is diffeomorphic to #k(S2 × S3) where b2(M) = k. We have the
following:

Theorem 1.1. Associated to every simply connected toric 3-Sasakian 7-manifold S
is a toric quasi-regular Sasaki–Einstein 5-manifold M. If b2(S) = k, then b2(M) =
2k +1 and

M ∼=
diff

#m(S2 ×S3), where m = b2(M).

This gives an invertible correspondence. That is, given either X or M in dia-
gram 1.1, one can recover the other spaces with their respective geometries.

This gives an infinite series of quasi-regular Sasaki–Einstein structures on
#m(S2 ×S3) for every odd m ≥ 3.

In Section 2, we review the basics of Sasakian geometry. In Section 3, we cover
the toric geometry used in the proof of 1.1. The reader can find a complete proof
of the solution to the Einstein equations giving Theorem 1.1 in [40]. But the ex-
istence problem of Sasaki–Einstein structures on toric Sasakian manifolds is com-
pletely solved in [41] and [18]. So this result is summarized in Section 4. The basics
of 3-Sasakian manifolds and 3-Sasakian reduction are covered in Section 5. This
section also contains some results on anti–self-dual Einstein orbifolds such as the
classification result of D. Calderbank and M. Singer used in the correspondence
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in Theorem 1.1. Section 6 contains the proof of Theorem 1.1 and completes di-
agram 1.1. The only other possible topological types for simply connected toric
Sasakian 5-manifolds are the non-spin manifolds X∞#kM∞. In Section 7, we use
the framework already constructed to construct positive Ricci curvature Sasakian
metrics on these manifolds. They are already shown to admit Sasakian structures
in [9]. In Section 8, we use the join construction of C. Boyer and K. Galicki [6,9] to
construct higher dimensional examples of toric quasi-regular Sasaki–Einstein and
positive Ricci curvature manifolds. In particular, in every possible dimension n ≥ 5
there exist infinitely many toric quasi-regular Sasaki–Einstein manifolds with arbi-
trarily high second Betti number.

This article concentrates on the quasi-regular case. This is not for lack of interest
in irregular Sasaki–Einstein manifolds, but that case is covered well elsewhere, such
as in [18, 31, 32].

This article makes copious use of orbifolds, V-bundles on them, and orbifold in-
variants such as the orbifold fundamental group πorb

1 and orbifold cohomology H∗
orb.

We will use the terminology “V-bundle” to denote an orbifold bundle. The charac-
teristic classes of V-bundles will be elements of orbifold cohomology. The reader
unfamiliar with these concepts can consult [24] or the appendices of [5] or [40].

2 Sasakian Manifolds

We summarize the basics of Sasakian geometry in this section. See the survey article
of C. Boyer and K. Galicki [5] for more details.

Definition 2.1. Let (M,g) be a Riemannian manifold of dimension n = 2m+1, and
∇ the Levi–Civita connection. Then (M,g) is Sasakian if either of the following
equivalent conditions hold:
(i) There exists a unit length Killing vector field ξ on M so that the (1,1) tensor
Φ(X) = ∇Xξ satisfies the condition

(∇XΦ)(Y ) = g(ξ ,Y )X −g(X ,Y )ξ

for vector fields X and Y on M.
(ii) The metric cone C(M) = R+ ×M, ḡ = dr2 + r2g is Kähler.

Define η to be the one form dual to ξ , i.e., η(X) = g(X ,ξ ). We say that
{g,Φ,ξ ,η} defines a Sasakian structure on M. Note that D = kerη defines a contact
structure on M, and Φ defines a CR-structure on D. Also, the integral curves of ξ
are geodesics. The one form η extends to a one form on C(M) as η(X) = 1

r2 ḡ(ξ ,X).
In (ii) of the definition, M is identified with the subset r = 1 of C(M), and ξ = Jr∂r.
And the complex structure arises as

Jr∂r = ξ JY = Φ(Y )−η(Y )r∂r for Y ∈ T M. (2.1)
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The Kähler form of (C(M), ḡ) is given by

1
2

d(r2η) =
1
2

ddcr2, (2.2)

where dc = i
2 (∂̄ −∂ ).

Besides the Kähler structure on C(M), there is transverse Kähler structure on M.
The Killing vector field ξ generates the Reeb foliation Fξ on M. The vector field
ξ − iJξ = ξ + ir∂r on C(M) is holomorphic and generates a local C

∗-action extend-
ing that of ξ on M. The local orbits of this action define a transverse holomorphic
structure on Fξ . One can choose an open covering {Uα}α∈A of M such that we have
the projection onto the local leaf space πα : Uα →Vα . Then when Uα ∩Uβ �= /0, the
transition

πβ ◦π−1
α : πα(Uα ∩Uβ ) → πβ (Uα ∩Uβ )

is holomorphic. There is an isomorphism

dπα : Dp → Tπα (p)Vα ,

for each p ∈Uα , which allows one to define a metric gT with Kähler form ω = 1
2 dη

as restrictions of g and 1
2 dη = g(Φ·, ·) to Dp. These are easily seen to be invariant

under coordinate changes. Straightforward calculation gives the following:

Proposition 2.2. Let (M,g) be a Sasakian manifold, and πα : Uα →Vα as above. If
Y,Z ∈ Γ(D) are πα -related to Ỹ , Z̃ ∈ Γ(TVα) then

RicT (Ỹ , Z̃) = Ric(Y,Z)+2g(X ,Y ), (2.3)

sT = s+2m, (2.4)

where Ric,s, resp. RicT ,sT , are the Ricci and scalar curvatures of g, resp. gT .

Definition 2.3. A Sasaki–Einstein manifold is a Sasakian manifold (M,g) with
Ric = 2mg.

Note that one always has Ric(ξ ,ξ ) = 2m which fixes the Einstein constant at 2m.
Simple calculation shows that (M,g) is Einstein if, only if, (C(M), ḡ) is Ricci flat.

If ξ on M induces a free S1-action, then {g,Φ,ξ ,η} is a regular Sasakian struc-
ture. Another possibility is that all the orbits close but the action is not free, then
the structure is quasi-regular. The third possibility is that not all the orbits close,
in which case the generic orbit does not close. In this case, the Sasakian structure
is irregular. In the regular, resp. quasi-regular, cases the leaf space, along with its
transverse Kähler structure, is a manifold, resp. orbifold, X . And M is the total space
of a principal S1-bundle, resp. S1 V-bundle, π : M → X . A V-bundle is the orbifold
analogue of a fiber bundle. See the appendices of [5] or [40] for details.

For a quasi-regular Sasakian manifold (M,g,Φ,ξ ,η), the leaf space X of Fξ is a
normal projective, algebraic variety with an orbifold structure and a Kähler form ω
with [ω] ∈ H2

orb(X ,Z). We will make use of the following well-known converse [6].
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Proposition 2.4. Let (X ,ω) be a Kähler orbifold, with [ω] ∈ H2
orb(X ,Z). There

is a holomorphic line V-bundle L with c1(L) = −[ω] ∈ H2
orb(X ,Z) and an S1-

principal subbundle M ⊂ L such that M has a family of Sasakian structures
{ga,Φ,ξa,ηa},a ∈ R+,

ga = a2η⊗η +aπ∗h, where h is a Kähler metric on X .

Furthermore, if L× is L minus the zero section, then L× is biholomorphic to C(M).
If (X ,ω) is Kähler–Einstein with positive scalar curvature, and q[ω] ∈ corb

1 (X),
for q ∈ Z+, then exactly one of the above Sasakian structures is Sasaki–Einstein,

and one may take L = K
1
q

X .

Note that if πorb
1 (X) = e and [ω] is indivisible in H2

orb(X ,Z), then πorb
1 (M) = e.

Of course, we are interested in the case where M is smooth. This happens when the
action of the local uniformizing groups of X inject into the group of the fibers of the
V-bundle M.

We will mainly be interested in toric Sasaki–Einstein manifolds.

Definition 2.5. A toric Sasakian manifold is a Sasakian manifold M of dimension
2m + 1 whose Sasakian structure {g,Φ,ξ ,η} is preserved by an effective action of
an (m+1)-dimensional torus T such that ξ is an element of the Lie algebra t of T .

Let TC
∼= (C∗)m+1 be the complexification of T , then TC acts on C(M) by holo-

morphic automorphisms. One sees that this definition is equivalent to C(M) being a
toric Kähler manifold.

3 Toric Geometry

We give some basic definitions in the theory of toric varieties that we will need.
See [16, 33, 34] for more details. In addition, we will consider the notion of a com-
patible orbifold structure on a toric variety and holomorphic V-bundles. We are in-
terested in Kähler toric orbifolds and will give a description of the Kähler structure
due to V. Guillemin [22].

3.1 Toric Varieties

Let N ∼= Z
r be the free Z-module of rank r and M = HomZ(N,Z) its dual. We denote

NQ = N ⊗Q and MQ = M⊗Q with the natural pairing

〈 , 〉 : MQ ×NQ → Q.

Similarly we denote NR = N ⊗R and MR = M⊗R.
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Let TC := N ⊗Z C
∗ ∼= C

∗ × · · ·×C
∗ be the algebraic torus. Each m ∈ M defines a

character χm : TC →C
∗ and each n∈N defines a one-parameter subgroup λn : C

∗ →
TC. In fact, this gives an isomorphism between M (resp. N) and the multiplicative
group Homalg.(TC,C∗) (resp. Homalg.(C∗,TC)).

Definition 3.1. A subset σ of NR is a strongly convex rational polyhedral cone if
there are n1, . . . ,nr so that

σ = R≥0n1 + · · ·+R≥0nr,

and one has σ ∩−σ = {o}, where o ∈ N is the origin.

The dimension dimσ is the dimension of the R-subspace σ +(−σ) of NR. The
dual cone to σ is

σ∨ = {x ∈ MR : 〈x,y〉 ≥ 0 for all y ∈ σ},

which is also a convex rational polyhedral cone. A subset τ of σ is a face, τ < σ , if

τ = σ ∩m⊥ = {y ∈ σ : 〈m,y〉 = 0} for m ∈ σ∨.

And τ is a strongly convex rational polyhedral cone.

Definition 3.2. A fan in N is a collection ∆ of strongly convex rational polyhedral
cones such that:

(i) For σ ∈ ∆ every face of σ is contained in ∆.
(ii) For any σ ,τ ∈ ∆, the intersection σ ∩ τ is a face of both σ and τ .

We will consider complete fans for which the support
⋃

σ∈∆ σ is NR. We will denote

∆(i) := {σ ∈ ∆ : dimσ = i}, 0 ≤ i ≤ n.

Definition 3.3. A fan in N is nonsingular if each σ ∈ ∆(r) is generated by r elements
of N that can be completed to a Z-basis of N. A fan in N is simplicial if each σ ∈∆(r)
is generated by r elements of N that can be completed to a Q-basis of NQ.

If σ is a strongly convex rational polyhedral cone, Sσ = σ∨ ∩M is a finitely
generated semigroup. We denote by C[Sσ ] the semigroup algebra. We will denote
the generators of C[Sσ ] by xm for m ∈ Sσ . Then Uσ := SpecC[Sσ ] is a normal affine
variety on which TC acts algebraically with a (Zariski) open orbit isomorphic to TC.
If σ is nonsingular, then Uσ ∼= C

n.

Theorem 3.4 ([16, 33, 34]). For a fan ∆ in N the affine varieties Uσ for σ ∈ ∆ glue
together to form an irreducible normal algebraic variety

X∆ =
⋃
σ∈∆

Uσ .

Furthermore, X∆ is nonsingular if, and only if, ∆ is nonsingular. And X∆ is compact
if, and only if, ∆ is complete.
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Proposition 3.5. The variety X∆ has an algebraic action of TC with the following
properties.

(i) To each σ ∈ ∆(i),0 ≤ i ≤ n, there corresponds a unique (n− i)-dimensional
TC-orbit Orb(σ) so that X∆ decomposes into the disjoint union

X∆ =
⋃
σ∈∆

Orb(σ),

where Orb(o) is the unique n-dimensional orbit and is isomorphic to TC.
(ii) The closure V (σ) of Orb(σ) in X∆ is an irreducible (n− i)-dimensional TC-

stable subvariety and
V (σ) =

⋃
τ≥σ

Orb(τ).

We will consider toric varieties with an orbifold structure.

Definition 3.6. We will denote by ∆∗ an augmented fan by which we mean a fan ∆
with elements n(ρ) ∈ N ∩ρ for every ρ ∈ ∆(1).

Proposition 3.7. For a complete simplicial augmented fan ∆∗, we have a natural
orbifold structure compatible with the action of TC on X∆. We denote X∆ with this
orbifold structure by X∆∗ .

Proof. Let σ ∈ ∆∗(n) have generators p1, p2, . . . , pn as in the definition. Let N′ ⊆ N
be the sublattice N′ = Z{p1, p2, . . . , pn}, and σ ′ the equivalent cone in N′. Denote
by M′ the dual lattice of N′ and T ′

C
the torus. Then Uσ ′ ∼= C

n. It is easy to see that

N/N′ = HomZ(M′/M,C∗).

And N/N′ is the kernel of the homomorphism

T ′
C

= HomZ(M′,C∗) → TC = HomZ(M,C∗).

Let Γ = N/N′. An element t ∈ Γ is a homomorphism t : M′ → C
∗ equal to 1 on M.

The regular functions on Uσ ′ consist of C-linear combinations of xm for m ∈ σ ′∨ ∩
M′. And t ·xm = t(m)xm. Thus the invariant functions are the C-linear combinations
of xm for m∈ σ∨∩M, the regular functions of Uσ . Thus Uσ ′/Γ=Uσ . And the charts
are easily seen to be compatible on intersections. ��

Conversely, we have the following.

Proposition 3.8. Let ∆ be a complete simplicial fan. Suppose for simplicity that the
local uniformizing groups are abelian. Then every orbifold structure on X∆ compat-
ible with the action of TC arises from an augmented fan ∆∗.

See [40] for a proof.
Let ∆∗ be an augmented fan in N. We will assume from now on that the fan ∆ is

simplicial and complete.
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Definition 3.9. A real function h : NR → R is a ∆∗ -linear support function if for
each σ ∈ ∆∗ with given Q-generators p1, . . . , pr in N, there is an lσ ∈ MQ with
h(s) = 〈lσ ,s〉 and lσ is Z-valued on the sublattice Z{p1, . . . , pr}. And we require
that 〈lσ ,s〉 = 〈lτ ,s〉 whenever s ∈ σ ∩ τ . The additive group of ∆∗-linear support
functions will be denoted by SF(∆∗).

Note that h ∈ SF(∆∗) is completely determined by the integers h(n(ρ)) for all
ρ ∈ ∆(1). And conversely, an assignment of an integer to h(n(ρ)) for all ρ ∈ ∆(1)
defines h. Thus

SF(∆∗) ∼= Z
∆(1).

Definition 3.10. Let ∆∗ be a complete augmented fan. For h ∈ SF(∆∗),

Σh := {m ∈ MR : 〈m,n〉 ≥ h(n), for all n ∈ NR},

is a, possibly empty, convex polytope in MR.

We will consider the holomorphic line V -bundles on X = X∆∗. All V -bundles
will be proper in this section. The set of isomorphism classes of holomorphic line
V -bundles is denoted by Picorb(X), which is a group under the tensor product.

Definition 3.11. A Baily divisor is a Q-Weil divisor D ∈ Weil(X)⊗Q whose inverse
image DŨ ∈ Weil(Ũ) in every local uniformizing chart π : Ũ → U is Cartier. The
additive group of Baily divisors is denoted Divorb(X).

A Baily divisor D defines a holomorphic line V -bundle [D] ∈ Picorb(X) in a way
completely analogous to Cartier divisors. Given a nonzero meromorphic function
f ∈ M , we have the principal divisor

div( f ) :=∑
V

νV ( f )V,

where νV ( f )V is the order of the zero, or negative the order of the pole, of f along
each irreducible subvariety of codimension one. We have the exact sequence

1 → C
∗ → M ∗ → Divorb(X)

[ ]→ Picorb(X). (3.1)

A holomorphic line V -bundle π : L → X is equivariant if there is an action of
TC on L such that π is equivariant, π(tw) = tπ(w) for w ∈ L and t ∈ TC and the
action lifts to a holomorphic action, linear on the fibers, over each uniformizing
neighborhood. The group of isomorphism classes of equivariant holomorphic line
V -bundles is denoted Picorb

TC
(X). Similarly, we have invariant Baily divisors, de-

noted Divorb
TC

(X), and [D] ∈ Picorb
TC

(X) whenever D ∈ Divorb
TC

(X).

Proposition 3.12. Let X = X∆∗ be compact with the standard orbifold structure, i.e.,
∆∗ is simplicial and complete.

(i) There is an isomorphism SF(∆∗) ∼= Divorb
TC

(X) obtained by sending h ∈
SF(∆∗) to

Dh := − ∑
ρ∈∆(1)

h(n(ρ))V (ρ).
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(ii) There is a natural homomorphism SF(∆∗) → Picorb
TC

(X) that associates an
equivariant line V -bundle Lh to each h ∈ SF(∆∗).

(iii) Suppose h ∈ SF(∆∗) and m ∈ M satisfies

〈m,n〉 ≥ h(n) for all n ∈ NR,

then m defines a section ψ : X → Lh which has the equivariance property ψ(tx) =
χm(t)(tψ(x)).

(iv) The set of sections H0(X ,O(Lh)) is the finite dimensional C-vector space
with basis {xm : m ∈ Σh ∩M}.

(v) Every Baily divisor is linearly equivalent to a TC-invariant Baily divisor. Thus
for D ∈ Picorb(X), [D] ∼= [Dh] for some h ∈ SF(∆∗).

(vi) If L is any holomorphic line V -bundle, then L ∼= Lh for some h ∈ SF(∆∗).
The homomorphism in part i. induces an isomorphism SF(∆∗) ∼= Picorb

TC
(X) and

we have the exact sequence

0 → M → SF(∆∗) → Picorb(X) → 1.

Proof. (i) For each σ ∈ ∆(n) with uniformizing neighborhood π : Uσ ′ → Uσ as
above, the map h → Dh assigns the principal divisor

div(x−lσ ) = − ∑
ρ∈∆(1),ρ<σ

h(n(ρ))V ′(ρ),

where V ′(ρ) is the closure of the orbit Orb(ρ) in Uσ ′ . An element Divorb
TC

(X) must
be a sum of closures of codimension one orbits V (ρ) in Proposition 3.5, and by
above remarks the map is an isomorphism.

(ii) One defines Lh := [Dh], where [Dh] is constructed as follows. Consider a
uniformizing chart π : Uσ ′ → Uσ as in Proposition 3.7. Define Lh|Uσ ′ to be the
invertible sheaf OUσ ′ (Dh), with Dh defined on Uσ ′ by x−lσ . So Lh|Uσ ′

∼= Uσ ′ ×C

with an action of T ′
C

,

t(x,v) = (tx,χ−lσ (t)v) where t ∈ T ′
C
, (x,v) ∈Uσ ′ ×C.

Then Lh|Uσ is the quotient by the subgroup N/N′ ⊂ T ′
C

, so it has an action of TC.
And the Lh|Uσ glue together equivariantly with respect to the action.

(iii) For σ ∈∆, we have 〈m,n〉 ≥ 〈lσ ,n〉 for all n∈ σ . Then m− lσ ∈M′ ∩σ ′∨ and
xm−lσ is a section of the invertible sheaf OUσ ′ (Dh) and is equivariant with respect to
N/N′ so it defines a section of Lh|Uσ . And these sections are compatible.

(iv) We will make use of the GAGA theorems of A. Grothendieck [20, 21]. As
with any holomorphic V -bundle, the sheaf of sections O(Lh) is a coherent sheaf. It
follows from GAGA that we may consider O(Lh) as a coherent algebraic sheaf, and
all global sections are algebraic. If φ is a global section, then φ ∈ H0(TC,O(Lh)) ⊂
C[M]. And in the uniformizing chart π : Uσ ′ → Uσ , φ lifts to an element of the
module OUσ ′ · x

lσ that has a basis {xm : m ∈ lσ + M′ ∩σ ′∨}. So φ |Uσ is a C-linear
combination of xm with m ∈ M and 〈m,n〉 ≥ h(n) for all n ∈ σ . Thus m ∈ Σh.
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(v) The divisor TC ∩D is a Cartier divisor on TC which is also principal since
C[M] is a unique factorization domain. Thus there is a nonzero rational function f
so that D′ = D−div( f ) satisfies D′ ∩TC = /0. Then D′ ∈ Divorb

TC
(X), and the result

follows from i.
(vi) Consider LUσ ′ on a uniformizing neighborhood Uσ ′ as above. For each ρ ∈

∆(1),ρ < σ the subgroup Hρ ⊆ N/N′ fixing V ′(ρ) is cyclic and generated by n′ ∈ N
where n′ is the primitive element with aρn′ = n(ρ). Now Hρ acts linearly on the
fibers of LUσ ′ over V ′(ρ). Suppose n′ acts with weight e2πi k

a , then let Dρ := kV (ρ).
If D′ := ∑ρ∈∆(1) Dρ , then L′ := L⊗ [−D′] is Cartier on X0 := X \Sing(X), where
Sing(X) has codimension at least two. The sheaf O(L′) is not only coherent but
is a rank-1 reflexive sheaf. By GAGA O(L′) ∼= E ⊗O′, where E is an algebraic
reflexive rank-1 sheaf and O′ is the sheaf of analytic functions. It is well-known
that E = O(D) for D ∈ Weil(X). And as a Baily divisor, we have L′ ∼= [D]. So
L ∼= [D+D′], and by v. we have L ∼= Lh for some h ∈ SF(∆∗). ��

The sign convention in the proposition is adopted to make subsequent discussions
involving Σh consistent with the existing literature, although having D−m = div(xm)
may be bothersome. Note also that we denote a Baily divisor by a formal Z-linear
sum the coefficient giving the multiplicity of the irreducible component in the uni-
formizing chart. This is different from its expression as a Weil divisor when irre-
ducible components are contained in codimension-1 components of the singular set
of the orbifold.

For X = X∆∗ , there is a unique k ∈ SF(∆∗) such that k(n(ρ)) = 1 for all ρ ∈ ∆(1).
The corresponding Baily divisor

Dk := − ∑
ρ∈∆(1)

V (ρ) (3.2)

is the (orbifold) canonical divisor. The corresponding V -bundle is KX , the V -bundle
of holomorphic n-forms. This will in general be different from the canonical sheaf
in the algebraic geometric sense.

Definition 3.13. Consider support functions as above but that are only required to
be Q-valued on NQ, denoted SF(∆,Q). h is strictly upper convex if h(n + n′) ≥
h(n)+h(n′) for all n,n′ ∈ NQ and for any two σ ,σ ′ ∈ ∆(n), lσ and lσ ′ are different
linear functions.

Given a strictly upper convex support function h, the polytope Σh is the convex
hull in MR of the vertices {lσ : σ ∈ ∆(n)}. Each ρ ∈ ∆(1) defines a facet by

〈m,n(ρ)〉 ≥ h(n(ρ)).

If n(ρ) = aρn′ with n′ ∈ N primitive and aρ ∈ Z
+ we may label the face with aρ to

get the labeled polytope Σ∗
h, which encodes the orbifold structure. Conversely, from

a rational convex polytope Σ∗, we associate a fan ∆∗ and a support function h as
follows. For an l-dimensional face θ ⊂ Σ∗, define the rational n-dimensional cone
σ∨(θ)⊂ MR consisting of all vectors λ (p− p′), where λ ∈ R≥0, p ∈ Σ, and p′ ∈ θ .
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Then σ(θ)⊂ NR is the (n− l)-dimensional cone dual to σ∨(θ). The set of all σ(θ)
defines the complete fan ∆∗, where one assigns n(ρ) to ρ ∈ ∆(1) if n(ρ) = an′ with
n′ primitive and a is the label on the corresponding (n−1)-dimensional face of Σ∗.
The corresponding rational support function is then

h(n) = inf{〈m,n〉 : m ∈ Σ∗} for n ∈ NR.

Proposition 3.14 ([16, 34]). There is a one-to-one correspondence between the set
of pairs (∆∗,h) with h ∈ SF(∆,Q) strictly upper convex, and rational convex marked
polytopes Σ∗

h.

We will be interested in toric orbifolds X∆∗ with such a support function and
polytope, Σ∗

h. More precisely, we will be concerned with the following.

Definition 3.15. Let X = X∆∗ be a compact toric orbifold. We say that X is Fano
if −k ∈ SF(∆∗), which defines the anticanonical V -bundle K−1

X , is strictly upper
convex.

These toric varieties are not necessarily Fano in the usual sense, since K−1
X is the

orbifold anticanonical class. This condition is equivalent to {n ∈ NR : k(n) ≤ 1} ⊂
NR being a convex polytope with vertices n(ρ),ρ ∈ ∆(1). We will use ∆∗ to denote
both the augmented fan and this polytope in this case.

If Lh is a line V -bundle, then for certain s > 0, Ls
h
∼= Lsh will be a holo-

morphic line bundle. For example, s = Ord(X), the least common multiple of
the orders of the uniformizing groups, will do. So suppose Lh is a holomorphic
line bundle. If the global holomorphic sections generate Lh, by Proposition 3.12
M∩Σh = {m0,m1, . . . ,mr} and we have a holomorphic map ψh : X → CPr where

ψh(w) := [xm0(w) : xm1(w) : · · · : xmr(w)]. (3.3)

Proposition 3.16 ([34]). Suppose Lh is a line bundle, so h ∈ SF(∆∗) is integral, and
suppose h is strictly upper convex. Then Lh is ample, meaning that for large enough
ν > 0

ψνh : X → CPN ,

is an embedding, where M∩Σνh = {m0,m1, . . . ,mN}.

Corollary 3.17. Let X be a Fano toric orbifold. If ν > 0 is sufficiently large with
−νk integral, K−ν will be very ample and ψ−νk : X → CPN an embedding.

Let X∆∗ be an orbifold surface with h ∈ SF(∆∗). Then the total spaces of Lh
and L×

h are toric varieties. The fan of L×
h is as follows. If σ ∈ ∆∗ is spanned by

n(ρ1), . . . ,n(ρk) ∈ Z
n as in Definition 3.6, let σ̄ be the cone in R

n+1 spanned by
(n(ρ1),h(n(ρ1))), . . . ,(n(ρk),h(n(ρk)))∈Z

n+1. The collection of σ̄ ,σ ∈ ∆∗ defines
a fan C = Ch, which is the fan of L×

h . Furthermore, if h, or −h, is strictly upper
convex, then one can add an additional (n + 1)-cone to Ch to get an affine variety
Y = L×

h ∪ {p}. We will make use of the smoothness condition on L×
h . The toric

variety L×
h is smooth if for every n-cone σ̄ of C as above spanned by τ1, . . . ,τn ∈

Z
n+1 we have
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(R≥0τ1 + · · ·+R≥0τn)∩Z
n+1 = Z≥0τ1 + · · ·+Z≥0τn. (3.4)

Suppose Lq
h
∼= KX for some q ∈ Z>0. Then KY is trivial. That is, Y has a Goren-

stein singularity at the apex.

3.2 Kähler Structures

We review the construction of toric Kähler metrics on toric varieties. Any compact
toric orbifold associated to a polytope admits a Kähler metric (see [29]). Due to
T. Delzant [13] and E. Lerman and S. Tolman [29] in the orbifold case, the sym-
plectic structure is uniquely determined up to symplectomorphism by the polytope,
which is the image of the moment map. This polytope is Σ∗

h of the previous section
with h generalized to be real valued. There are infinitely many Kähler structures on
a toric orbifold with fixed polytope Σ∗

h, but there is a canonical Kähler metric ob-
tained by reduction. V. Guillemin gave an explicit formula [11, 22] for this Kähler
metric. In particular, we show that every toric Fano orbifold admits a Kähler metric
ω ∈ c1(X).

Let Σ∗ be a convex polytope in MR
∼= R

n∗ defined by the inequalities

〈x,ui〉 ≥ λi, i = 1, . . . ,d, (3.5)

where ui ∈ N ⊂ NR
∼= R

n and λi ∈ R. If Σ∗
h is associated to (∆∗,h), then the ui and

λi are the set of pairs n(ρ) and h(n(ρ)) for ρ ∈ ∆(1). We allow the λi to be real but
require any set ui1 , . . . ,uin corresponding to a vertex to form a Q-basis of NQ.

Let (e1, . . . ,ed) be the standard basis of R
d and β : R

d → R
n be the map that

takes ei to ui. Let n be the kernel of β , so we have the exact sequence

0 → n
ι→ R

d β→ R
n → 0, (3.6)

and the dual exact sequence

0 → R
n∗ β ∗

→ R
d∗ ι∗→ n∗ → 0. (3.7)

Since (3.6) induces an exact sequence of lattices, we have an exact sequence

1 → N → T d → T n → 1, (3.8)

where the connected component of the identity of N is an (d−n)-dimensional torus.
The standard representation of T d on C

d preserves the Kähler form

i
2

d

∑
k=1

dzk ∧dz̄k, (3.9)

and is Hamiltonian with moment map
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µ(z) =
1
2

d

∑
k=1

|zk|2ek + c, (3.10)

unique up to a constant c. We will set c = ∑d
k=1 λkek. Restricting to n∗, we get the

moment map for the action of N on C
d

µN(z) =
1
2

d

∑
k=1

|zk|2αk +λ , (3.11)

with αk = ι∗ek and λ = ∑λkαk. Let Z = µ−1
N (0) be the zero set. By the exactness

of (3.7) z ∈ µ−1
N (0) if and only if there is a v ∈ R

n∗ with µ(z) = β ∗v. Since β ∗ is
injective, we have a map

ν : Z → R
n∗, (3.12)

where β ∗ν(z) = µ(z) for all z ∈ Z. For z ∈ Z

〈ν(z),ui〉 = 〈β ∗ν(z),ei〉
= 〈µ(z),ei〉 (3.13)

=
1
2
|zi|2 +λi,

thus ν(z) ∈ Σ∗. Conversely, if v ∈ Σ∗, then v = ν(z) for some z ∈ Z and in fact a T d

orbit in Z. Thus Z is compact. The following is not difficult to show.

Theorem 3.18. The action of N on Z is locally free. Thus the quotient

XΣ∗ = Z/N

is a compact orbifold. Let
π : Z → X

be the projection and
ι : Z → C

d

the inclusion. Then XΣ∗ has a canonical Kähler structure with Kähler form ω
uniquely defined by

π∗ω = ι∗
(

i
2

d

∑
k=1

dzk ∧dz̄k

)
.

We have an action of T n = T d/N on XΣ∗ , which is Hamiltonian for ω . The map
ν is T d invariant, and it descends to a map, which we also call ν ,

ν : XΣ∗ → R
n∗, (3.14)

which is the moment map for this action. The above comments show that Im(ν) =
Σ∗. The action T n extends to the complex torus T n

C
, and one can show that as an ana-

lytic variety and orbifold,XΣ∗ is the toric variety constructed from Σ∗ in the previous
section. See [23] for more details.



198 C. van Coevering

Let σ : C
d → C

d be the involution σ(z) = z̄. The set Z is stable under σ , and σ
descends to an involution on X . We denote the fixed point sets by Zr and Xr. And
we have the projection

π : Zr → Xr. (3.15)

We equip Zr and Xr with Riemannian metrics by restricting the Kähler metrics on
C

d and X , respectively.

Proposition 3.19. The map (3.15) is a locally finite covering and is an isometry with
respect to these metrics

Note that Zr is a subset of R
d defined by

1
2

d

∑
k=1

x2
kαk = −λ . (3.16)

Restrict to the orthant xk > 0 k = 1, . . . ,d of R
d . Let Z′

r be the component of Zr in
this orthant. Under the coordinates

sk =
x2

k
2

, k = 1, . . . ,d. (3.17)

The flat metric on R
d becomes

1
2

d

∑
k=1

(dsk)2

sk
. (3.18)

Consider the moment map ν restricted to Z′
r. The above arguments show that ν maps

Z′
r diffeomorphically onto the interior Σ◦ of Σ. In particular, we have

〈ν(x),uk〉 = λk + sk, k = 1, . . . ,d, for x ∈ Z′
r. (3.19)

Let lk : R
n∗ → R be the affine function

lk(x) = 〈x,uk〉−λk, k = 1, . . . ,d.

Then by equation (3.19), we have

lk ◦ν = sk. (3.20)

Thus the moment map ν pulls back the metric

1
2

d

∑
k=1

(dlk)2

lk
, (3.21)

on Σ◦ to the metric (3.18) on Z′
r. We obtain the following.

Proposition 3.20. The moment map ν : X ′
r → Σ◦ is an isometry when Σ◦ is given the

metric (3.21).
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Let W ⊂ X be the orbit of T n
C

isomorphic to T n
C

. Then by restriction, W has
a T n-invariant Kähler form ω . Identify T n

C
= C

n/2πiZn, so there is an inclusion
ι : R

n → T n
C

.

Proposition 3.21. Let ω be a T n-invariant Kähler form on W. Then the action of
T n is Hamiltonian if and only if ω has a T n-invariant potential function, that is, a
function F ∈C∞(Rn) such that

ω = 2i∂ ∂̄F.

Proof. Suppose the action is Hamiltonian. Any T n-orbit is Lagrangian, so ω re-
stricts to zero. The inclusion T n ⊂ T n

C
is a homotopy equivalence. Thus ω is exact.

Let γ be a T n-invariant 1-form with ω = dγ . Let γ = β + β̄ where β ∈Ω0,1. Then

ω = dγ = ∂β + ∂̄ β̄ ,

since ∂̄ β = ∂ β̄ = 0. Since H0,k(W )T n = 0 for k > 0, there exists a T n-invariant
function f with β = ∂̄ f . Then

ω = ∂ ∂̄ f + ∂̄ ∂ f̄ = 2i∂ ∂̄ Im f .

The converse is a standard result. ��
Suppose the T n action on W is Hamiltonian with moment map ν : W → R

n∗.
Denote by x+ iy the coordinates given by the identification W = C

n/2πiZn.

Proposition 3.22 ([22]). Up to a constant, ν is the Legendre transform of F, i.e.,

ν(x+ iy) =
∂F
∂x

+ c, c ∈ R
n∗

Proof. By definition

dνk = −ι
(

∂
∂yk

)
ω.

But by Proposition 3.21,

ω =
n

∑
j,k=1

∂ 2F
∂x j∂xk

dx j ∧dyk,

so

dνk = −ι
(

∂
∂yk

)
ω = d

(
∂F
∂xk

)
.

Therefore νk = ∂F
∂xk

+ ck. ��
We can eliminate c by replacing F with F −∑n

k=1 ckxk.
Notice that the metric (3.21) on Σ◦ can be written

∑
j,k

∂ 2G
∂y j∂yk

dy jdyk, (3.22)
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with

G =
1
2

d

∑
k=1

lk(y) log lk(y). (3.23)

V. Guillemin [22] showed that the Legendre transform of G is the inverse Legendre
transform of F , i.e.,

∂F
∂x

= y and
∂G
∂y

= x. (3.24)

From this it follows that

F(x) =
n

∑
i=1

xiyi −G(y), where y =
∂F
∂x

. (3.25)

Define

l∞(x) =
d

∑
i=1

〈x,ui〉.

From equations (3.23) and (3.25), it follows that F has the expression

F =
1
2
ν∗
(

d

∑
k=1

λk log lk + l∞

)
, (3.26)

which gives us the following.

Theorem 3.23 ([11,22]). On the open T n
C

orbit of XΣ∗ the Kähler form ω is given by

i∂ ∂̄ν∗
(

d

∑
k=1

λk log lk + l∞

)
.

Suppose we have an embedding as in Proposition 3.16,

ψh : XΣ∗ → CPN .

So Σh is an integral polytope and M∩Σh = {m0,m1, . . . ,mN}. Let ωFS be the Fubini–
Study metric on CPN . Note that ψ∗

hωFS is degenerate along the singular set of X , so
does not define a Kähler form.

Consider the restriction of ψh to the open T n
C

orbit W ⊂ X . Let ι = ψh|W . It is
induced by a representation

τ : T n
C
→ GL(N +1,C), (3.27)

with weights m0,m1, . . . ,mN . If z = x+ iy ∈ C
n/2πiZn = T n

C
, and w = (w0, . . . ,wN),

then
τ(expz)w = (e〈m0,x+iy〉w0, . . . ,e〈mN ,x+iy〉wN). (3.28)

Recall the Fubini–Study metric is

ωFS = i∂ ∂̄ log |w|2. (3.29)
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Let [w0 : · · · : wN ] be homogeneous coordinates of a point in the image of W , then

ι∗ωFS = i∂ ∂̄ log
( N

∑
k=0

|wk|2e2〈mk,x〉
)

. (3.30)

From equation (3.23) we have

x =
∂G
∂y

=
1
2

( d

∑
j=1

u j log l j +u
)

,

where u = ∑u j. Then

2〈mi,x〉 = 2〈mi,
∂G
∂y

〉 =
d

∑
j=1

〈mi,u j〉 log l j + 〈mi,u〉.

So setting di = e〈mi,u〉, gives

e2〈mi,x〉 = ν∗
(

di

d

∏
j=1

l
〈mi,u j〉
j

)
.

But from (3.26),

e2F = ν∗
(

el∞
d

∏
j=1

l
λ j
j

)
.

Combining these,

e2〈mi,x〉 = e2Fν∗
(

die−l∞
d

∏
j=1

l
l j(mi)
j

)
.

Let ki = |wi|2di, then summing gives

N

∑
i=1

|wi|2e2〈mi,x〉 = e2Fν∗(e−l∞Q),

where

Q =
N

∑
i=1

ki

d

∏
j=1

l
l j(mi)
j .

Thus we have
ψ∗

hωFS = ω + i∂ ∂̄ν∗(−l∞ + logQ). (3.31)

Using that Σh is integral, and ki �= 0 for mi a vertex of Σh, it is not difficult to show
that Q is a positive function on Σh. Thus equation (3.31) is valid on all of X .

Theorem 3.24. Suppose Lh is very ample for some h∈ SF(∆∗) strictly upper convex
and integral, and let ω be the canonical Kähler metric for the polytope Σh. Then

[ω] = 2πc1(L) = [ψ∗
hωFS].
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Corollary 3.25. Suppose X = X∆∗ is Fano. Let ω be the canonical metric of the
integral polytope Σ∗

−k. Then

[ω] = 2πc1(K−1) = 2πc1(X).

Thus c1(X) > 0. Conversely, if c1(X) > 0, then K−p is very ample for some p > 0
and X is Fano as defined in definition (3.15).

Proof. For some p ∈ Z
+, −pk ∈ SF(∆∗) is integral and L−pk = K−p is very ample.

Let ω̃ be the canonical metric of the integral polytope Σ∗
−pk. From the theorem we

have
[ω̃] = 2πc1(K−p) = 2π pc1(X).

Let ω be the canonical metric for Σ∗
−k. Theorem (3.23) implies that [ω̃] = p[ω]

For the converse, it follows from the extension to orbifolds of the Kodaira em-
bedding theorem of W. Baily [2] that K−p is very ample for some p > 0 sufficiently
large. It follows from standard results on toric varieties that −k is strictly upper
convex (see [34]). ��

The next result will have interesting applications to the Einstein manifolds con-
structed later.

Proposition 3.26. With the canonical metric, the volume of XΣ∗ is (2π)n times the
Euclidean volume of Σ.

Proof. Let W ⊂ X be the open T n
C

orbit. We identify W with C
n/2πiZn with coor-

dinates x+ iy. The restriction of ω to W is

ω|W =
n

∑
j,k=1

∂ 2F
∂x j∂xk

dx j ∧dyk.

Thus
ωn

n!
= det

(
∂ 2F

∂x j∂xk

)
dx∧dy.

Integrating over dy gives

Vol(X ,ω) = (2π)n
∫

Rn
det
(

∂ 2F
∂x j∂xk

)
dx.

By Proposition 3.22, x → z = ν(x + iy) = ∂F
∂x is a diffeomorphism from R

n to Σ◦.
By the change of variables,

Vol(Σ) =
∫

Σ
dz =

∫

Rn
det
(

∂ 2F
∂x j∂xk

)
dx.

��
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Corollary 3.27. Let X = X∆∗ be a toric Fano orbifold. And let ω be any Kähler form
with ω ∈ c1(X). Then

Vol(X ,ω) =
1
n!

c1(X)n[X ] = Vol(Σ−k).

Proof. Let ωc be the canonical metric associated to Σ∗
−k, then 1

2π ωc ∈ c1(X) by
Corollary 3.25. Then

Vol(X ,ω) =
1

(2π)n Vol(X ,ωc) = Vol(Σ−k).

��

3.3 Moment Map and Futaki Invariant

A closer analysis of the moment map in the Fano case, originally due to
T. Mabuchi [30], will be useful. Suppose in this section that X = X∆∗ is toric
Fano with dimC X = n. As above, zk = xk + iyk,1 ≤ k ≤ n are logarithmic coor-
dinates, (z1, . . . ,zn) ∈ C

n/2πiZn ∼= TC. For (t1, . . . , tn) ∈ TC, xk = log |tk|. Then a
T -invariant function u ∈ C∞(TC) is considered as a C∞ function u = u(x1, . . . ,xn)
on R

n. There exists a T -invariant fiber metric Ω on K−1
X with positive Chern form.

Thus there exists a C∞ function u = u(x1, . . . ,xn) so that

e−u
n

∏
k=1

(dxk ∧dyk), (3.32)

extends to a volume form Ω on all of X and i∂ ∂̄u extends to a Kähler form ω . The
moment map νu : X → MR can be given, without an ambiguous constant, as

νu(t) =
(

∂u
∂x1

(t), . . . ,
∂u
∂xn

(t)
)

, for t ∈ TC. (3.33)

Theorem 3.28. The closure of the image νu(TC) in MR is Σ−k. Furthermore, νu
extends to a C∞ map νu : X → MR, which is the usual moment map.

Only the first statement remains to be proved. This is a slight generalization of a
similar result in [30].

We define the Futaki invariant. Let Auto(X) ⊆ Aut(X) be the subgroup of the
homomorphic automorphism group preserving the orbifold structure, and let g be
its Lie algebra. Let ω ∈ 2πc1(X) be a Kähler form. There exists f ∈ C∞(X) with
Ricci(ω)−ω = i∂ ∂̄ f . Set c =−2n+1((2πc1(X))n[X ])−1. Then the Futaki invariant
F : g → C is defined by

F(V ) = c
∫

X
V fωn, for V ∈ g. (3.34)
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Note that, as proved in [17], F is zero on [g,g]. We have the Cartan decomposition

g = tC ⊕∑
i

Cvi,

where the vi are eigenvalues for the adjoint action of tC. Since t is the Lie algebra of
a maximal torus, one sees that the vi are contained in [g,g]. Thus we may restrict F
to tC.

Suppose L is an equivariant holomorphic line V-bundle on X . In our case of
interest, L = K−1

X with the usual action. Let H be the space of Hermitian metrics on
L. For h ∈ H, denote by c1(L,h) the Chern form, i

2π ∂̄ ∂ log(h) in local holomorphic
coordinates. For a pair (h′,h′′) ∈ H ×H, we define

RL(h′,h′′) :=
∫ t1

t0

(∫
X

h−1
t ḣt(2πc1(L,ht))n

)
dt,

where ht , t0 ≤ t1 is any piecewise smooth path with ht0 = h′ and ht1 = h′′. One has
that RL(h′,h′′) is independent of the path ht and satisfies

RL(g∗h′,g∗h′′) = RL(h′,h′′), for g ∈ Auto(X),

and the cocycle conditions

RL(h′,h′′)+RL(h′′,h′) = 0,and (3.35)
RL(h,h′)+RL(h′,h′′)+RL(h′′,h) = 0, (3.36)

for any h,h′,h′′ ∈ H. These identities imply that

rL(g) := exp(RL(h,g∗h), for g ∈ Auto(X), (3.37)

is in independent of h ∈ H and is a Lie group homomorphism into R+. It has asso-
ciated Lie algebra character rL∗ : g → R.

Let σ be a TC-invariant section of L∗. Then h ∈ H is h = e−uhσ ⊗ σ̄ on W ∼= TC

for some uh ∈ C∞(W ). We denote by VR the real component of a homomorphic
vector field. Then differentiating (3.37) gives

rL∗(V ) = −
∫

W
VR(uh)(i∂ ∂̄uh)n, (3.38)

for V ∈ tC independent of h ∈ H. We have the following.

Proposition 3.29. Suppose X∆∗ is a toric Fano orbifold. Then with L = K−1
X we have

FX = −2n+1((2πc1(X))n[X ])−1rL∗,

where both sides are restricted to tC.

Proof. By assumption there is an h ∈ H with positive Chern form. Let β be a TC-
invariant section of K−1

X over W . Then h may be written as the volume form on W
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Ω = in(−1)n(n−1)/2e−uhβ ∧ β̄ , and i∂ ∂̄uh extends to a Kähler form ω ∈ 2πc1(X).
Then if f = log( Ω

ωn ), we have

Ricci(ω)−ω = i∂ ∂̄ f .

Then

0 =
∫

X
LVR

(
e− f Ω

)

= −
∫

X
VR( f )ωn +

∫

X
e− f LVR

Ω

= −
∫

X
VR( f )ωn −

∫

W
VR(uh)ωn

And the result follows from (3.38). ��

The tk ∂
∂ tk

,k = 1, . . . ,n from a basis of tC. We may assume that the Kähler form
ω is T -invariant. Then we have

FX (tk
∂
∂ tk

) = −2n+1((2πc1(X))n[X ])−1rL∗

(
tk

∂
∂ tk

)

= 2n((2πc1(X))n[X ])−1
∫

W

∂uh

∂xk
(i∂ ∂̄uh)n

= 2n((2πc1(X))n[X ])−1
∫

W

∂uh

∂xk

(
1
2

)n

n!det
(

∂ 2uh

∂x j∂xk

) n

∏
l=1

dxl ∧dyl

= (2π)n((2πc1(X))n[X ])−1
∫

Rn

∂uh

∂xk
n!det

(
∂ 2uh

∂x j∂xk

)
dx

= (2π)nn!((2πc1(X))n[X ])−1
∫

Σ−k

ykdy

= Vol(Σ−k)−1
∫

Σ−k

ykdy

where yk = ∂uh
∂xk

.
We have the following simple interpretation of the Futaki invariant in this case.

Proposition 3.30. Suppose X = X∆∗ is a toric Fano orbifold. Then the Futaki invari-
ant FX is the barycenter of the polytope Σ−k.

3.4 Symmetric Toric Orbifolds

Let X∆ be an n-dimensional toric variety. Let N (TC) ⊂ Aut(X) be the normalizer of
TC. Then W(X) :=N (TC)/TC is isomorphic to the finite group of all symmetries of
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∆, i.e., the subgroup of GL(n,Z) of all γ ∈ GL(n,Z) with γ(∆) = ∆. Then we have
the exact sequence.

1 → TC →N (TC) →W(X) → 1. (3.39)

Choosing a point x ∈ X in the open orbit, defines an inclusion TC ⊂ X . This also
provides a splitting of (3.39). Let W0(X) ⊆W(X) be the subgroup that are also au-
tomorphisms of ∆∗; γ ∈W0(X) is an element of N (TC) ⊂ Aut(X), which preserves
the orbifold structure. Let G ⊂ N (TC) be the compact subgroup generated by T n,
the maximal compact subgroup of TC, and W0(X). Then we have the, split, exact
sequence

1 → T n → G →W0(X) → 1. (3.40)

Definition 3.31. A symmetric Fano toric orbifold X is a Fano toric orbifold with W0
acting on N with the origin as the only fixed point. Such a variety and its orbifold
structure is characterized by the convex polytope ∆∗ invariant under W0. We call a
toric orbifold special symmetric if W0(X) contains the involution σ : N → N, where
σ(n) = −n.

The following is immediate from Proposition 3.30.

Proposition 3.31. For a symmetric Fano toric orbifold X, one has FX ≡ 0.

Definition 3.33. The index of a Fano orbifold X is the largest positive integer m
such that there is a holomorphic V -bundle L with Lm ∼= K−1

X . The index of X is
denoted ind(X).

Note that c1(X) ∈ H2
orb(X ,Z), and ind(X) is the greatest positive integer m such

that 1
m c1(X) ∈ H2

orb(X ,Z).

Proposition 3.34. Let X∆∗ be a special symmetric toric Fano orbifold. Then
ind(X) = 1 or 2.

Proof. We have K−1 ∼= L−k with −k ∈ SF(∆∗) where −k(nρ) =−1 for all ρ ∈∆(1).
Suppose we have Lm ∼= K−1. By Proposition 3.12 there is an h ∈ SF(∆∗) and f ∈ M
so that mh = −k + f . For some ρ ∈ ∆(1),

mh(nρ) = −1+ f (nρ)
mh(−nρ) = −1− f (nρ).

Thus m(h(nρ)+h(−nρ)) = −2, and m = 1 or 2. ��

We will now restrict to dimension two. In the smooth case, every Fano surface,
called a Del Pezzo surface, is either CP1 ×CP1 or CP2 blown up at r points in
general position 0 ≤ r ≤ 8. The smooth toric Fano surfaces are CP1 ×CP1, CP2,
the Hirzebruch surface F1, the equivariant blow-up of CP2 at two TC-fixed points,
and the equivariant blow-up of CP2 at three TC-fixed points. There are only three
examples of smooth symmetric toric Fano surfaces, which are CP1 ×CP1, CP2,
and the equivariant blow up of CP2 at three TC-fixed points. Their marked fans are
shown in Figure 1. The smooth toric Fano surfaces admitting a Kähler–Einstein
metric are precisely the symmetric cases.



Some Examples of Toric Sasaki–Einstein Manifolds 207

..............................................................................................................................................................................................................................................
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.....

(a) (b)

(c)

.............................................................................................................................................................................................
...........

...........
............

...........
...........

...........
............

...........
...........
............
...........
...........
...........
...........
..........

...............................................................................................................................................................................................................................................................................................
........
........
........
........
........
........
..........
............
...........
...........
...........
...........
............
...........
......

Fig. 1 The three smooth examples.

4 Einstein Equation

We consider the existence of Sasaki–Einstein metrics on toric Sasakian manifolds.
This problem is completely solved in [18] where the more generally the existence of
Sasaki–Ricci solitons is proved extending the existence of Kähler–Ricci solitons on
toric Fano manifolds proved in [41]. For the examples of Sasaki–Einstein manifolds
considered in this article, a complete proof can be found in [40].

Given a Sasakian manifold (M,g,Φ,ξ ,η), we consider deformations of the
transversal Kähler structure. That is, for a basic function φ ∈C∞

B (M), set

η̃ = η +2dc
Bφ .

Then for φ small enough,

ω̃T =
1
2

dη̃ =
1
2

dη +dBdc
Bφ = ωT +dBdc

Bφ
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is a transversal Kähler metric and η̃ ∧ η̃m is nowhere zero. Then there is a Sasakian
structure (M, g̃,Φ̃,ξ , η̃) with the same Reeb vector field, transverse holomorphic
structure, and basic Kähler class [ω̃T ]B = [ωT ]B. The existence of such a deforma-
tion of the transverse Kähler structure to a Sasakian Einstein structure requires the
following.

Proposition 4.1. The following three conditions are equivalent.

(i) (2m+2)ω ∈ 2πcB
1 (M).

(ii) Kq
C(M) is holomorphically trivial for some q ∈ Z+, and there is a nowhere

zero section Ω of KC(M), which will be multivalued if Kq
C(M) is not trivial, with

Lr∂rΩ = (m+1)Ω.
(iii) Kq

C(M) is holomorphically trivial for some q ∈ Z+, and there is a section Ω
of KC(M), which will be multivalued if Kq

C(M) is not trivial, such that

im+1

2m+1 (−1)
m(m+1)

2 Ω∧ Ω̄ = e f 1
n!

ω̄m+1,

for f ∈C∞
B (M) pulled back to an element of C∞(C(M)). Here ω̄ is the Kähler form

on C(M).

In Proposition 2.4 with L = K
1
q
X , the conditions of Proposition 4.1 are satisfied.

We will need the following definition.

Definition 4.2. A Hamiltonian holomorphic vector field on M is a complex vector
field Y invariant by ξ so that

(i) For any local leaf space projection πα : Uα → Vα , πα(Y ) is a holomorphic
vector field,

(ii) the complex function θY =
√
−1η(Y ) satisfies

∂̄BθY = −
√
−1
2

Y¬dη .

The Lie algebra of Hamiltonian holomorphic vector fields on M is denoted h.

Note that Ỹ = Y + iη(Y )r∂r is a holomorphic vector field on C(M). These cor-
respond exactly to transversely holomorphic vector fields, i.e., those satisfying (i),
which have a potential function (cf. [10]). In other words if Y ∈ Γ(D⊗C) satisfies
(i) and LξY = 0, and there exits a complex function θY ∈C∞

B (M) with

∂̄BθY = −
√
−1
2

Y¬dη ,

then Y −
√
−1θYξ is a Hamiltonian holomorphic vector field. Furthermore, in the

case cB
1 (M) > 0 by the transverse Calabi–Yau theorem (cf. [28]), there exits a

transversal Kähler deformation (M, g̃,Φ̃,ξ , η̃) with η̃ = η + 2dc
Bφ for some ba-

sic φ ∈C∞
B (M) with RicT

g̃T positive. The usual Weitzenböck formula shows that the
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space of basic harmonic 1-forms H 1
B is zero. It follows that if Y ∈Γ(D⊗C) satisfies

(i) and LξY = 0, there exits a potential function θY ∈C∞
B (M) so that Y −

√
−1θYξ

is a Hamiltonian holomorphic vector field. Thus h is isomorphic to the space of
transversely holomorphic vector fields commuting with ξ , which is isomorphic to
the space of holomorphic vector fields on C(M) commuting with ξ +

√
−1r∂r.

We now suppose that the conditions of Proposition 4.1 hold for (M,g,Φ,ξ ,η).
Let Y be a Hamiltonian holomorphic vector field. Then (M,g,Φ,ξ ,η) is a
Sasakian–Ricci soliton if

RicT −(2m+2)gT = LY gT . (4.1)

Let h ∈C∞
B (M) be a basic function with

Ricci(ωT )− (2m+2)ωT = i∂B∂̄Bh, (4.2)

where ωT = 1
2 dη is the transverse Kähler form. In [39], Tian and Zhu defined a

modified Futaki invariant FY

FY (v) =
∫

M
v(h−θY )eθY η ∧ (

1
2

dη)m, v ∈ h. (4.3)

One can show as in [39] that FY is unchanged under transversal deformations η →
η̃ + 2dc

Bφ of the Sasakian structure; and FY (v) = 0, for all v ∈ h, is a necessary
condition for a solution to (4.1). If θY is a constant, i.e., Y = cξ for some c ∈ C,
then (4.3) defines the usual Futaki invariant. And if M is quasi-regular this is, up to
a constant, the same invariant defined in (3.34).

Let H be the transversal holomorphic automorphism group generated by h. Let
K ⊂ H be a compact group with Lie algebra k, and let kC be its complexification.
Note that we may choose a K-invariant Sasakian structure (M, g̃,Φ̃,ξ , η̃). Then for
Y ∈ k, one can take θY to be imaginary. So one has kC ⊂ h. As in [39], we have the
following.

Proposition 4.3. There exists a Y ∈ kC with ImY ∈ k so that

FY (v) = 0, for all v ∈ kC.

Furthermore, Y is unique up to addition of cξ , for c ∈ C, and

FY ([v,w]) = 0, for all v ∈ kC and w ∈ h.

Suppose now that (M,g,Φ,ξ ,η) is a toric Sasakian manifold. If t is the Lie algebra
of the m+1-torus T acting on M, then t⊂ tC ⊆ h. Using the same argument as after
(3.34), we have the following.

Corollary 4.4. If M is toric, then there exists a unique Y ∈ tC with ImY ∈ t so that

FY (v) = 0, for all v ∈ h.
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For φ ∈C∞
B (M), η̃ = η +2dc

Bφ defines a transversally deformed Sasakian struc-
ture, with transverse Kähler form ω̃T = ω + i∂ ∂̄φ . And the Hamiltonian function
for Y ∈ h becomes θ̃Y = θY +Yφ (see [39]). In transverse holomorphic coordinates
(4.1) becomes the Monge–Ampère equation

det(gT
i j̄ +φi j̄)

det(gT
i j̄)

= e−(2m+2)φ−θY−Yφ+h. (4.4)

In the toric case A. Futaki, H. Ono, and G. Wang [18] prove the necessary C0 esti-
mate on φ to solve (4.4) using the continuity method.

Theorem 4.5. Let (M,g,Φ,ξ ,η) be a compact toric Sasakian manifold satisfy-
ing the conditions in (4.1). Then there exists a unique transversal deformation
(M, g̃,Φ̃,ξ , η̃) which is a Sasakian–Ricci soliton.

If the Futaki invariant vanishes, then one has Y = 0 in Corollary 4.4. Therefore
we have the following.

Corollary 4.6. The solution in Theorem 4.5 is Einstein if, and only if, the Futaki
invariant vanishes.

If (M,g,Φ,ξ ,η) is quasi-regular, then the leaf space of Fξ is a toric orbifold
X = XΣ∗−k

where Σ∗
−k is the marked polytope of the anticanonical bundle. Then

(M,g,Φ,ξ ,η) admits a transversal deformation to an Sasaki–Einstein structure if,
and only if, the barycenter of Σ∗

−k is the origin. In particular, if M is quasi-regular
and the leaf space X∆∗ is symmetric, then solution is Einstein.

5 Three-Sasakian Manifolds

In this section, we define 3-Sasakian manifolds, the closely related quaternionic-
Kähler spaces, and their twistor spaces. For more details, see [5]. These are sister
geometries where one is able to pass from one to the other two by considering the
appropriate orbifold fibration. Given a 3-Sasakian manifold S, there is the associated
twistor space Z , quaternionic-Kähler orbifold M, and hyperkähler cone C(S). This
is characterized by the diamond:

The equivalent 3-Sasakian and quaternionic-Kähler reduction procedures pro-
vide an elementary method for constructing 3-Sasakian and quaternionic-Kähler
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orbifolds (cf. [8,19]). This method is effective in producing smooth 3-Sasakian man-
ifolds, though the quaternionic-Kähler spaces obtained are rarely smooth. In partic-
ular, we are interested in toric 3-Sasakian 7-manifolds S and their associated four-
dimensional quaternionic-Kähler orbifolds M. Here toric means that the structure
is preserved by an action of the real two torus T 2. In four dimensions, quaternionic-
Kähler means that M is Einstein and anti–self-dual, i.e., the self-dual half of the
Weyl curvature vanishes W+ ≡ 0. These examples are well-known and they are all
obtained by reduction (cf. [8] and [12]). In this case, we will associate two more
Einstein spaces with the four Einstein spaces in the diamond. To each diamond of a
toric 3-Sasakian manifold, we have a special symmetric toric Fano surface X and a
Sasaki–Einstein manifold M, which complete Diagram 1.1.

The motivation is twofold. First, it adds two more Einstein spaces to the exam-
ples on the right considered by C. Boyer, K. Galicki, and others in [5,8] and also by
D. Calderbank and M. Singer [12]. Second, M is smooth when the 3-Sasakian space
S is. And the smoothness of S is ensured by a relatively mild condition on the mo-
ment map. Thus we get infinitely many quasi-regular Sasaki–Einstein 5-manifolds
with arbitrarily high second Betti numbers paralleling the 3-Sasakian manifolds con-
structed in [8].

5.1 Definitions and Basic Properties

We cover some of the basics of 3-Sasakian manifolds and 3-Sasakian reduction.
See [5] for more details.

Definition 5.1. Let (S,g) be a Riemannian manifold of dimension n = 4m+3. Then
S is 3-Sasakian if it admits three Killing vector fields {ξ 1,ξ 2,ξ 3} each satisfying
definition (2.1) such that g(ξ i,ξ k) = δi j and [ξ i,ξ j] = 2εi jkξ k.

We have a triple of Sasakian structures on S. For i = 1,2,3 we have η i(X) =
g(ξ i,X) and Φi(X) = ∇Xξ i. We say that {g,Φi,ξ i,η i : i = 1,2,3} defines a 3-
Sasakian structure on S.

Proposition 5.2. The tensors Φi, i = 1,2,3 satisfy the following identities.

(i) Φi(ξ j) = −εi jkξ k,
(ii) Φi ◦Φ j = −εi jkΦk +ξ i ⊗η j −δi jId ��

Notice that if α = (a1,a2,a3) ∈ S2 ⊂ R
3, then ξ (α) = a1ξ 1 + a2ξ 2 + a3ξ 3 is a

Sasakian structure. Thus a 3-Sasakian manifold comes equipped with an S2 of
Sasakian structures.

As in Definition 2.1, 3-Sasakian manifolds can be characterized by the holonomy
of the cone C(S).

Proposition 5.3. Let (S,g) be a Riemannian manifold of dimension n = 4m + 3.
Then (S,g) is 3-Sasakian if, and only if, the holonomy of the metric cone (C(S), ḡ)
is a subgroup of Sp(m+1). In other words, (C(S), ḡ) is hyperkähler.
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Proof. Define almost complex structures Ii, i = 1,2,3 by

IiX = −Φi(X)+η i(X)r∂r, and Iir∂r = ξ i.

It is straightforward to verify that they satisfy Ii ◦ I j = εi jkIk − δi jId. And from the
integrability condition on each Φi in Definition 2.1 each Ii, i = 1,2,3 is parallel. ��

Since a hyperkähler manifold is Ricci flat, we have the following.

Corollary 5.4. A 3-Sasakian manifold (S,g) of dimension n = 4m + 3 is Einstein
with positive scalar curvature s = 2(2m+1)(4m+3). Furthermore, if (S,g) is com-
plete, then it is compact with finite fundamental group.

The structure group of a 3-Sasakian manifold reduces to Sp(m)× I3 where I3 is
the 3×3 identity matrix. Thus we have

Corollary 5.5. A 3-Sasakian manifold (M,g) is spin.

Suppose (S,g) is compact. This will be the case in all examples considered here.
Then the vector fields {ξ 1,ξ 2,ξ 3} are complete and define a locally free action of
Sp(1) on (S,g). This defines a foliation F3, the 3-Sasakian foliation. The generic
leaf is either SO(3) or Sp(1), and all the leaves are compact. So F3 is quasi-regular,
and the space of leaves is a compact orbifold, denoted M. The projection ϖ : S →
M exhibits S as an SO(3) or Sp(1) V-bundle over M. The leaves of F3 are constant
curvature 3-Sasakian 3-manifolds that must be homogeneous spherical space forms.
Thus a leaf is Γ\S3 with Γ⊂ Sp(1).

For β ∈ S2, we also have the characteristic vector field ξβ with the associated
1-dimensional foliation Fβ ⊂ F3. In this case, Fβ is automatically quasi-regular.
Denote the leaf space of Fβ as Zβ or just Z . Then the natural projection π : S →Z
is an S1 V-bundle. And Z is a (2m + 1)-dimensional projective, normal algebraic
variety with orbifold singularities and a Kähler form ω ∈ corb

1 (Z), i.e., is Fano.
Fix a Sasakian structure {Φ1,ξ 1,η1} on S. The horizontal subbundle H= kerη1

to the foliation F of ξ 1 with the almost complex structure I = −Φ1|H define a
CR structure on S. The form η = η2 + iη3 is of type (1,0) with respect to I.
And dη |H∩ker(η) ∈ Ω2,0(H∩ ker(η)) is nondegenerate as a complex 2-form on
H∩ ker(η). Consider the complex 1-dimensional subspace P ⊂ Λ1,0H spanned
by η . Letting exp(itξ 1) denote an element of the circle subgroup U(1) ⊂ Sp(1)
generated by ξ 1, one sees that exp(itξ 1) acts on P with character e−2it . Then
L ∼= S ×U(1) P defines a holomorphic line V-bundle over Z . And we have a holo-
morphic section θ of Λ1,0(Z)⊗L such that

θ(X) = η(X̃),

where X̃ is the horizontal lift of a vector field X on Z . Let D = ker(θ) be the com-
plex distribution defined by θ . Then dθ |D ∈ Γ(Λ2D⊗L) is nondegenerate. Thus
D = ker(θ) is complex contact structure on Z , that is, a maximally non-integrable
holomorphic subbundle of T 1,0Z . Also, θ ∧ (dθ)m is a nowhere zero section of
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KZ ⊗Lm+1. Thus L ∼= K
− 1

m+1
Z as holomorphic line V-bundles. We have the follow-

ing for 3-Sasakian manifolds.

Theorem 5.6. Let (S,g) be a compact 3-Sasakian manifold of dimension n =
4m + 3, and let Zβ be the leaf space of the foliation Fβ for β ∈ S2. Then Zβ is
a compact Q-factorial contact Fano variety with a Kähler–Einstein metric h with
scalar curvature s = 8(2m + 1)(m + 1). The projection π : S → Z is an orbifold
Riemannian submersion with respect to the metrics g on S and h on Z .

The space Z =Zβ is, up to isomorphism of all structures, independent of β ∈ S2.
We call Z the twistor space of S. Consider again the natural projection ϖ : S →M
coming from the foliation F3. This factors into π : S → Z and ρ : Z → M. The
generic fibers of ρ is a CP1, and there are possible singular fibers Γ\CP1 that are
simply connected and for which Γ⊂U(1) is a finite group. And restricting to a fiber
L|

CP1 = O(2), which is a V-bundle on singular fibers. Consider g = exp(π
2 ξ

2) ∈
Sp(1), which gives an isometry of S ςg : S → S for which ςg(ξ 1) = −ξ 1. And ςg
descends to an anti-holomorphic isometry σ : Z →Z preserving the fibers.

We now consider the orbifold M more closely. Let (M,g) be any 4m dimen-
sional Riemannian orbifold. An almost quaternionic structure on M is a rank 3
V-subbundle Q ⊂ End(TM) that is locally spanned by almost complex structures
{Ji}i=1,2,3 satisfying the quaternionic identities J2

i = −Id and J1J2 = −J2J1 = J3.
We say that Q is compatible with g if J∗i g = g for i = 1,2,3. Equivalently, each
Ji, i = 1,2,3 is skew symmetric.

Definition 5.7. A Riemannian orbifold (M,g) of dimension 4m,m > 1 is quater-
nionic Kähler if there is an almost quaternionic structure Q compatible with g that
is preserved by the Levi–Civita connection.

This definition is equivalent to the holonomy of (M,g) being contained in
Sp(1)Sp(m). For orbifolds, this is the holonomy on M\SM where SM is the singu-
lar locus of M. See [37] for more on quaternionic Kähler manifolds. Notice that this
definition always holds on an oriented Riemannian 4-manifold (m = 1). This case
requires a different definition. Consider the curvature operator R : Λ2 → Λ2 of an
oriented Riemannian 4-manifold. With respect to the decomposition Λ2 =Λ2

+⊕Λ2
−,

we have

R =

⎧
⎪⎪⎪⎩W+ + s

12
◦
r

◦
r W− + s

12

⎫
⎪⎪⎪⎭ , (5.1)

where W+ and W− are the selfdual and anti–self-dual pieces of the Weyl curvature
and

◦
r = Ric− s

4 g is the trace-free Ricci curvature. An oriented 4-dimensional Rie-
mannian orbifold (M,g) is quaternionic Kähler if it is Einstein and anti–self-dual,
meaning that

◦
r = 0 and W+ = 0.

Theorem 5.8. Let (S,g) be a compact 3-Sasakian manifold of dimension n =
4m + 3. Then there is a natural quaternionic Kähler structure on the leaf space of
F3, (M, ǧ), such that the V-bundle map ϖ : S →M is a Riemannian submersion.
Furthermore, (M, ǧ) is Einstein with scalar curvature 16m(m+2).
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5.2 3-Sasakian Reduction

We now summarize 3-Sasakian reduction and its application to producing infinitely
many 3-Sasakian 7-manifolds. In particular, we are interested in toric 3-Sasakian
7-manifolds that have a T 2 action preserving the 3-Sasakian structure. Up to cover-
ings they are all obtainable by taking 3-Sasakian quotients of S4n−1 by a torus T k,
k = n−2. See [5, 8] for more details.

Let (S,g) be a 3-Sasakian manifold. And let I(S,g) be the subgroup in the isom-
etry group Isom(S,g) of 3-Sasakian automorphisms.

Definition 5.9. Let (S,g) be a 3-Sasakian 7-manifold. Then (S,g) is toric if there is
a real 2-torus T 2 ⊆ I(S,g).

Let G ⊆ I(S,g) be compact with Lie algebra g. One can define the 3-Sasakian
moment map

µS : S → g∗ ⊗R
3 (5.2)

by

〈µa
S ,X〉 =

1
2
ηa(X̃), a = 1,2,3 for X ∈ g, (5.3)

where X̃ be the vector field on S induced by X ∈ g.

Proposition 5.10. Let (S,g) be a 3-Sasakian manifold and G ⊂ I(S,g) a con-
nected compact subgroup. Assume that G acts freely (locally freely) on µ−1

S (0).
Then S/G = µ−1

S (0)/G has the structure of a 3-Sasakian manifold (orbifold). Let
ι : µ−1

S (0) →S and π : µ−1
S (0) → µ−1

S (0)/G be the corresponding embedding and
submersion. Then the metric ǧ and 3-Sasakian vector fields are defined by π∗ǧ = ι∗g
and π∗ξ i|µ−1

S (0) = ξ̌ i.

Consider the unit sphere S4n−1 ⊂H
n with the metric g obtained by restricting the

flat metric on H
n. Give S4n−1 the standard 3-Sasakian structure induced by the right

action of Sp(1). Then I(S4n−1,g) = Sp(n) acting by the standard linear representa-
tion on the left. We have the maximal torus T n ⊂ Sp(n), and every representation of
a subtorus T k is conjugate to an inclusion ιΩ : T k → T n, which is represented by a
matrix

ιΩ(τ1, . . . ,τk) =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∏k
i=1 τ

ai
1

1 · · · 0
...

. . .
...

0 · · · ∏k
i=1 τ

ai
n

n

⎫
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

, (5.4)

where (τ1, . . . ,τk) ∈ T k. Every such representation is defined by the k× n integral
weight matrix

Ω =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

a1
1 · · · a1

k · · · a1
n

a2
1 · · · a2

k · · · a2
n

...
. . .

...
. . .

...
ak

1 · · · an
k · · · ak

n

⎫
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

(5.5)
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Let {ei}, i = 1, . . . ,k be a basis for the dual of the Lie algebra of T k, t∗k
∼= R

k.
Then the moment map µΩ : S4n−1 → t∗k ⊗R

3 can be written as µΩ = ∑ j µ
j
Ωe j, where

in terms of complex coordinates ul = zl +wl j on H
n

µ j
Ω(z,w) = i∑

l
a j

l (|zl |2 −|wl |2)+2k∑
l

a j
l w̄lzl . (5.6)

Denote by ∆α1,...,αk the
(n

k

)
k× k minor determinants of Ω.

Definition 5.11. Let Ω ∈ Mk,n(Z) be a weight matrix.
(i) Ω is nondegenerate if ∆α1,...,αk �= 0, for all 1 ≤ α1 < · · · < αk ≤ n.
Let Ω be nondegenerate, and let d be the gcd of all the ∆α1,...,αk , the kth determinan-
tal divisor. Then Ω is admissible if
(ii) gcd(∆α2,...,αk+1 , . . . ,∆α1,...,α̂t ,...,αk+1 , . . . ,∆α1,...,αk) = d for all length k + 1 se-
quences 1 ≤ α1 < · · · < αt < · · · < αk+1 ≤ n+1.

The quotient obtained in Proposition 5.10 SΩ = S4n−1/T k(Ω) will depend on Ω
only up to a certain equivalence. Choosing a different basis of tk results in an action
on Ω by an element in Gl(k,Z). We also have the normalizer of T n in Sp(n), the
Weyl group W (Sp(n)) = Σn ×Z

n
2 where Σn is the permutation group. W (Sp(n))

acts on S4n−1 preserving the 3-Sasakian structure, and it acts on weight matrices by
permutations and sign changes of columns. The group Gl(k,Z)×W (Sp(n)) acts on
Mk,n(Z). We say Ω is reduced if d = 1 in Definition 5.11. It is a result in [8] that
we may assume that a nondegenerate weight matrix Ω is reduced, as this is the case
precisely when (5.4) is an inclusion.

Theorem 5.12 ([5, 8]). Let Ω ∈ Mk,n(Z) be reduced.
(i) If Ω is nondegenerate, then SΩ is an orbifold.
(ii) Supposing Ω is nondegenerate, SΩ is smooth if and only if Ω is admissible.

Notice that the automorphism group of SΩ contains T n−k ∼= T n/ιΩ(T k).
We now restrict to the case of 7-dimensional toric quotients, so n = k + 2. We

may take matrices of the form

Ω =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

1 0 · · · 0 a1 b1

0 1 · · · 0 a2 b2
...

...
. . .

...
...

...
0 0 · · · 1 ak bk

⎫
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

. (5.7)

Proposition 5.13 ([8]). Let Ω∈Mk,k+2(Z) be as above. Then Ω is admissible if and
only if ai,b j, i, j = 1, . . . ,k are all nonzero, gcd(ai,bi) = 1 for i = 1, . . . ,k, and we
do not have ai = a j and bi = b j, or ai = −a j and bi = −b j for some i �= j.

This shows that for n = k+2 there are infinitely many reduced admissible weight
matrices. One can, for example, choose ai,b j, i, j = 1, . . .k be all pairwise relatively
prime. We will make use of the cohomology computation of R. Hepworth [26] to
show that we have infinitely many smooth 3-Sasakian 7-manifolds of each second
Betti number b2 ≥ 1. Let ∆p,q denote the k× k minor determinant of Ω obtained by
deleting the pth and qth columns.
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Theorem 5.14 ([26][7,8]). Let Ω ∈Mk,k+2(Z) be a reduced admissible weight ma-
trix. Then π1(SΩ) = e. And the cohomology of SΩ is

p 0 1 2 3 4 5 6 7
H p

Z 0 Z
k 0 GΩ Z

k 0 Z

where GΩ is a torsion group of order

∑ |∆s1,t1 | · · · |∆sk+1,tk+1 |

with the summand with index s1, t1, . . . ,sk+1, tk+1 included if and only if the graph
on the vertices {1, . . . ,k +2} with edges {si, ti} is a tree.

If we consider weight matrices as in Proposition 5.13, then the order of GΩ is
greater than |a1 · · ·ak|+ |b1 · · ·bk|. We have the following.

Corollary 5.15 ([8, 26]). There are smooth toric 3-Sasakian 7-manifolds with sec-
ond Betti number b2 = k for all k ≥ 0. Furthermore, there are infinitely many possi-
ble homotopy types of examples SΩ for each k > 0.

5.3 Anti–Self-Dual Einstein Spaces

We consider the anti–self-dual Einstein orbifolds M = MΩ associated to the toric
3-Sasakian 7-manifolds S in greater detail. Since M is a 4-dimensional orbifold
with an effective action of T 2, the techniques of [25] show that M is characterized
by the polygon QΩ = M/T 2 with k + 2 edges, b2(M) = k, labeled in cyclic order
with (m0,n0),(m1,n1), . . . ,(mk+2,nk+2) in Z

2, (m0,n0) = −(mk+2,nk+2), denoting
the isotropy subgroups. For the quotients MΩ, one can show the following (cf [40]):

a. The sequence mi, i = 0, . . .k +2 is strictly increasing.
b. The sequence (ni −ni−1)/(mi −mi−1), i = 1, . . .k +2 is strictly increasing.

We will make use of the following result of D. Calderbank and M. Singer [12],
which classifies those compact orbifolds which admit toric anti–self-dual Einstein
metrics. The case for which the associated 3-Sasakian space is smooth is originally
due to R. Bielawski [4].

Theorem 5.16. Let M be a compact toric 4-orbifold with πorb
1 (M) = e and k =

b2(M). Then the following are equivalent.

(i) One can arrange that the isotropy data of M satisfy a. and b. above by cyclic
permutations, changing signs, and acting by Gl(2,Z).

(ii) M admits a toric anti–self-dual Einstein metric unique up to homothety and
equivariant diffeomorphism. Furthermore, (M,g) is isometric to the quaternionic
Kähler reduction of HPk+1 by a torus T k ⊂ Sp(k +2).
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It is well-known that the only possible smooth compact anti–self-dual Einstein
spaces with positive scalar curvature are S4 and CP

2
, which are both toric.

Suppose M has isotropy data v0,v1, . . . ,vk+2. Then it is immediate that
v0,v1, . . . ,vk+2,−v1,−v2, . . . ,−vk+1 are the vertices of a convex polygon in
NR = R

2, which defines an augmented fan ∆∗ defining a toric Fano surface X .
A bit more thought gives the following.

Theorem 5.17. There is a one-to-one correspondence between compact toric anti–
self-dual Einstein orbifolds M with πorb

1 (M) = e and special symmetric toric Fano
orbifold surfaces X with πorb

1 (X) = e. And X has a Kähler–Einstein metric of posi-
tive scalar curvature. Under the correspondence if b2(M) = k, then b2(X) = 2k+2.

This will be reproved in Section 5.4 by exhibiting X as a divisor in the twistor space.

Example. Consider the admissible weight matrix

Ω =

⎧
⎪⎪⎪⎩1 0 1 1

0 1 1 2

⎫
⎪⎪⎪⎭ .

Then the 3-Sasakian space SΩ is smooth and b2(SΩ) = b2(MΩ) = 2. And the anti–
self-dual orbifold MΩ has isotropy data

v0 = (−7,−2),(−5,−2),(−1,−1),(5,1),(7,2) = v4.

The singular set of M consists of two points with stablizer group Z3 and two with
Z4. The associated toric Kähler–Einstein surface is that in Figure 2. ♦

The generic fiber of ϖ : S →M is either SO(3) of Sp(1). In general, the exis-
tence of a lifting to an Sp(1) V-bundle is obstructed by the Marchiafava–Romani
class, which when M is 4-dimensional is identical to w2(M) ∈ H2

orb(M,Z2).
In other words, the contact line bundle L has a square root L

1
2 if, and only if,

w2(M) = 0.

(−5, −2)

(−1, −1)

(7, 2)

(5, 1)

Fig. 2 Example with 8-point singular set and W0 = Z2.
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Proposition 5.18. Let X be the symmetric toric Fano surface associated to the anti–
self-dual Einstein orbifold M. Then ind(X) = 2 if and only if w2(M) = 0. In other
words, K−1

X has a square root if and only if the contact line bundle L does.

See [40] Proposition 5.22 for a proof.

5.4 Twistor Space and Divisors

We will consider the twistor space Z introduced in Theorem 5.6 more closely for
the case when M is an anti–self-dual Einstein orbifold. For now suppose (M, [g])
is an anti–self-dual, i.e., W+ ≡ 0, conformal orbifold. There is a twistor space of
(M, [g]) that is originally due to R. Penrose [36]. See [1] for positive definite case.

The twistor space of (M, [g]) is a complex 3-dimensional orbifold Z with the
following properties:

a. There is a V -bundle fibration ϖ : Z →M.
b. The general fiber of Px = ϖ−1(x),x ∈ Z is a projective line CP1 with normal

bundle N ∼= O(1)⊕O(1), which holds over singular fibers with N a V-bundle.
c. There exists an anti-holomorphic involution σ of Z leaving the fibers Px

invariant.

Let T be an oriented real 4-dimensional vector space with inner product g. Let
C(T ) be set of orthogonal complex structures inducing the orientation, i.e., if r,s∈ T
is a complex basis, then r,Jr,s,Js defines the orientation. One has C(T ) = S2 ⊂
Λ2

+(T ), where S2 is the sphere of radius
√

2. Now take T to be H. Recall that Sp(1)
is the group of unit quaternions. Let

Sp(1)+ ×Sp(1)− (5.8)

act on H by

w → gwg′−1
, for w ∈ H and (g,g′) ∈ Sp(1)+ ×Sp(1)−. (5.9)

Then we have
Sp(1)+ ×Z2 Sp(1)− ∼= SO(4), (5.10)

where Z2 is generated by (−1,−1). Let

C = {ai+b j + ck : a2 +b2 + c2 = 1,a,b,c ∈ R}

= {g ∈ Sp(1)+ : g2 = −1} ∼= S2. (5.11)

Then g ∈C defines an orthogonal complex structure by

w → gw, for w ∈ H,
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giving an identification C = C(H). Let V+ = H considered as a representation of
Sp(1)+ and a right C-vector space. Define π : V+ \ {0} → C by π(h) = −hih−1.
Then the fiber of π over hih−1 is hC. Then π is equivariant if Sp(1)+ acts on C by
q → gqg−1,g ∈ Sp(1)+. We have a the identification

C = V+ \{0}/C
∗ = P(V+). (5.12)

Fix a Riemannian metric g in [g]. Let φ : Ũ → U ⊂M be a local uniformizing
chart with group Γ. Let FŨ be the bundle of orthonormal frames on Ũ . Then

FŨ ×SO(4) P(V+) = FŨ ×SO(4) C (5.13)

defines a local uniformizing chart for Z mapping to

FŨ ×SO(4) P(V+)/Γ = FŨ/Γ×SO(4) P(V+).

Right multiplication by j on V+ = H defines the anti-holomorphic involution σ ,
which is fixed point free on (5.13). We will denote a neighborhood as in (5.13)
by ŨZ .

An almost complex structure is defined as follows. At a point z ∈ ŨZ , the Levi–
Civita connection defines a horizontal subspace Hz of the real tangent space Tz and
we have a splitting

Tz = Hz ⊕TzPx = Tx ⊕TzPx, (5.14)

where ϖ(z) = x and Tx is the real tangent space of Ũ . Let Jz be the complex structure
on Tx given by z ∈ Px = C(Tx), and let J′z be complex structure on Tx ⊕TzPx arising
from the natural complex structure on Px. Then the almost complex structure on Tz
is the direct sum of Jz and J′z. This defines a natural almost complex structure on ZŨ
that is invariant under Γ. We get an almost complex structure on Z that is integrable
precisely when W+ ≡ 0.

Assume that M anti–self-dual Einstein with non-zero scalar curvature. Then Z
has a complex contact structure D ⊂ T 1,0Z with holomorphic contact form θ ∈
Γ(Λ1,0Z⊗L) where L = T 1,0Z/D.

The group of isometries Isom(M) lifts to an action on Z by real holomorphic
transformations. Real means commuting with σ . This extends to a holomorphic
action of the complexification Isom(M)C. For X ∈ Isom(M)⊗C, the Lie algebra
of Isom(M)C, we will also denote by X the holomorphic vector field induced on
Z . Then θ(X) ∈ H0(Z,O(L)). By a well-known twistor correspondence, the map
X → θ(X) defines an isomorphism

Isom(M)⊗C ∼= H0(Z,O(L)), (5.15)

which maps real vector fields to real sections of L.
Suppose for now on that M is a toric anti–self-dual Einstein orbifold with twistor

space Z . We will assume that πorb
1 (M) = e, which can always be arranged by taking

the orbifold cover. Then as above T 2 acts on Z by holomorphic transformations.
And the action extends to T 2

C
= C

∗ ×C
∗, which in this case is an algebraic action.
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Let t be the Lie algebra of T 2 with tC the Lie algebra of T 2
C

. Then we have from
(5.15) the pencil

E = P(tC) ⊆ |L|, (5.16)

where for t ∈ E we denote Xt = (θ(t)) the divisor of the section θ(t) ∈
H0(Z,O(L)). Note that E has an equator of real divisors. Also, since T 2

C
is Abelian,

every Xt , t ∈ E is T 2
C

invariant.
Our goal is to determine the structure of the divisors in the pencil E. As before

we will consider the one parameter groups ρi ∈ N = Z×Z, where N is the lattice
of one parameter C

∗-subgroups of T 2
C

. Also, we will identify the Lie algebra t of T 2

with N ⊗R and the Lie algebra tC of T 2
C

with N ⊗C. Since L|Px = O(2), a divisor
Xt ∈ E intersects a generic twistor line Px at two points.

Recall that the set of nontrivial stablizers of the T 2-action on M is B = ∪k+2
i=1 Bi

where Bi is topologically a 2-sphere. Denote by xi = Bi ∩Bi+1 the k+2 fixed points
of the action. We will denote Pi := Pxi , i = 1, . . . ,k+2. One can show there exist two
irreducible rational curves C±

i , i = 1, . . . ,k + 2 mapped diffeomorphically to Bi by
ϖ . Furthermore, σ(C±

i ) = C∓
i . The singular set for the T 2-action on Z is the union

of rational curves
Σ =

(
∪k+2

i=1 Pi

)⋃(
∪k+2

i+1 C+
i ∪C−

i

)
. (5.17)

With a closer analysis of the action of T 2
C

on Z , one can prove the following.
See [40] for the proof. The term suborbifold denotes a subvariety that is a submani-
fold in every local uniformizing neighborhood.

Theorem 5.19. Let M be a compact anti–self-dual Einstein orbifold with b2(M) =
k and πorb

1 (M) = e. Let n = k+2. Then there are distinct real points t1, t2, . . . , tn ∈ E
so that for t ∈E \{t1, t2, . . . , tn}, Xt ⊂Z is a suborbifold. Furthermore Xt is a special
symmetric toric Fano surface. The anticanonical cycle of Xt is C1,C2, . . . ,C2n, and
the corresponding stabilizers are ρ1,ρ2, . . . ,ρ2n, which define the vertices in N =
Z×Z of ∆∗ with Xt = X∆∗ .

For ti ∈ E, Xti = D + D̄, where D, D̄ are irreducible degree one divisors with
σ(D) = D̄. The D, D̄ are suborbifolds of Z and are toric Fano surfaces. We have
D∩ D̄ = Pi, and the elements ±(ρ1, . . . ,ρi,−ρi + ρi+1,ρn+i+1, . . . ,ρ2n) define the
augmented fans for D and D̄.

Note that a consequence of the theorem is that Σ given by equation (5.17) is the
set with nontrivial stablizers of the action of the complex torus T 2

C
.

6 Sasakian Submanifolds

In this section, we use the results on toric 3-Sasakian manifolds to produce a
new infinite series of toric Sasaki–Einstein 5-manifolds corresponding to the toric
3-Sasakian 7-manifolds discussed above and completing the correspondence in
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Diagram (1.1). But first we review the Smale/Barden classification of smooth 5-
manifolds that will be used. The possible diffeotypes of toric examples in dimension
5 is very limited.

6.1 Classification of 5-Manifolds

Closed smooth simply connected spin 5-manifolds were classified by S. Smale [38].
Subsequently D. Barden extended the classification to the non-spin case [3]. Con-
sider the primary decomposition

H2(M,Z) ∼= Z
r ⊕Zk1 ⊕Zk2 ⊕·· ·⊕Zks , (6.1)

where k j divides k j+1. Of course the decomposition is not unique, but the r,k1, . . . ,ks
are. The second Stiefel–Whitney class defines a homomorphism w2 : H2(M,Z) →
Z2. One can arrange the decomposition 6.1 so that w2 is non-zero on only one com-
ponent Zk j , or Z of Z

r. Then define i(M) to be i if 2i is the 2-primary component of
Zk j , or ∞. Alternatively, i(M) is the minimum i so that w2 is non-zero on a 2-primary
component of order 2i of H2(M,Z).

Theorem 6.1 ([3,38]). Smooth simply connected closed 5-manifolds are classifiable
up to diffeomorphism. Any such manifold is diffeomorphic to one of

Xj#Mk1 # · · ·#Mks ,

where −1 ≤ j ≤ ∞,s ≥ 0,1 < k1 and Ki divides ki+1 or ki+1 = ∞. A complete set of
invariants is given by H2(M,Z) and i(M), and the manifolds X−1,X0,Xj,X∞,Mk,M∞
are as follows

M H2(M,Z) i(M)

M0 = X0 = S5 0 0
Mk,1 < k < ∞ Zk ⊕Zk 0
M∞ = S2 ×S3

Z 0
X−1 Z2 1
Xj,0 < j < ∞ Z2 j ⊕Z2 j j
X∞ Z ∞

where X−1 = SU(3)/SO(3) is the Wu manifold, and X∞ is the nontrivial S3-bundle
over S2.

The existence of an effective T 3 action severely restricts the topology by the
following theorem of Oh [35].
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Theorem 6.2. Let M be a compact simply connected 5-manifold with an effective
T 3-action. Then H2(M,Z) has no torsion. Thus, M is diffeomorphic to S5, #kM∞, or
X∞#(k− 1)M∞, where k = b2(M) ≥ 1. Conversely, these manifolds admit effective
T 3-actions.

By direct construction, C. Boyer, K. Galicki, and L. Ornea [9] showed that the
manifolds in this theorem admit toric Sasakian structures and, in fact, admit regular
Sasakian structures.

A simply connected Sasaki–Einstein manifold must have w2 = 0, therefore we
have the following:

Corollary 6.3. Let M be a compact simply connected 5-manifolds with a toric
Sasaki–Einstein structure. Then M is diffeomorphic to S5, or #kM∞, where k =
b2(M) ≥ 1.

6.2 Sasakian Submanifolds and Examples

Associated to each compact toric anti–self-dual Einstein orbifold M with
πorb

1 (M) = e is the twistor space Z and a family of embeddings Xt ⊂ Z where
t ∈ E \{t1, t2, . . . , tk+2} and X = Xt is the symmetric toric Fano surface canonically
associated to M. We denote the family of embeddings by

ιt : X →Z. (6.2)

Let M be the total space of the S1 V-bundle associated to KX or K
1
2
X , depending

on whether ind(X) = 1 or 2.

Theorem 6.4. Let M be a compact toric anti–self-dual Einstein orbifold with
πorb

1 (M) = e. There exists a Sasakian structure {g̃,Φ̃, ξ̃ , η̃} on M, such that if (X , h̃)
is the Kähler structure making π : M → X a Riemannian submersion, then we have
the following diagram where the horizontal maps are isometric embeddings.

(6.3)

If the 3-Sasakian space S is smooth, then so is M. If M is smooth, then

M ∼=
diff

#kM∞, where k = 2b2(S)+1.

Proof. Let {g,Φ,ξ ,η} be the fixed Sasakian structure on S with Φ descending to
the complex structure on Z . The adjunction formula gives
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KX ∼= KZ ⊗ [X ]|X = KZ ⊗K− 1
2

Z |X = K
1
2
Z |X . (6.4)

Let h be the Kähler–Einstein metric on Z related to the 3-Sasakian metric g on
S by Riemannian submersion. Recall that S is the total space of the S1 V-bundle
associated to L−1, (resp. L− 1

2 if w2(M) = 0). Also M is the total space of the S1

V-bundle associated to KX , (resp. K
1
2
X if w2(M) = 0). Using the isomorphism in

(6.4), we lift ιt to ῑt . The metric on S is

g = η⊗η +π∗h.

Pull back h and η to h̃ = ι∗t h and η̃ = ῑ∗t η , respectively. It follows that 1
2 η̃ = ω̃ ,

where ω̃ is the Kähler form of h̃. Then Φ̃ = ∇̃ξ̃ is a lift of the complex structure J
on X . And the integrability condition in Definition 2.1 follows from the integrability
of J. Then

g̃ = η̃⊗ η̃ +π∗h̃

is a Sasakian metric on M.
If S is smooth, then the orbifold uniformizing groups act on L−1 (or L

1
2 ) minus

the zero section without nontrivial stabilizers. By (6.4) this holds for the bundle KX

(or K
1
2
X ) on X .

It follows from πorb
1 (M) = e that πorb

1 (X) = e (cf. [25]). And πorb
1 (M) = e by

arguments as after Proposition 2.4. If M is smooth, Corollary 6.3 gives the diffeo-
morphism.

We are more interested in M with the Sasaki–Einstein metric that exists by
Corollary 4.6. In this case, the horizontal maps are not isometries.

Consider the reducible cases, ti ∈ E, i = 1, . . . ,k + 2, where Xti = D + D̄ ⊂ Z .
Then restricting L−1, (resp. L− 1

2 if w2(M) = 0), and arguing as above we obtain
Sasakian manifolds Ni, N̄i ⊂ S, where smoothness follows from that of S, whose
Sasakian structures (Ni,gi,Φi,ξi,ηi) and (N̄i, ḡi,Φ̄i, ξ̄i, η̄i) pull back from that of S.
And Nti ∩ N̄ti is a lens space with the constant curvature metric. Note that ς restricts
to an isometry ς : Ni → N̄i, which gives a conjugate isomorphism between Sasakian
structures. These manifolds do not satisfy the conditions of Proposition 4.1, so can-
not be transversally deformed to Sasaki–Einstein structures. But cB

1 (Ni) > 0, so they
can be transversally deformed to positive Ricci curvature Sasakian by the trans-
verse Calabi–Yau theorem [28]. By Theorem 6.2, Ni is diffeomorphic to #kM∞, or
X∞#(k − 1)M∞, where k = b2(Ni) = b2(S). By the remarks after Proposition 7.1,
Ni, i = 1, . . . ,k +2, is diffeomorphic to X∞#(k−1)M∞ if w2(M) �= 0.

The family of submanifolds ῑt : M →S for t ∈ E \{t1, t2, . . . , tk+2} and Ni, N̄i, i =
1, . . . ,k+2 for the reducible cases have a simple description. Recall the 1-form η =
η2 + iη3 of Section 5.1, which is (1,0) with respect to the CR structure I = −Φ1.
For t ∈ t let Yt , denote the killing vector field on Z with lift Ȳt ∈ I(S,g). Then
θ(Yt)∈ H0(Z,O(L)), which defines a holomorphic function on L−1. Since S is the
S1 subbundle of L−1, we have θ(Yt) =η(Ȳt). Complexifying gives the same equality
for t ∈ tC. Thus for t ∈ E \{t1, t2, . . . , tk+2}, we have Mt := ῑt(M) = (η(Ȳt))⊂S and
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Ni ∪ N̄i = (η(Ȳti))⊂S, where of course (η(Ȳt)) denotes the submanifold η(Ȳt) = 0.
Note that here we are setting 2/3 s of the moment map to zero.

This gives us the new infinite families of Sasaki–Einstein manifolds and the
diagram 1.1.

Theorem 6.5. Let (S,g) be a toric 3-Sasakian 7-manifold with π1(S) = e. Canoni-
cally associated to (S,g) are a special symmetric toric Fano surface X and a toric
quasi-regular Sasaki–Einstein 5-manifold (M,g,Φ,ξ ,η) that fit in the commutative
Diagram (6.3). We have πorb

1 (X) = e and π1(M) = e. And

M ∼=
diff

#kM∞, where k = 2b2(S)+1

Furthermore, (S,g) can be recovered from either X or M with their torus actions.

Proof. Note that the homotopy sequence

· · · → π1(G) → π1(S) → πorb
1 (M) → e,

where G = SO(3) or Sp(1), shows that πorb
1 (M) = e. The toric surface X∆∗ and

Sasakian 5-manifold (M, g̃,Φ̃, ξ̃ , η̃) are given in Theorem 6.4. By Corollary 4.6,
this Sasakian structure has a transversal deformation to a Sasaki–Einstein structure.

Given either X or M, by the discussion in Section 5.3, the orbifold M can be
recovered. By Theorem 5.16 M admits a unique anti–self-dual Einstein structure
up to homothety compatible with the toric structure. The 3-Sasakian space S and its
twistor space Z can be constructed from M and its anti–self-dual Einstein structure.
(cf. [5]). ��

Corollary 6.6. For each odd k ≥ 3, there is a countably infinite number of distinct
toric quasi-regular Sasaki–Einstein structures on #kM∞.

We do not know the Sasaki–Einstein metrics explicitly. But if c = ind(M), an
application of Corollary 3.27 gives

Vol(M,g) =
2πc

3
Vol(X ,ω)

= 2c
(π

3

)3
Vol(Σ−k),

where ω is the transversal Kähler metric. We have c = 1 or 2. Let (M,gi), i ∈Z+, be
any infinite sequence of metrics on #kM∞ in Corollary 6.6. These Sasaki–Einstein
structures have leaf spaces Xi, where Xi = X∆∗

i
. Observe that the polygons ∆∗

i get
arbitrarily large, and the anticanonical polytopes (Σ−k)i satisfy

Vol((Σ−k)i) → 0, as i → ∞.

Thus we have Vol(M,gi) → 0, as i → ∞.
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6.3 Examples

We consider some of the examples obtained starting with the simplest. In partic-
ular, we can determine some of the spaces in Diagram (1.1) associated to a toric
3-Sasakian 7-manifold more explicitly in some cases.

6.3.1 Smooth Examples

It is well-known that there exists only two complete examples of positive scalar
curvature anti–self-dual Einstein manifolds [27] [15], S4 and CP2 with the round
and Fubini–Study metrics, respectively. Note that we are considering CP2 with the
opposite of the usual orientation.

M = S4

For the spaces in Diagram (1.1) we have: M = S4 with the round metric; its
twistor space Z = CP3 with the Fubini–Study metric; the quadratic divisor X ⊂ Z
is CP1 ×CP1 with the homogeneous Kähler–Einstein metric; M = S2 ×S3 with the
homogeneous Sasaki–Einstein structure; and S = S7 has the round metric. In this
case Diagram (1.1) becomes the following.

(6.5)

This is the only example, I am aware of, for which the horizontal maps are
isometric immersions when the toric surface and Sasakian space are equipped with
the Einstein metrics.

M = CP2

In this case, M= CP2 with the Fubini–Study metric and the reverse of the usual
orientation; its twistor space is Z = F1,2, the manifold of flags V ⊂ W ⊂ C

3 with
dimV = 1 and dimW = 2, with the homogeneous Kähler–Einstein metric. The pro-
jection π : F1,2 → CP2 is as follows. If (p, l) ∈ F1,2 so l is a line in CP2 and p ∈ l,
then π(p, l) = p⊥ ∩ l, where p⊥ is the orthogonal compliment with respect to the
standard Hermitian inner product. We can define F1,2 ⊂ CP2 × (CP2)∗ by

F1,2 = {([p0 : p1 : p2], [q0 : q1 : q2]) ∈ CP2 × (CP2)∗ : ∑ piqi = 0}.

And the complex contact structure is given by θ = qid pi − pidqi. Fix the action of
T 2 on CP2 by

(eiθ ,eiφ )[z0 : z1 : z2] = [z0 : eiθ z1 : eiφ z2].
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Then this induces the action on F1,2

(eiθ ,eiφ )([p0 : p1 : p2], [q0 : q1 : q2]) = ([p0 : eiθ p1 : eiφ p2], [q0 : e−iθq1 : e−iφq2]).

Given [a,b] ∈ CP1 the one parameter group (eiaτ ,eibτ) induces the holomorphic
vector field Wτ ∈ Γ(T 1,0F1,2) and the quadratic divisor Xτ = (θ(Wτ)) given by

Xτ = (ap1q1 +bp2q2 = 0, piqi = 0).

One can check directly that Xτ is smooth for τ ∈CP1 \{[1,0], [0,1], [1,1]} and Xτ =
CP2

(3), the equivariant blow-up of CP2 at 3 points. For τ ∈ {[1,0], [0,1], [1,1]}, Xτ =
Dτ +D̄τ where both Dτ , D̄τ are isomorphic to the Hirzebruch surface F1 = P(O

CP1 ⊕
O

CP1(1)).
The Sasaki–Einstein space is M = #3(S2 × S3). And the Sasakian manifolds

Nτ , N̄τ are diffeomorphic to X∞. S = S(1,1,1) = SU(3)/U(1) with the homoge-
neous 3-Sasakian structure. This case has the following diagram.

(6.6)

6.3.2 Galicki–Lawson Quotients

The simplest examples of quaternionic-Kähler quotients are the Galicki–Lawson
examples first appearing in [19] and further considered in [8]. These are circle quo-
tients of HP2. In this case, the weight matrices are of the form Ω = p = (p1, p2, p3)
with the admissible set

{A1,3(Z) = {p ∈ Z
3|pi �= 0 for i = 1,2,3 and gcd(pi, p j) = 1 for i �= j}

We may take pi > 0 for i = 1,2,3. The zero locus of the 3-Sasakian moment map
N(p)⊂ S11 is diffeomorphic to the Stiefel manifold V C

2,3 of complex 2-frames in C
3,

which can be identified as V C

2,3
∼= U(3)/U(1) ∼= SU(3). Let fp : U(1) →U(3) be

fp(τ) =

⎡
⎢⎣
τ p1 0 0
0 τ p2 0
0 0 τ p3

⎤
⎥⎦ .

Then the 3-Sasakian space S(p) is diffeomorphic to the quotient of SU(3) by the
action of U(1)
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τ ·W = fp(τ)W f(0,0,−p1−p2−p3)(τ) where τ ∈U(1) and W ∈ SU(3).

Thus S(p) ∼= SU(3)/U(1) is a biquotient similar to the examples considered by
Eschenburg in [14].

The action of the group SU(2) generated by {ξ 1,ξ 2,ξ 3} on N(p)∼= SU(3) com-
mutes with the action of U(1). We have N(p)/SU(2) ∼= SU(3)/SU(2) ∼= S5 with
U(1) acting by

τ · v = f(−p2−p3,−p1−p3,−p1−p2)v for v ∈ S5 ⊂ C
3.

We see that MΩ ∼= CP2
a1,a2,a3

where a1 = p2 + p3,a2 = p1 + p3,a3 = p1 + p2 and
the quotient metric is anti–self-dual with the reverse of the usual orientation. If
p1, p2, p3 are all odd, then the generic leaf of the 3-Sasakian foliation F3 is SO(3).
If exactly one is even, then the generic leaf is Sp(1). Denote by Xp1,p2,p3 the toric
Fano divisor, which can be considered as a generalization of CP2

(3). We have the
following spaces and embeddings.

(6.7)

7 Positive Ricci Curvature Examples

In this section, we use the toric geometry developed to construct examples of
positive Ricci curvature Sasakian structures on the manifolds X∞#(k − 1)M∞ in
Theorem 6.1. By Theorem 6.2, these are the only simply connected non-spin
5-manifolds that can admit toric Sasakian structures. They are already known to
admit Sasakian structures [9].

Define a marked fan ∆∗ = ∆∗
k,p,k ≥ 2, p ≥ 0 as follows. Let σ0 = (−1,0),

σ1 = (0,1); σ j = ( j−1, j( j−1)
2 −1), j = 2, . . . ,k; σk+1 = (k, (k+1)k

2 −1+ p), σk+2 =
(0, (k+1)k

2 + p). For k = 1 define ∆∗
1,p, p ≥ 0 by σ0 = (−1,0),σ1 = (0,1),σ2 =

(1,1+ p),σ3 = (0,2+ p). And define l ∈ SF(∆∗) by

l(σ j) :=

{
0 if j = 0,
−1 if 1 ≤ j ≤ k +2.

It is easy to check that l is strictly upper convex, and we have πorb
1 (X) = e for

all of the above fans. The cone Cl corresponding to (L−1
l )× on X∆∗ satisfies the

smoothness condition of equation (3.4), and (L−1
l )× is simply connected. Also,
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−k ∈ SF(∆∗) is strictly upper convex. Thus by Corollary 3.25, 2πc1(X∆∗) = [ω]
for a Kähler form ω .

Proposition 7.1. Each of the manifolds Mk,p, for k ≥ 1, p ≥ 0, is diffeomorphic to
X∞#(k − 1)M∞. And for each p has a distinct positive Ricci curvature Sasakian
structure.

Proof. Let X = X∆∗
k,p

, and let L be the holomorphic line V-bundle associated with l ∈
SF(∆∗). Since l is strictly upper convex, if ω is the canonical metric on X of Σ∗

l , then
[ω] ∈ 2πc1(L) by Theorem 3.24. By Proposition 2.4, there is a Sasakian structure
(M,g,Φ,ξ ,η) where M is the principle S1 subbundle of L−1. The the toric cone
C of (L−1)× ∼= C(M) satisfies the smoothness condition. Also, by Theorem 3.24,
K−1 > 0. In other words, cB

1 (M) has a positive representative. By the transverse
Calabi–Yau theorem [28], there is a transversal deformation (M, g̃,Φ̃,ξ , η̃) with
η̃ = η + 2dcφ , for φ ∈ C∞

B (M), with RicT
g̃ positive. Then by (2.3), a homothetic

deformation g̃a = a2η̃⊗ η̃ +ag̃T for small enough a ∈ R+ has Ricg̃a positive on M.
Considering π : M →X as an S1 V-bundle over X , it lifts to a genuine fiber bundle

over B(X) = M×S1 E(S1), π̃ : M̃ → B(X). Here E(S1) is the universal S1-principal
bundle, and B(X) is the orbifold classifying space (cf. [6]). Since M is smooth, we
have a homotopy equivalence M̃ � M. And since πorg

1 (X) = e, the first few terms of
the Gysin sequence give

Z
∪e−→ H2

orb(X ,Z) π∗
−→ H2(M,Z) → 0,

where e = corb
1 (L) ∈ H2

orb(X ,Z). We have w2(M) ≡ c1(D) mod 2 ≡ π∗(corb
1 (X))

mod 2, which is zero precisely when x = corb
1 (X) is divisible by 2 in H2

orb(X ,Z)/
Z(e). If this is the case, then there is a u ∈ H2

orb(X ,Z) with 2u = x +al, with a ∈ Z

odd. It is easy to see that u ∈ H2
orb(X ,Z) is represented by a holomorphic line V-

bundle, since 2u is. By Proposition 3.12, this V-bundle is Lu for some u ∈ SF(∆∗),
and we have an equation

2u = −k +al + f , where f ∈ M. (7.1)

Evaluating (7.1) on σ0 gives 2u(σ0) =−1+ f (σ0), and on σ2 =−σ0 gives 2u(σ2) =
−(1+a)− f (σ0). The first equation implies f (σ0) is odd, the second that f (σ0) is
even. Thus w2(M) �= 0. Theorem 6.2 then completes the proof. ��

One can use arguments of M. Demazure (cf. [34] §3.4) as in the smooth case to
show that Auto(X) is not reductive for these examples. The fan ∆∗

k,p has two roots
α1,α2 and α2 �= −α1 as the Hirzebruch surface F1. The Lie algebra of Hamiltonian
holomorphic vector fields of M is not reductive. By the proof of the Lichnerowicz
theorem in the Sasakian case [10], the Sasakian structure can not be transversally
deformed to constant scalar curvature.

Let Ni, N̄i ⊂ S, i = 1, . . . ,k + 2 be the Sasakian submanifolds of the 3-Sasakian
manifold S as discussed after Theorem 6.4. Suppose w2(M) �= 0. So Ni, N̄i are
principle S1 subbundles of L−1 restricted to toric surfaces D, D̄ with fans as in
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Theorem 5.19. The augmented fan ∆∗ of D has elements σ1 = ρ1, . . . ,σi = ρi,σi+1 =
−ρi +ρi+1,σi+2 = ρn+i+1, . . . ,σk+3 = ρ2n, n = k +2, and L|D is the line bundle as-
sociated to l ∈ SF(∆∗) with

l(σ j) :=

{
0 if j = i+1,
−1 otherwise.

The same argument in the above proposition shows that Ni is diffeomorphic to
X∞#(k−1)M∞.

8 Higher Dimensional Examples

In this section, we employ the join construction of C. Boyer and K. Galicki [6, 9]
to construct higher dimensional examples. Let (Mi,gi,Φi,ξi,ηi), i = 1,2 be quasi-
regular Sasakian manifolds of dimensions 2mi + 1, i = 1,2.. Make homothetic de-
formations of the Sasakian structures so that the S1-actions generated by ξi, i = 1,2
have period 1. Then the transverse Kähler forms ωT

i , i = 1,2 descend to forms ωi, i =
1,2 on the leaf spaces Zi, i = 1,2 with [ωi] ∈ H2

orb(Zi,Z), i = 1,2. Then for a pair
of positive integers (k1,k2), we have a Kähler form k1ω1 + k2ω2 on Z1 ×Z2 with
[k1ω1 + k2ω2] ∈ H2

orb(Z1 ×Z2,Z). By Proposition 2.4, there is an S1 V-bundle, de-
noted M1 ∗k1,k2 M2, with a homothetic family of Sasakian structures. We may assume
that gcd(k1,k2) = 1; for if (k1,k2) = (lk′1, lk

′
2), M1 ∗k1,k2 M2 = (M1 ∗k′1,k′2

M2)/Zl .
Note that

M1 ∗k1,k2 M2 = (M1 ×M2)/S1(k1,k2),

where S1 acts by (x,y) → (eik2θ x,e−ik1θ ).
In general, the join M1 ∗k1,k2 M2 is an orbifold of dimension 2(m1 +m2)+1. But

a simple condition exists that implies smoothness. Let vi = Ord(Mi), i = 1,2 denote
the lcm of the orders of the leaf holonomy groups of the Fξi .

Proposition 8.1 ([6, 9]). For each pair (k1,k2) of relatively prime positive inte-
gers, M1 ∗k1,k2 M2 is a smooth quasi-regular Sasakian manifold if, and only if,
gcd(v1k2,v2k1) = 1.

Note that if M1 and M2 are positive, that is, RicciTgi
, i = 1,2 are positive, then

M1 ∗k1,k2 M2 is positive. Suppose M1 and M2 are Sasakian Einstein. We have
ind(Z1 ×Z2) = gcd(ind(Z1), ind(Z2)). So we define the relative indices of M1
and M2 to be

li =
ind(Mi)

gcd(ind(M1), ind(M2))
, for i = 1,2. (8.1)

Then the homothetic family of Sasakian structures on the join M1 ∗l1,l2 M2 has a
Sasakian Einstein structure with transverse metric

gT =
(m1 +1)gT

1 +(m2 +1)gT
2

m1 +m2 +1
.
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Let Mk ∼= #k(S2×S3) be one of the Sasaki–Einstein manifolds constructed in Sec-
tion 6. Then ind(Mk) = 1 or 2. Consider S2m+1 with its standard Sasakian structure.
Then ind(S2m+1) = m+1. Then the relative indices of S4 j+3 and Mk are both 1. So
Proposition 8.1 implies that Mk ∗S4 j+3, j ≥ 0, is a Sasaki–Einstein (4 j+7)-manifold
for all examples Mk. One can iterate this procedure; for example

Mk ∗

p times︷ ︸︸ ︷
S3 ∗· · ·∗S3,

is a 5+2p dimensional Sasaki–Einstein manifold. By making repeated joins to the
examples in Corollary 6.6, we obtain the following.

Proposition 8.2. For every possible dimension n = 2m + 1 ≥ 5, there are infinitely
many toric quasi-regular Sasaki–Einstein manifolds with arbitrarily high second
Betti number.

More precisely, in dimension 5, we have examples of every odd b2, and infinitely
many examples for each odd b2 ≥ 3.

In dimension n = 2m+1 ≥ 7 for m odd, we have examples of every even b2, and
infinitely many examples for each even b2 ≥ 4.

In dimension n = 2m+1 ≥ 9 for m even, we have examples of every odd b2, and
infinitely many examples for each odd b2 ≥ 5.

Example. Consider the 7-dimensional Sasaki–Einstein manifolds S3 ∗Mk. The
Gysin sequence of π : S3 ∗Mk → CP1 × X determines the cohomology in Q-
coefficients. The Leray spectral sequence of the fiber bundle ϖ : S3 ∗Mk → CP1

with fiber Mk can be used to show the following.

p 0 1 2 3 4 5 6 7

H p(S3 ∗Mk,Z) Z 0 Z
k+1 0 T Z

k+1 0 Z

Here T is a torsion group. This is quite similar to the cohomology of SΩ in
Theorem 5.14. ♦

Let N = Nk,p denote the positive Ricci curvature Sasakian 5-manifold of
Proposition 7.1 diffeomorphic to X∞#(k − 1)M∞. Then we see by Proposition 8.1
that for any regular Sasaki–Einstein manifold M, N ∗1,l M is smooth for any l ≥ 1.
Furthermore, we may transversally deform it to a positive Ricci curvature structure.

Let πi : Li → Zi, i = 1,2 be the holomorphic V-bundles whose S1-principal
bundles are N and M, respectively. Then N ∗1,l M is the principal S1 V-bundle of
π : L1 ⊗Ll

2, and as in the proof of Proposition 7.1 we have

Z
∪e−→ H2

orb(Z1 ×Z2,Z) π∗
−→ H2(N ∗1,l M,Z) → 0,
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where e = c1(L1)+ lc1(L2). We have w2(N ∗1,l M) ≡ π∗(c1(Z1)+ c1(Z2)) mod 2,
and w2(N ∗1,l M) = 0 if, and only if, π∗(c1(Z1) + c1(Z2)) is divisible by 2 in
H2(N ∗1,l M,Z). If this is the case then there is an u ∈ H2

orb(Z1 ×Z2,Z) with

2u = c1(Z1)+ c1(Z2)+ s(c1(L1)+ lc1(L2)), for s ∈ Z.

Let ι : Z1 → Z1 ×Z2 be the inclusion ι(x) = (x,y) with y ∈ Z2 a smooth point. Then
2ι∗u = c1(Z1)+sc1(L1), which contradicts Proposition 7.1. Thus w2(N ∗1,l M) �= 0.
By taking joins of the Nk,p,k ≥ 1, p ≥ 0 with spheres as above, we obtain the fol-
lowing.

Proposition 8.3. For every dimension n = 2m + 1 ≥ 5, there exist infinitely many
toric quasi-regular positive Ricci curvature Sasakian manifolds of each b2 ≥ 2,
and of each b2 ≥ 1 in dimension 5. These examples are simply connected and have
w2 �= 0. Therefore, they do not admit a Sasaki–Einstein structure.
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On the Geometry of Cohomogeneity
One Manifolds with Positive Curvature

Wolfgang Ziller

Abstract We discuss manifolds with positive sectimal curvature on which a group
acts isometrically with one dimensional quotient. A number of the known examples
have this property, but some potential families for new examples in dimension 7
arise as well. We discuss the geometry of these known examples and the connection
that the candidates have with self-dual Einstein metrics.

There are very few known examples of manifolds with positive sectional curvature.
Apart from the compact rank one symmetric spaces, they exist only in dimensions
24 and below and are all obtained as quotients of a compact Lie group equipped
with a biinvariant metric under an isometric group action. They consist of certain
homogeneous spaces in dimensions 6,7,12,13, and 24 due to Berger [Be], Wallach
[Wa], and Aloff–Wallach [AW], and of biquotients in dimensions 6,7, and 13 due
to Eschenburg [E1],[E2],[E3] and Bazaikin [Ba].

When trying to find new examples, it is natural to search among manifolds with
large isometry group, a program initiated by K. Grove in the 1990s, see [Wi] for
a recent survey. Homogeneous spaces with positive curvature were classified in
[Be],[Wa],[BB] in the 1970s. The next natural case to study is therefore manifolds
on which a group acts isometrically with one dimensional quotient, so called co-
homogeneity one manifolds. L. Verdiani [V1, V2] showed that in even dimensions,
positively curved cohomogeneity one manifolds are equivariantly diffeomorphic to
an isometric action on a rank one symmetric space. In odd dimensions, K. Grove
and the author observed in 1998 that there are infinite families among the known
nonsymmetric positively curved manifolds that admit isometric cohomogeneity one
actions, and suggested a family of potential 7 dimensional candidates Pk. In [GWZ],
a classification in odd dimensions was carried out, and another family Qk and an
isolated manifold R emerged in dimension 7. It is not yet known whether these man-
ifolds admit a cohomogeneity one metric with positive curvature, although they all
admit one with nonnegative curvature as a consequence of the main result in [GZ].
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In [GWZ], the authors also discovered an intriguing connection that the mani-
folds Pk and Qk have with a family of self-dual Einstein orbifold metrics constructed
by Hitchin [Hi1] on S

4. They naturally give rise to 3-Sasakian metrics on Pk and Qk,
which by definition have lots of positive curvature already.

The purpose of this survey is threefold. In Section 2, we study the positively
curved cohomogeneity one metrics on known examples with positive curvature, in-
cluding the explicit functions that define the metric. In Section 3, we describe the
classification theorem in [GWZ]. It is remarkable that among 7-manifolds where
G = S3×S3 acts by cohomogeneity one, one has the known positively curved
Eschenburg spaces Ep, the Berger space B7, the Aloff–Wallach space W 7, and the
sphere S

7, and that the candidates Pk, Qk, and R all carry such an action as well.
We thus carry out the proof in this most intriguing case where G = S3×S3 acts
by cohomogeneity one on a compact 7-dimensional simply connected manifold. In
Section 4, we describe the relationship to Hitchin’s self-dual Einstein metrics. We
also discuss some curvature properties of these Einstein metrics and the metrics they
define on Pk and Qk. The behavior of these metrics, as well as the known metrics
with positive curvature, are illustrated in a series of pictures.

1 Preliminaries

In this section, we discuss the basic structure of cohomogeneity one actions and
the significance of the Weyl group. For more details, we refer the reader to [AA,
Br, GZ, Mo]. We assume from now on that the manifold M and the group G that
acts on M are compact and will only consider the most interesting case, where
M/G = I = [0,L]. If π : M → M/G is the orbit projection, the inverse images of
the interior points are the regular orbits and B− = π−1(0) and B+ = π−1(L) are
the two nonregular orbits. Choose a point x− ∈ B− and let γ : [0,L] → M be a
minimal geodesic from B− to B+, parameterized by arc length, which we can as-
sume starts at x−. The geodesic is orthogonal to B− and hence to all orbits. Define
x+ = γ(L) ∈ B+ , x0 = γ(L

2 ) and let K± = Gx± be the isotropy groups at x± and
H = Gx0 = Gγ(t), 0 < t < L, the principal isotropy group. Thus B± = G ·x± = G/K±

and G ·γ(t) = G/H for 0 < t < L. For simplicity, we denote the tangent space of B±
at x± by T± and its normal space by T⊥

± .
By the slice theorem, we have the following description of the tubular neighbor-

hoods D(B−) = π−1([0, L
2 ]) and D(B+) = π−1([L

2 ,L]) of the nonprincipal orbits:

D(B±) = G×K± D�± ,

where D�± are disks of radius L
2 in T⊥

± . Here the action of K± on G×D�± is given
by k∗(g, p) = (gk−1,kp) where k acts on D�± via the slice representation, i.e., the
restriction of the isotropy representation to T⊥

± . Hence we have the decomposition

M = D(B−)∪E D(B+) ,
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where E = G · x0 = G/H is a principal orbit that is canonically identified with the
boundaries ∂D(B±) = G×K± S

�±−1, via the maps g ·H → [g, γ̇(0)] respectively g ·
H → [g,−γ̇(L)]. Note also that ∂D�± = S

�±−1 = K±/H since the boundary of the
tubular neighborhoods must be a G orbit, and hence ∂D�± is a K± orbit.

All in all we see that we can recover M from G and the subgroups H and K±.
We caution though that the isotropy types, i.e., the conjugacy classes of the isotropy
groups K± and H do not determine M. The isotropy groups depend on the choice
of a minimal geodesic between the two nonregular orbits, and thus on the metric
as well. A different choice of a minimal geodesic corresponds to conjugating all
isotropy groups by an element of G. A change of the metric corresponds to changing
K+ to nK+n−1 for some n ∈ N(H)0 , the identity component of the normalizer (cf.
[AA, GWZ]).

An important fact about cohomogeneity one actions is that there is a converse
to the above construction. Suppose G is a compact Lie group with subgroups
H ⊂ K± ⊂ G and assume furthermore that K±/H = S

�±−1 are spheres. We some-
times denote this situation by H ⊂ {K−,K+} ⊂ G and call it a group diagram. It is
well-known that a transitive action of a compact Lie group K on a sphere S

�−1 is
conjugate to a linear action. We can thus assume that K± acts linearly on S

�± with
isotropy group the chosen subgroup H ⊂ K± at some point p± ∈ S

�±−1. It hence ex-
tends to a linear action on the bounding disk D�± , and we can thus define a manifold

M = G×K− D�− ∪ G/H G×K+ D�+ ,

where we glue the two boundaries by sending [g, p−] to [g, p+]. The group G acts
on M via g∗[g′, p] = [gg′, p] on each half, and one easily checks that the gluing is
G-equivariant, and that the action has isotropy groups K± at [e,0] and H at [e, p±].
One may also choose an equivariant map G/H → G/H to glue the two boundaries
together. But such equivariant maps are given by gH → gnH for some n ∈ N(H),
and the new manifold is alternatively obtained by replacing K+ with nK+n−1 in the
group diagram. But we caution that this new manifold may not be equivariantly
diffeomorphic to the old one if n does not lie in the identity component of N(H).

Another important ingredient for understanding the geometry of a cohomogene-
ity one manifold is given by the Weyl group. The Weyl group W of the action is
by definition the stabilizer of the geodesic γ modulo its kernel, i.e. the group ele-
ments which fix γ pointwise, which by construction is equal to H. It is easy to see
(cf. [AA]) that W is a dihedral subgroup of N(H)/H with M/G = Im(γ)/W and
is generated by involutions w± ∈ W with w−(γ(t)) = γ(−t) and w+(γ(−t + L)) =
γ(t + L). Thus w+w− is a translation by 2L, and has order |W |/2 when W is finite.
The involutions w± can be represented by the unique element a ∈ K±

0 mod H with
av = −v, where K±

v = H. If �± = 1, they are also the unique element a ∈ K±
0 mod

H such that a2 but not a lies in H. For simplicity, we denote such representatives
a ∈ K±

0 again by w±.
Note that W is finite if and only if γ is a closed geodesic, and in that case the order

|W | is the number of minimal geodesic segments intersecting the regular part. In
[GWZ] it was shown that a cohomogeneity one manifold with an invariant metric of
positive curvature necessarily has finite Weyl group. Note also that any nonprincipal
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isotropy group along γ is of the form wK±w−1 for some w ∈ N(H) representing an
element of W , and that the isotropy types K± alternate along γ .

We now discuss how to describe cohomogeneity one metrics on M. For 0 < t < L,
γ(t) is a regular point with constant isotropy group H, and the metric on the principal
orbits Gγ(t) = G/H is a family of homogeneous metrics gt . Thus on the regular part,
the metric is determined by

gγ(t) = d t2 +gt ,

and since the regular points are dense, it also describes the metric on M. Us-
ing a fixed biinvariant inner product Q on g, we define the Q-orthogonal splitting
g = h⊕m, which thus satisfies Ad(H)(m) ⊂ m. We identify the tangent space to
G/H at γ(t), t ∈ (0,L) with m via action fields, X ∈ m → X∗(γ(t)), which also
identifies the isotropy representation with the action of Ad(H)|m. We can choose
a Q-orthogonal decomposition m = m1 + · · ·+mk of m into Ad(H) invariant irre-
ducible subspaces and thus gt |mi = fi(t)Q|mi for some functions f1, . . . , fk. If the
modules mi are inequivalent to each other, they are automatically orthogonal, and
the functions fi describe the metric completely. In positive curvature, it typically
happens, as we will see, that the modules are not orthogonal to each other, and
further functions are necessary to describe their inner products. In order for the
metric on M to be smooth, these functions must satisfy certain smoothness condi-
tions at the endpoints t = 0 and t = L, which in general can be complicated. The
action of w± on Tx±M (well determined only up to Ad(H)) preserves T± and T⊥

± ,
and the action on T±, given by Ad(w±), relates the functions describing the metric:
(Ad(w−)(X))∗(γ(t)) = X∗(γ(−t)). If, e.g., Ad(w−)(mi) ⊂ mi, the function fi must
be even, and if Ad(w−)(mi) ⊂ m j, then fi(t) = f j(−t). In fact most, but not all, of
the smoothness conditions at the endpoints can be explained in this fashion by the
action of the Weyl group.

2 Known Examples of Cohomogeneity One Manifolds
with Positive Curvature

In this section, we describe the cohomogeneity one actions on the known cohomo-
geneity one manifolds with positive curvature that were discovered by K. Grove and
the author in 1998. Apart from a cohomogeneity one action by SU(4) on the infinite
family of 13-dimensional Bazaikin spaces B13

p , which we will not discuss in this
survey, they are all cohomogeneity one under an action of S3×S3 or one of its finite
quotients. We start with the well-known action of SO(3) on S

4 and SO(3) on CP
2

since they are important in understanding the remaining examples and determine
much of their geometry. We then study the action of SO(4) on S

7, and of SO(4)
on the Berger space B7 = SO(5)/SO(3). This latter action was also discovered by
Podesta–Verdiani in [PV2]. Of a different nature is the action of SU(2)×SO(3) on
the infinite family of Eschenburg biquotients Ep, which contains as a special case
a homogeneous Aloff–Wallach space. We finish with a second cohomogeneity one
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action on the same Aloff–Wallach space, which shares some features of both ac-
tions. To distinguish them, we denote the first one by W 7

(1) and the second by W 7
(2).

For a survey of the known examples of positive curvature, see [Zi2].
All actions described here are by groups locally isomorphic to S3 or S3×S3.

For comparison, we will describe them ineffectively so that G = S3 or G = S3×S3

acts on the manifold. The effective version of the action, which we denote by Ḡ,
is obtained by dividing G by the ineffective kernel, which is the intersection of the
center of G with the principal isotropy group H.

M = S
4 or CP

2 with Ḡ = SO(3).

We begin by describing the well-known cohomogeneity one action by SO(3)
on S

4. Let V be the 5-dimensional vector space of real 3× 3 matrices with A =
At , tr(A) = 0 and with inner product 〈A,B〉 = trAB. The group SO(3) acts on
V via conjugation g · A = gAg−1 preserving the inner product and hence acts
on S

4(1) ⊂ V . Every point in S
4(1) is conjugate to a matrix in the great circle

F = {diag(λ1,λ2,λ3) | ∑λi = 0,∑λ 2
i = 1} and hence the quotient space is one-

dimensional. For the purpose of computations, we choose an orthonormal basis

e1 =
diag(1,1,−2)√

6
, e2 =

diag(1,−1,0)√
2

, e3 =
S12√

2
, e4 =

S13√
2

, e5 =
S23√

2
, (2.1)

where Si j is a symmetric matrix with a one in entries i j and ji and 0 everywhere
else. If we choose x− = e1, then clearly K− = S(O(2)O(1)) and the orbit G/K−

is the set of all symmetric matrices with 2 equal positive eigenvalues. Further-
more, T− = span(e4,e5) with T⊥

− = span(e2,e3) and thus γ(t) = cos(t)e1 + sin(t)e2
is a geodesic orthogonal to B− and hence to all orbits. Clearly x+ = γ(π/3) =
diag(2,−1,−1)/

√
6 is the first point along the geodesic γ that lies on the sec-

ond singular orbit, consisting of the set of all symmetric matrices with 2 equal
negative eigenvalues. Thus L = π/3 and K+ = S(O(1)O(2)). For γ(t) with 0 <
t < π

3 , all eigenvalues λi are distinct, and hence the principal isotropy group is
H = S(O(1)O(1)O(1)) = Z2 ×Z2.

If we denote by Ei j, the usual basis of the set of skew symmetric matrices, the
above action of SO(3) on S

4(1) induces 3 action fields E∗
i j. A computation shows

that:

E∗
12 = 2sin(t)e3 , E∗

23 = (
√

3cos(t)− sin(t))e5 , E∗
13 = (

√
3cos(t)+ sin(t))e4.

For the functions f1 = |E∗
12|2, f2 = |E∗

23|2, f3 = |E∗
13|2, which describe the metric,

we thus obtain:

f1 = 4sin2(t), f2 = (
√

3cos(t)− sin(t))2, f3 = (
√

3cos(t)+ sin(t))2,

and all other inner products are 0.
For later purposes, it will be convenient to lift the isotropy groups into S3 under

the twofold cover S3 = Sp(1) → SO(3), given by conjugation on H, which sends
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q ∈ Sp(1) into a rotation in the 2-plane Im(q)⊥ ⊂ Im(H) with angle 2θ , where θ is
the angle between q and 1 in S3. After renumbering the coordinates, the group K−

lifts to Pin(2) = {eiθ | θ ∈ R}∪{ jeiθ | θ ∈ R}, which we abbreviate to eiθ ∪ jeiθ .
Similarly, K+ lifts to Pin(2) = e jθ ∪ ie jθ , and H =S(O(1)O(1)O(1))⊂ SO(3) lifts to
the quaternion group Q = {±1,±i,± j,±k}. Thus the cohomogeneity one manifold
S

4 can also be represented by the group diagram

Q ⊂ {eiθ ∪ jeiθ ,e jθ ∪ ie jθ} ⊂ S3 .

We will now discuss the Weyl symmetry using this group picture. Clearly w− =
ei π4 since ei π2 = i lies in H and similarly w+ = e j π4 . Thus a = w−w+ = 1

2 (1+ i+ j+k)
represents a translation by −2L along the geodesic and since a3 = −1 ∈ H, the
Weyl group is W = D3. This is consistent with the fact that the angle between x−
and x+ is π/3 and hence γ(t) intersects the regular part in 6 = |W | components.
Notice now that aia−1 = j,a ja−1 = k, and aka−1 = i. Thus f1(t + 2L) = f2(t) and
f1(t +4L) = f3(t). By applying only w+ at t = L, we also obtain f3(t) = f1(−t +2L).
Thus the function f1(t) on the interval [0,3L] determines the full geometry of the
cohomogeneity one manifold:

f2(t) = f1(t +2L), f3(t) = f1(t +4L) = f1(−t +2L), 0 < t < L (2.2)

There is a related cohomogeneity one action by SO(3) ⊂ SU(3) on CP
2, which

has singular orbits the real points B− = RP
2 ⊂ CP

2 and the quadric B+ = S
2 =

{[z0,z1,z2] | ∑z2
i = 0}. Here we use the metric on CP

2 induced by the biinvari-
ant metric 〈A,B〉 = − 1

2 RetrAB on SU(3), which has curvature 1 ≤ sec ≤ 4. One
easily shows that the unit speed geodesic γ(t), given in homogeneous coordinates
by [(cos(t), isin(t),0)], is orthogonal to all orbits and that the isotropy group at
x− = γ(0) is K− = S(O(1)O(2)), at x+ = γ(π/4) is K+ = SO(2), embedded in the
first two coordinates, and that H = Gγ(t) = Z2 = 〈diag(−1,−1,1)〉 for 0 < t < π/4.
Hence L = π/4 and the group diagram, lifted to S3, is given by:

{±1,± j} ⊂ {eiθ ∪ jeiθ ,e jθ} ⊂ S3 .

Thus a projection along the orbits gives rise to a twofold branched cover CP
2 → S

4

with branching locus the singular orbit RP
2 = S3 /(eiθ ∪ jeiθ ). One easily shows

that the functions describing the metric are given by

f1 = sin2(t), f2 = cos2(2t), f3 = cos2(t).

The Weyl group symmetry changes as w− = i but w+ = e j π4 and hence W = D2. The
functions are thus related by

f3(t) = f1(t +2L) = f1(−t +2L) , f2(t) = f2(−t) = f2(−t +2L). (2.3)

Hence in this case, the functions f1 and f2 on [0,2L] determine the full geometry of
the cohomogeneity one manifold.
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We finally mention the cohomogeneity one action by SU(2) on CP
2, which fixes

a point p0. The second singular orbit is then the cut locus of p0, and hence L = π/2
in this case.

M = S
7 with Ḡ = SO(4).

The action of SO(4) on R
8 that induces a cohomogeneity one action on S

7 is
given by the isotropy representation of the rank 2 symmetric space G2 /SO(4) on
its tangent space. As a complex representation, it is the representation of SU(2)×
SU(2) obtained by taking the tensor product of the unique 2-dimensional irreducible
representation of SU(2) with the 4-dimensional one on the second factor. Thus the
first SU(2) factor acts as the Hopf action on S

7, and the second factor induces an
action by SO(4)/SU(2)�SO(3) on S

7(1)/SU(2)= S
4( 1

2 ). This action of SO(3) on
R

5 is irreducible as the representation of SU(2)×SU(2) on R
8 is irreducible. Thus

it agrees with the cohomogeneity one action of SO(3) in the previous example, and
hence the Ḡ action on S

7 is cohomogeneity one as well. Since SU(2) acts freely,
this implies in particular that both actions have isomorphic isotropy groups, i.e.,
K± � O(2) and H � Z2 ⊕Z2 considered as subgroups of SO(4). We now need to
determine their explicit embeddings into SO(4) respectively S3×S3.

If we let Vk be the vector space of homogeneous polynomials of degree k in
two complex variables z,w, then SU(2) acting on vectors (z,w) via matrix multi-
plication induces an irreducible representation on Vk of (complex) dimension k + 1
and preserves the inner product, which makes zmwn into an orthogonal basis with
|zmwn|2 = m!n!. The isotropy representation (complexified) is thus V1⊗V3. The map
(z,w) → (w,−z), extended to be a complex antilinear map Jk : Vk → Vk, satisfies
J2

k = (−1)kId and hence (J1 ⊗J3)2 = Id. Thus J1 ⊗J3 induces a real structure on C
8

and hence its +1 eigenspace W is invariant under the action of G = SU(2)×SU(2),
and is spanned by:

xz3 + yw3 , i(xz3 − yw3) , xzw2 + ywz2 , i(xzw2 − ywz2),
yz3 − xw3 , i(yz3 + xw3) , xz2w− yw2z , i(xz2w+ yw2z),

which is our desired representation of G on R
8.

Now let ∆Q be the diagonal embedding of the quaternion group into SU(2)×
SU(2) = S3×S3 , i.e., ∆Q = {±(1,1),±(i, i),±( j, j),±(k,k)}. Here we identify

a + b j ∈ S3 with
(

a b
−b̄ ā

)
∈ SU(2). One easily checks that ∆Q fixes the two plane

spanned by the orthonormal vectors a = (xz3 + yw3)/2
√

3 , b = (xzw2 + ywz2)/2.
By the above, this is then also the principal isotropy group H since the image of
∆Q in SO(4) is Z2 ⊕Z2. The great circle γ(t) = cos(t)a + sin(t)b in this 2-plane
meets all orbits orthogonally since it agrees with the fixed point set of H on S

7.
Now one easily checks that x− = γ(0) is fixed by the circle (e−3it ,eit)⊂ S3×S3 and
hence K− = (e−3it ,eit) ·H = (e−3it ,eit)∪ ( j, j) · (e−3it ,eit). The first singular point
along γ occurs at x+ = γ(π/6) since the projection of γ is a normal geodesic in
the cohomogeneity one manifold S

4( 1
2 ). Thus L = π/6, and a computation shows

that γ(π/6) is fixed by the circle (e jt ,e jt) and hence K+ = (e jt ,e jt)∪ (i, i) · (e jt ,e jt).
Thus the group picture is given by
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H = ∆Q ⊂ {(e−3it ,eit) ·H , (e jt ,e jt) ·H} ⊂ S3×S3 .

We identify the Lie algebra g with ImH⊕ ImH and will use the basis X1 =
(i,0) , X2 = ( j,0) , X3 = (k,0) and Y1 = (0, i) , Y2 = (0, j) , Y3 = (0,k) of g and
define fi(t) = |X∗

i (γ(t))|2 ,gi(t) = |Y ∗
i (γ(t))|2,hi(t) = 〈X∗

i (γ(t)),Y ∗
i (γ(t))〉. Using

the above action of S3×S3 applied to γ(t), we obtain the action fields

X∗
1 (γ(t)) = icos(t)

xz3 − yw3

2
√

3
+ isin(t)

xzw2 − ywz2

2
,

Y ∗
1 (γ(t)) = icos(t)

3xz3 −3yw3

2
√

3
+ isin(t)

−xzw2 + ywz2

2
,

and thus
f1 = 1 , g1 = 8cos2(t)+1 , h1 = 4cos2(t)−1.

As in the case of S
4, the remaining functions are now determined via Weyl sym-

metry. We have w− = ei π4 (−1,1) and w+ = e j π4 (1,1) and thus a = w−w+ =
1
2 (1+ i+ j + k)(−1,1) with a3 = (−1,1). Hence W = D6 corresponding to the fact
that γ meets B+ at t = π/6 and hence intersects the regular part in 12 components.
Conjugation with a behaves as in the case of S

4 on each component and hence fi,
as well gi and hi, satisfy the symmetry relations (2.2). Finally, we observe that all
remaining inner products are necessarily 0 since the actions of the isotropy group
∆Q on the 3 subspaces span{Xi,Yi}, i = 1,2,3 are inequivalent to each other.

M = B7 with Ḡ = SO(4).

As we saw in our first example, SO(3) acts orthogonally on the vector space V ,
consisting of the set of traceless symmetric 3 × 3 matrices, via conjugation and
hence isometrically on S

4. This gives rise to an embedding φ : SO(3) → SO(5) and
defines a homogeneous space B7 = SO(5)/SO(3), also known as the Berger space.
Berger showed in [Be] that a biinvariant metric on SO(5) induces a metric on B7

with positive sectional curvature.
The subgroup SO(4)⊂ SO(5) acts on B7 via left multiplication, and we claim it is

cohomogeneity one. Using the basis (2.1) from Example 1, we let SO(4) = SO(5)e1
be the subgroup fixing e1. The isotropy groups are then given by SO(4)gSO(3) =
SO(4)∩ gSO(3)g−1 = g(SO(3)g−1e1

)g−1. Hence it follows from our first example
that K± � O(2) and H � Z2 ⊕Z2 and thus the action is cohomogeneity one. We
now need to compute the explicit embeddings of K± in SO(4) respectively S3×S3.

To avoid confusion, we let Ei j be the basis of skew symmetric matrices in SO(3)
and Fi j the one in SO(5). If we set φ∗(E12) = H1 , φ∗(E23) = H2 , φ∗(E13) = H3,
one easily shows, using the explicit description of the action of SO(3) on V , that

H1 = 2F23 +F45 , H2 = F34 +
√

3F15 −F25 , H3 = F35 +
√

3F14 +F24.

Thus Hi defines an orthogonal basis of the Lie algebra of φ(SO(3)) with |Hi|2 = 5.
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For the point x−, we choose x− = e ·SO(3), the identity coset in SO(5)/SO(3).
The group K−

0 � SO(2) then acts by rotation with angle 2θ in the e2,e3 plane
and angle θ in the e4,e5 plane as φ∗(E12) = 2F23 + F45, which determines its em-
bedding into SO(4). For K+, we need to follow a normal geodesic. Clearly, F12
and F13 are orthogonal to Hi and the orbit of SO(4) and hence lie in the nor-
mal space of B−. In B7, being normal homogeneous, a geodesic is the image of
a one parameter group with initial vector orthogonal to Hi. Thus we can let γ(t) =
exp(tF12) ·SO(3) = (cos(t)e1 + sin(t)e2) ·SO(3) be the geodesic orthogonal to all
orbits. From Example 1, it follows that the isotropy at γ(t) is isomorphic to Z2 ⊕Z2
for 0 < t < π/3 and to O(2) at γ(π/3) and thus L = π/3. If g = exp(π

3 F12), we have

g−1e1 = 1
2 e1 +

√
3

2 e2 = diag(2,−1,−1)/
√

6 and hence K+ = g(S(O(1)O(2))g−1.
From the embedding φ , it is clear that SO(2) ⊂ S(O(1)O(2) ⊂ SO(3) fixes g−1e1

and rotates by θ in the e3,e4 plane and by 2θ in the plane spanned by
√

3
2 e1 − 1

2 e2
and e5. Conjugating with g gives a rotation that fixes e1, rotates by θ in the e3,e4
plane and by −2θ in the e2,e5 plane.

We now lift these groups into G = S3×S3 using the identification e2 ↔ 1, e3 ↔
i, e4 ↔ j, e5 ↔ k and the twofold cover S3×S3 → SO(4) given by left and right
multiplication of unit quaternions. It sends X1 = (i,0) → F23 + F45, Y1 = (0, i) →
−F23 +F45 and similarly for Xi,Yi, i = 2,3. Thus, after renumbering the coordinates,
it follows that K−

0 = (e−3it ,eit) and K+
0 = (e jt ,e−3 jt). For the group picture to be

consistent, we are left with:

∆Q ⊂ {(e−3it ,eit) ·H , (e jt ,e−3 jt) ·H} ⊂ S3×S3 .

In order to determine the functions describing the metric, let X̄i,Ȳi be the ac-
tion fields on SO(5) and X∗

i ,Y ∗
i those on SO(5)/SO(3). To compute their length

at γ(t), we translate them back to the identity with the isometric left translation by
exp(tF12)−1. We thus obtain:

X̄1(t) = Ad(exp(−tF12))(F23 +F45) = −sin(t)F13 + cos(t)F23 +F45,

Ȳ1(t) = Ad(exp(−tF12))(−F23 +F45) = sin(t)F13 − cos(t)F23 +F45.

Since X∗
1 = X̄1 − 1

5 〈X̄1,H1〉H1 = X̄1 − 1
5 (2cos(t) + 1)H1 and Y ∗

1 = Ȳ1 −
1
5 (−2cos(t)+1)H1 we have:

f1 =
1
5
(5+4sin2(t)−4cos(t)) , g1 =

1
5
(5+4sin2(t)+4cos(t)),

h1 = −1
5
(1−4cos2(t)).

The remaining functions are determined by Weyl group symmetry. Similarly
to the example of S

7, we see that w− = ei π4 (1,1) and w+ = e j π4 (1,1) and hence
(w−w+)3 = (−1,−1)∈H. Thus in this case W = D3. But conjugation by w−w+ be-
haves as before, and hence all functions satisfy the same Weyl symmetry as in (2.2).
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It is now interesting to compare the metrics in these two examples, which we
do in a sequence of pictures. Figure 1 shows all 9 functions between two singular
orbits, clearly not very instructive. Figure 2 illustrates the effects of Weyl symmetry
in these pictures in a typical case of the 3 g functions for the Berger space. Thus
Figure 3, which shows f = f1, g = g1, h = h1 on [0,3L], encodes all the geometry of
the space. As was discovered by K. Grove, B. Wilking and the author, the positivity
of the sectional curvatures sec(γ ′(t),X∗) ,X ∈ g implies that the inverse of the metric
tensor is a convex matrix. Figure 4 shows the functions F1,G1,H1 in the inverse of(

f1 h1

h1 g1

)
on the interval [0,3L]. Smoothness conditions are now encoded in the

growth behavior of the functions as t → 0 and t → 3L.

Sphere

4

8

L/2 L

g3

g1

h3

h1

h2

g2

f1=f2=f3

Berger Space

1

2

L/2 L

g1 f2

f3

f1

h1h2

h3

g3

g2

Fig. 1 All 9 functions on [0,L].

Berger Space

1

2

L/2 L

g1

g3

g2

Berger Space

1

L 2L 3L

2
g1 g3

g2

g1

g3

Fig. 2 The g functions on [0,L] and [0,3L].
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Sphere

4

2LL 3L

8

f

g

h

Berger Space

1

L 2L 3L

2

f

g

h

Fig. 3 All functions on [0,3L].

Sphere

–1

3

L 2L 3L

G1

H1

F1

Berger Space

–1

3

L 2L 3L

F1 G1

H1

Fig. 4 The inverse functions on [0,3L].

M = E7
p with Ḡ = SO(3)×S3 .

Next, we examine a family of biquotients among the 7-dimensional Eschenburg
spaces. Define

Ep := SU(3)//S1
p = diag(z,z,zp)\SU(3)/diag(1,1,zp+2)−1,

where it is understood that S1 = {z | |z| = 1} acts on SU(3) simultaneously on
the left and on the right. Up to equivalence, we can assume that p ≥ 0, and
Eschenburg showed that it admits a metric with positive sectional curvature if
p ≥ 1. The positively curved metric is obtained by scaling the biinvariant metric
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〈A,B〉=− 1
2 RetrAB on SU(3) in direction of the subgroup diag(A,det Ā) ,A ∈ U(2)

by an amount ε < 1. The group G = SU(2)× SU(2) acts on Ep isometrically by
multiplying on the left and on the right in the first two coordinates since it clearly
commutes with the circle action, and we claim this action is cohomogeneity one. In-
deed, we can first divide by the second SU(2) and the action of the first SU(2), since
({e}×SU(2)) ·S1

p = U(2) is then an action on SU(3)/U(2) = CP
2, which fixes the

identity coset e ·U(2) and acts transitively on the normal sphere. Thus this action on
CP

2, and hence also the action of G on Ep, is cohomogeneity one. Notice that if p
is even, the action becomes effectively an action by SO(3)×SU(2), whereas if p is
odd, by SU(2)×SO(3).

One singular point is clearly the image of the identity matrix, x− = e ·S1
p, with

K− = {(g,±g) | g∈ SU(2)}. One easily checks that in the modified metric on SU(3),
the one parameter group exp(tE13), being orthogonal to U(2), is still a (unit speed)
geodesic in SU(3) (see, e.g., [DZ, p. 28]). Since it is also orthogonal to the orbit of
G at x−, its projection γ(t) into SU(3)//S1

p is a geodesic orthogonal to all orbits.
Its projection to CP

2 is also a normal geodesic, and the induced SU(2) action has
isotropy SU(2) at t = 0 and isotropy S1 at t = π/2 and the principal isotropy is
trivial. Thus the same holds for the action of Ḡ on Ep, in particular L = π/2. For the
explicit embeddings, one easily checks ([Zi1],[GSZ]) that the isotropy group of G
at x+ = γ(π/2) is equal to K+ = (ei(p+1)t ,eipt). Hence we obtain the group diagram:

Z2 = ((−1)p+1,(−1)p) ⊂ {∆S3 ·H , (ei(p+1)t ,eipt)} ⊂ S3×S3 .

To compute the functions describing the metric, we identify S3×S3 as before
with SU(2)×SU(2) and translate the action fields at γ(t) back to the identity. We
then obtain:

X̄∗
1 = Ad(exp(−tE13))diag(i,−i,0)=diag(icos2(t),−i, isin2(t))+cos(t)sin(t)I13,

X̄∗
2 = Ad(exp(−tE13))E12 = cos(t)E12 − sin(t)E23,

X̄∗
3 = Ad(exp(−tE13))I12 = cos(t)I12 + sin(t)I23,

Ȳ ∗
1 = −diag(i,−i,0) , Ȳ ∗

2 = −E12 , Ȳ ∗
3 = −I12,

where we used the notation Ikl for a matrix in su(3) with i in entry kl and lk
and 0 elsewhere. The vertical space of the Riemannian submersion π : SU(3) →
SU(3)//S1

p (translated back to the identity) is spanned by

v = Ad(exp(−tE13))idiag(1,1, p)−idiag(0,0, p+2)
= idiag(cos2(t)+ psin2(t),1,sin2(t)+ pcos2(t)−p−2)+(1−p)cos(t)sin(t)I13,

whose length in the Eschenburg metric is

|v|2 = 3ε +(1− p)2(1− ε)cos2(t)sin2(t)+ ε(p+2)(p−1)sin2(t).

Notice that X̄2, X̄3,Ȳ2,Ȳ3 are already horizontal with respect to the Riemannian
submersion π but that we need to subtract the vertical component from X̄1 and Ȳ1.



Cohomogeneity One Manifolds with Positive Curvature 245

A computation now shows that:

f1 =
ε

4α
[(

3ε(p−2)2 −4p2 +8p−16
)

cos4(t)+

+
(
4p2 −8p+16−6ε p(p−2)

)
cos2(t)+3ε p2] ,

g1 =
ε

4α
[
(p−1)2(3ε−4)cos4(t)+(2p−2)(2p−2−3ε(p+1))cos2(t)+3ε(p+1)2],

h1 = − ε
4α
[
(p−1)(3ε(p−2)−4p+4)cos4(t)+

+ (4(p−1)2 −6ε(p2 − p−1))cos2(t)+3ε p(p+1)
]
,

f2 = f3 = 1+(ε−1)cos2(t) , g2 = g3 = ε , h2 = h3 = −ε cos(t).

where α = (p− 1)2(ε − 1)cos4(t) + (p− 1)(p− 1− ε(2p + 1))cos2(t) + ε(p2 +
p+1) and all other inner products are 0.

Notice that p = 1 is a special case since the Eschenburg space is now simply
the homogeneous Aloff–Wallach space W 7 = SU(3)/diag(z,z, z̄2), which, with the
above cohomogeneity one action, we denote by W 7

(1). The functions are given by:

f1 =
1
4
[
(ε−4)cos4(t)+2(ε +2)cos2(t)+ ε

]
, f2 = f3 = 1+(ε−1)cos2(t),

g1 = g2 = g3 = ε , h1 = −ε
2
(cos2(t)+1) , h2 = h3 = −ε cos(t).

A major difference with the previous two cases lies in the Weyl group. Clearly
w− = (−1,−1) and w+ = (ip+1, ip). Thus (w−w+)2 ∈ H and hence W = D2. The
Weyl group elements multiply each of the natural basis vectors in Tp±B± with ±1
and hence Weyl group symmetry simply says that all (noncollapsing) functions must
be even at t = 0 and at t = L, in particular their first derivatives must vanish. Thus any
of the relationships between different functions that was so useful in the previous
cases is lost. Also, notice that, unlike in the previous two examples, the vanishing
of the remaining inner products is not forced anymore by the action of the isotropy
group since it acts trivially on G/H. The basic behavior of the functions is illus-
trated in Figure 5 for the Aloff–Wallach space and the Eschenburg space with a
typical value of p = 10 and ε = 1

2 . Here we have drawn the graphs on [0,4L], i.e.,
once around the closed geodesic, for better comparison. As p → ∞, the functions
converge, but the limiting metric is not smooth at the singular orbits.

W 7
(2) with Ḡ = SO(3)SO(3).

The Aloff–Wallach space W 7 = SU(3)/diag(z,z, z̄2) has a second cohomogene-
ity one action by combining right multiplication by SU(2) as in the previous ex-
ample with left multiplication by SO(3) ⊂ SU(3). Observe that the right action by
SU(2) is effectively an action of SO(3) = U(2)/Z(U(2)) and that the action is free
with quotient SU(3)/U(2) = CP

2. The left action by SO(3) then induces an action
on the quotient, which has to be the cohomogeneity one action by SO(3) on CP

2
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Fig. 5 Wallach space W 7
(1) and Eschenburg space E10 on [0,4L].

mentioned earlier, since there exists only one SO(3) in SU(3). In particular, the
Ḡ = SO(3)SO(3) action on W 7 is cohomogeneity one, which also determines the
isomorphism type of the isotropy groups: K− = O(2), K+ = SO(2) and H = Z2.

We can choose x− again to be the identity coset since the isotropy is SO(3)∩
SU(2) · diag(z,z, z̄2) = SO(3)∩U(2) = O(2). The tangent space to B− is spanned
by Ei j, I12 and diag(i,−i,0) and hence γ(t) = exp(tI13) ·diag(z,z, z̄2) is a unit speed
geodesic in SU(3)/diag(z,z, z̄2) orthogonal to all orbits. Since the projection to CP

2

is a normal geodesic orthogonal to the orbits of the cohomogeneity one action on
CP

2, it follows that the singular isotropy groups occur at t = 0 and t = π/4 and
thus L = π/4. Instead of trying to compute the embedding of these isotropy groups
directly, we will use the functions describing the metric instead.

We first compute the action fields X∗
i . For comparison, we again consider the

action as an (ineffective) action by S3×S3, and since the twofold cover SU(2) →
SO(3) multiplies the natural basis vectors by 2, we find:

X̄1(t) = Ad(−exp(tI13))(2E12) = −2cos(t)E12 −2sin(t)I23,

X̄2(t) = Ad(−exp(tI13))(2E13) = −2cos(2t)E13 +2sin(2t)diag(i,0,−i),
X̄3(t) = Ad(−exp(tI13))(2E23) = 2sin(t)I12 −2cos(t)E23.

Notice that the component of diag(i,0,−i) orthogonal to diag(z,z, z̄2) is 1
2 diag

(i,−i,0) and that X̄1(t) and X̄3(t) are orthogonal already.
For the right action fields, we have Ȳ ∗

1 =−E12 , Ȳ ∗
2 =−diag(i,−i,0) , Ȳ ∗

3 =−I12
and thus:

f1 = 4sin2(t)+4ε cos2(t) , g1 = ε , h1 = 2ε cos(t),
f2 = 4cos2(2t)+ ε sin2(2t) , g2 = ε , h2 = −ε sin(2t),
f3 = 4cos2(t)+4ε sin2(t) , g3 = ε , h3 = −2ε sin(t),
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Fig. 6 Wallach space W 7
(2) on [0,4L].

with all other inner products being 0. Since X∗
1 (0)− 2Y ∗

1 (0) = 0 and X∗
2 (π/4) +

Y ∗
2 (π/4) = 0 it follows that K−

0 = (eit ,e−2it) ·H and K+
0 = (e jt ,e jt) ·H. Since the

isomorphism type of the isotropy groups of the action is already determined, this
leaves only the following possibility for its group diagram:

Z4 ⊕Z2 = {(±1,±1),(± j,± j)} ⊂ {(eit ,e−2it) ·H , (e jt ,e jt) ·H} ⊂ S3×S3 .

For the Weyl group, we have w− = (i,−1), w+ = (e j π4 ,e j π4 ) and (w−w+)2 = (−1, j)
and hence W = D4. The functions fi and gi satisfy the same Weyl symmetry as in
(2.3), but for hi we have:

h3(t) = −h1(−t +2L) = h1(t +2L) , h2(t) = −h2(−t) = h2(−t +2L).

It is interesting to observe this modified Weyl symmetry behavior in Figure 6 (for a
typical value of ε = 1

2 ).
The above metric with ε = 1 is the one induced by the biinvariant metric, which

has nonnegative curvature, but not positive. For ε = 2, we obtain a 3-Sasakian metric
(see Section 4) after dividing the metric by 2, i.e., multiplying all functions by 1

2 and
replacing the parameter t by

√
2 t. The second SU(2) factor is then the 3-Sasakian

action.
For later purposes we note that, up to conjugation, this group diagram can also

be written as:

Z4 ⊕Z2 = {(±1,±1),(±i,±i)} ⊂ {(eit ,eit) ·H , (e jt ,e2 jt) ·H} ⊂ S3×S3 .

In Figure 7, we show the graphs for the functions in the inverse matrix on W 7
(1) and

W 7
(2). We only include the most interesting case of the one’s with index 1, although

these do not determine the remaining ones as was the case for the sphere and the
Berger space.
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Fig. 7 Inverse functions for W 7
(1) and W 7

(2).

3 Classification of Cohomogeneity One Manifolds
with Positive Curvature

In this section, we describe the classification result in [GWZ]. In even dimensions,
positively curved cohomogeneity one manifolds were classified by L. Verdiani
[V1, V2]. Here only rank one symmetric spaces occur. The actions for these
spaces though are numerous and have been classified in [HL, Iw1, Iw2, Uc].
In odd dimensions, cohomogeneity one actions on spheres are even more nu-
merous. The classification of course must also contain all of the examples de-
scribed in the previous section, as well as the cohomogeneity one action by SU(4)
on the Bazaikin spaces B13

p = diag(z,z,z,z,zp)\SU(5)/diag(zp+4,A)−1, where
A ∈ Sp(2) ⊂ SU(4) ⊂ SU(5). Here SU(4) acts by multiplication on the left in the
first 4 coordinates. Encouragingly, a series of “candidates” Pk,Qk and R emerges in
dimension 7 for which it is not yet known whether they can carry a cohomogeneity
one metric with positive curvature. They are cohomogeneity one under an action of
S3×S3, and are defined as cohomogeneity one manifolds in terms of their isotropy
groups. For Pk, the group diagram is

∆Q ⊂ {(eit ,eit) ·H , (e j(1+2k)t ,e j(1−2k)t) ·H} ⊂ S3×S3,

and for Qk it is

{(±1,±1),(±i,±i)} ⊂ {(eit ,eit) ·H , (e jkt ,e j(k+1)t) ·H} ⊂ S3×S3,

whereas for R we have

{(±1,±1),(±i,±i)} ⊂ {(eit ,e2it) ·H , (e3 jt ,e jt) ·H} ⊂ S3×S3 .
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Notice that the action of S3×S3 on Pk is effectively an action by SO(4), and the one
on Qk and R by SO(3)×SO(3).

Theorem 3.1 (L. Verdiani, K. Grove–B. Wilking–W. Ziller). A simply connected
compact cohomogeneity one manifold with an invariant metric of positive sectional
curvature is equivariantly diffeomorphic to one of the following:

• A compact rank one symmetric space with an isometric action,
• One of E7

p,B
13
p or B7,

• One of the 7-manifolds Pk,Qk, or R,

with one of the actions described above.

The first in each sequence Pk,Qk admit an invariant metric with positive curvature
since from the group diagrams in Section 2 it follows that P1 = S

7 and Q1 = W 7
(2).

By the main result in [GZ], the manifolds Pk,Qk,R all carry an invariant metric with
nonnegative curvature since the cohomogeneity one actions have singular orbits of
codimensions 2. Recall that the cohomogeneity one action on B7 looks like those for
Pk with slopes (−3,1) and (1,−3). In some tantalizing sense then, the exceptional
Berger manifold B7 is associated with the Pk family in an analogues way as the
exceptional candidate R is associated with the Qk family.

The candidates also have interesting topological properties. In [GWZ] it was
shown that the manifolds Pk are two-connected with π3(Pk) = Zk and that Qk has
the same cohomology ring as Ek. The fact that the manifolds Pk are 2-connected
is particularly significant since by the finiteness theorem of Petrunin–Tuschmann
[PT] and Fang–Rong [FR], there exist only finitely many diffeomorphism types of
2-connected positively curved manifolds, if one specifies the dimension and the
pinching constant, i.e., δ with δ ≤ sec ≤ 1. Thus, if Pk admit positive curvature
metrics, the pinching constants δk necessarily go to 0 as k →∞, and Pk would be the
first example of this type.

It is remarkable that all nonlinear actions in Theorem 3.1, apart from the Bazaikin
spaces B13

p , occur in dimension 7 and are cohomogeneity one under a group locally
isomorphic to S3×S3. It is also remarkable that in positive curvature, only the
above slopes are allowed, whereas for arbitrary slopes one has an invariant metric
with nonnegative curvature by [GZ]. We will give a proof of Theorem 3.1 in this
special case of G = S3×S3 since this case is clearly of particular interest.

Three important ingredients in the proof of the classification Theorem 3.1 are
given by:

• The normal geodesic is closed, or equivalently, the Weyl group is finite.
• The action is linearly primitive, i.e., the Lie algebras of all singular isotropy

groups along a fixed normal geodesic generate g as vector spaces.
• The action is group primitive, i.e., the groups K− and K+ generate G as subgroups

and so do K− and nK+n−1 for any n ∈ N(H)0 .

For G = S3×S3, the classification is based on the following lemma.
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Lemma 3.2. Let G = S3×S3 act by cohomogeneity one on the positively curved
manifold M. If G/K is a singular orbit, G/K0 = S3×S3 /(eipt ,eiqt) with p,q �=
0,(p,q) = 1, and H ∩K0 = Zk, we have:

(a) k ≥ 2 and if k = 2, then |p+q| = 1 or |p−q| = 1,
(b) If k > 2, then (p,q) = (±1,±1) or |2p+2q| = k or |2p−2q| = k.
(c) If furthermore G/K−

0 = S3×S3 /(eip−t ,eiq−t), G/K+
0 = S3×S3 /(e jp+t ,e jq+t)

and, up to conjugacy, H = ∆Q or H = {(±1,±1),(±i,±i)}, then min{|p+|,
|p−|} = min{|q+|, |q−|} = 1.

Proof. The main ingredient in the proof of (a) and (b) is the equivariance of
the second fundamental form of G/K regarded as a K equivariant linear map
B : S2T → T⊥. The nontrivial irreducible representations of S1 = {eiθ | θ ∈ R}
consist of two-dimensional representations given by multiplication by einθ on C,
called a weight n representation. The action of K0 on T⊥ = R

2 will have weight k if
H ∩K0 = Zk, since Zk is necessarily the ineffective kernel. The action of K0 on T on
the other hand has weights 0 on W0 = span{(−qi, pi)}, weight 2p on the two plane
W1 = span{( j,0),(k,0)}, and weight 2q on W2 = span{(0, j),(0,k)}. The action on
S2(W1⊕W2) has therefore weights 0 and 4p on S2W1, 0 and 4q on S2W2, and 2p+2q
and 2p−2q on W1 ⊗W2.

Let us first assume that (p,q) �= (±1,±1). Then for any homogeneous metric on
G/K0, there exists a vector w1 ∈W1 and w2 ∈W2 such that the 2-plane spanned by w1
and w2 tangent to G/K has curvature 0 intrinsically. Indeed, since p �= ±q, Ad(K0)
invariance of the metric on G/K0 implies that the 2-planes span{( j,0),(0, j)} and
span{(k,0),(0,k)} and the line W0 are orthogonal to each other. Hence Ad(( j, j))
induces an isometry on G/K0, which implies that the two plane spanned by w1 =
( j,0) ∈ W1 and w2 = (0, j) ∈ W2 is the tangent space of the fixed point set of
Ad(( j, j)) and thus has curvature 0 since the fixed point set in G/K0 is a 2-torus with
a left invariant metric. Since (p,q) �= (±1,±1) at least one of the numbers 4p or 4q
is not equal to the normal weight k > 0. The equivariance of the second fundamen-
tal form then implies that BS2Wi

vanishes for at least one i and hence by the Gauss
equations B(w1,w2) �= 0 for the above vectors w1 and w2. Using the equivariance
of the second fundamental form once more, we see that W1 ⊗W2 contains a subrep-
resentation whose weight is equal to the normal weight k. Hence, |2p + 2q| = k or
|2p−2q| = k. In particular, k ≥ 2.

It remains to show that if (p,q) = (±1,±1), then k > 2. We first show that we still
have a 2-plane as above with 0-curvature. Indeed, Ad(K0) invariance implies that the
inner products between W1 and W2 are given by 〈(X ,0),(0,Y )〉 = 〈φ(X),Y 〉 where
φ : W1 →W2 is an Ad(K0) equivariant map. Hence, if we choose j′ = φ( j) and k′ =
φ(k), the two planes span{( j,0),(0, j′)} and span{(k,0),(0,k′)} are orthogonal to
each other, so that by the same argument w1 = ( j,0)∈W1 and w2 = (0, j′)∈W2 span
a 2-plane with curvature 0. We thus obtain again that BS2Wi

= 0, hence B(w1,w2) �= 0,
which gives a contradiction unless k = 4.
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To prove part (c), we use the following general fact about an isometric G ac-
tion on M. The strata, i.e., components in M/G of orbits of the same type (K),
are (locally) totally geodesic (cf. [Gr]). Indeed, by the slice theorem, such a com-
ponent near the image of p ∈ M with Gp = K is given by the fixed point set
DK ⊂ D/K ⊂ M/G where D is a slice at p. In the case of the S3×1 action on M, the
isotropy groups are given by the intersections of S3×1 with K± and H since S3×1
is normal in G. Using the special form of the principal isotropy group H, it follows
that on the regular part the isotropy groups are effectively trivial. On the other hand,
if min{|q+|, |q−|} > 1, they are nontrivial along B±. This implies that the image of
both B± in M/S3×1 are totally geodesic. Since these strata are two-dimensional
and M/S3 is four-dimensional, both strata cannot be totally geodesic according to
Petrunin’s analogue [Pe] of Frankel’s theorem for Alexandrov spaces. This finishes
our claim. ��

We now use the classification of 7-dimensional compact simply connected
(group) primitive cohomogeneity one manifolds in [Ho]. Although the use of this
classification is not necessary, it simplifies the argument and brings out its main
points. Surprisingly there are, in addition to numerous linear actions on S

7, only 6
primitive families in the classification, 5 of them with G = S3×S3, and we apply
Lemma 3.2 to exclude from them the ones that do not admit an invariant metric
with positive curvature.

Example 1. The simplest primitive group diagram on a 7-manifold with G = S3×S3

is given by
{e} ⊂ {∆S3,(eipθ ,eiqθ )} ⊂ S3×S3,

for any p,q. A modification of this example is

Z2 = {(1,−1)} ⊂ {∆S3 ·H,(eipθ ,eiqθ )} ⊂ S3×S3,

with p even and q odd. Notice that the second family is a twofold branched cover of
the first.

In the first case, the normal weight is k = 1, and thus Lemma 3.2 (a) implies that
there are no positively curved invariant metrics. In the second case k = 2, and it
follows that |p− q| = 1 or |p + q| = 1, which, up to automorphisms of S3×S3, is
the Eschenburg space Ep. Notice though that in both cases, we also need to exclude
the possibility that one of p or q is 0, which is not covered by Lemma 3.2. For this
special case, one uses the product lemma [GWZ, Lemma 2.6], which we will not
discuss here.

Example 2. The second family has H = Z4:

〈(i, i)〉 ⊂ {(eip−θ ,eiq−θ ) ·H,(e jp+θ ,e jq+θ ) ·H} ⊂ S3×S3,

where p−,q− ≡ 1 mod 4, and p+,q+ are arbitrary. This family is excluded alto-
gether. Indeed, if p+ and q+ are both odd, the normal weight at B+ is k = 2, which
implies that |p+ ± q+| = 1, which is clearly impossible. If one is even, the other



252 W. Ziller

odd, k = 1, which is excluded by Lemma 3.2. If p+ = 0 or q+ = 0, the action is not
group primitive.

Example 3. The third family has H = Z2 ⊕Z4:

{(±1,±1),(±i,±i)} ⊂ {(eip−θ ,eiq−θ ) ·H,(e jp+θ ,e jq+θ ) ·H} ⊂ S3×S3,

where p−,q− is odd, p+ even and q+ odd. On the left, B− has normal weight k = 4
and thus (p−,q−) = (±1,±1) or |p− + q−| = 2 or |p− − q−| = 2. On the right,
B+ has normal weight k = 2 and thus |p+ + q+| = 1 or |p+ −q+| = 1. Notice also
that we can assume that all integers are positive by conjugating all groups by i or
j in one of the components, and observing that p+ = 0 is not group primitive. To-
gether with Lemma 3.2 (c), this leaves only the possibilities {(p−,q−) , (p+,q+)}=
{(1,3),(2,1)} or {(p−,q−) , (p+,q+)} = {(1,1),(p+,q+)} with |q+ − p+| = 1.
The first case is the exceptional manifold R. In the second case, we can also as-
sume that q+ > p+ by interchanging the two S3 factors if necessary, and hence
(p+,q+) = (p, p+1) with p > 0. This gives us the family Qk.

Example 4. The last family has H = ∆Q:

∆Q ⊂ {(eip−θ ,eiq−θ ) ·H,(e jp+θ ,e jq+θ ) ·H} ⊂ S3×S3,

where p±,q± ≡ 1 mod 4. Now the weights on both normal spaces are 4 and hence
|q± + p±| = 2 or (p±,q±) = (1,1). Combining with Lemma 3.2 (c) yields only two
possibilities. Either {(p−,q−) , (p+,q+)}= {(1,−3),(−3,1)} or {(1,1),(p+,q+)}
with q+ + p+ = 2. The first case is the Berger space B7, and in the second case we
can arrange that {(p−,q−) , (p+,q+)} = {(1,1),(1 + 2k,1− 2k)} with k ≥ 0. The
case k = 0 is excluded since it would not be group primitive. Thus we obtain the
family Pk.

Remark. There is only one further family of compact simply connected
7-dimensional primitive cohomogeneity one manifolds, given by the action of
S1×S3×S3 on the Kervaire sphere. For this action, it was shown in [BH] (see also
[Se] for the 5-dimensional case) that it cannot admit an invariant metric with posi-
tive curvature unless it is a linear action on a sphere. In [GVWZ], it was shown that
in most cases it does not even admit an invariant metric with nonnegative curvature.
If we also allow nonprimitive 7-dimensional cohomogeneity one manifolds, one
finds 9 further families in [Ho]. He also shows that the only cohomogeneity one
manifold in dimension 7 or below (primitive or not), where it is not yet known if
it admits an invariant metric with nonnegative curvature, are the two families in
Example 1.

We also mention that in dimension 7, one finds a classification of positively
curved cohomogeneity one manifold in [PV1, PV2] in the case where the group
is not locally isomorphic to S3×S3, and that a classification in dimensions 6 and
below was obtained in [Se].
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4 Candidates and Hitchin Metrics

The two families of cohomogeneity one manifolds Pk and Qk have another remark-
able and unexpected property. They carry a natural metric on them that is 3-Sasakian
and can be regarded as an orbifold principal bundle over S

4 or CP
2, equipped with

a self-dual Einstein metric.
Before we discuss this metric, we give a description of our candidates using

the language of self-duality. If we consider an oriented four manifold M4 equipped
with a metric, we can use the Hodge star operator ∗: Λ2T ∗ → Λ2T ∗ to define self-
dual and anti–self-dual 2-forms, i.e., forms ω with ∗ω = ±ω . They each form a 3-
dimensional orientable vector bundle Λ2

±T ∗(M) over M with a fiber metric induced
by the metric on M. Thus their oriented orthonormal frame bundles are two natural
SO(3) principal bundles associated with the tangent bundle of M. The star operator
depends on the conformal class of the metric, but the isomorphism type of the vector
bundles only depend on the given orientation. The same construction can be carried
out for oriented orbifolds equipped with an orbifold metric as such a metric is locally
the quotient of a smooth Riemannian metric under a finite group of isometries. The
principal bundles are then orbifold bundles. In particular, SO(3) will in general only
act almost freely (i.e., all isotropy groups are finite) and the total space may only be
an orbifold.

We use this construction now for the following orbifold structure Ok on S
4. Con-

sider the cohomogeneity one action of SO(3) on S
4 described in Section 2. The two

singular orbits are Veronese embeddings of RP
2 into S

4. We define an orbifold Ok
by requiring that it be smooth along the regular orbits and one singular orbit, but
along the second singular orbit it is smooth in the orbit direction and has an an-
gle 2π/k normal to it. Since the normal space is two-dimensional, this orbifold is
still homeomorphic to S

4. When k is even, we have the SO(3) equivariant twofold
branched cover CP

2 → S
4 mentioned in Section 2, and O2k pulls back to an orb-

ifold structure on CP
2 with angle 2π/k normal to the real points RP

2 ⊂ CP
2. If

we equip the orbifold with an orientation and with an orbifold metric invariant un-
der the SO(3) action, we can define the SO(3) principal bundle Hk of the vector
bundle of self-dual 2-forms on Ok. The orientation we choose is adapted to the co-
homogeneity one action as follows. Recall that we have a natural basis in the orbit
direction corresponding to the action fields X∗

1 = E∗
12 ,X∗

2 = E∗
13 ,X∗

3 = E∗
23 and we

choose the orientation defined by γ ′,X∗
1 ,X∗

2 ,X∗
3 where γ is the normal geodesic cho-

sen in Section 2. Along the singular orbits X∗
1 respectively X∗

2 vanishes and should
be replaced by the derivative of the Jacobi field induced by their action fields. The
isometric cohomogeneity one action of SO(3) on Ok clearly lifts to an action on
the bundle of self-dual 2-forms and thus onto the principal bundle Hk. It commutes
with the principal bundle action of SO(3) and together they form an SO(3)×SO(3)
cohomogeneity one action on Hk. We now show:

Theorem 4.1. The total space Hk of the SO(3) principal orbifold bundle of self-
dual 2-forms on Ok is smooth, and the cohomogeneity one manifolds Pk and Qk
are equivariantly diffeomorphic to the (twofold) universal covers of H2k−1 and H2k,
respectively.
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Proof. Recall that for the SO(3) cohomogeneity one action on S
4 in Section 2, the

isotropy groups are given by H = Z2 ⊕Z2 ⊂ {O(2),O′(2)} ⊂ SO(3) where the two
singular isotropy groups are embedded in two different blocks. Since the metric on
Ok is smooth near B−, it follows that we still have K− ∼= O(2), which we can as-
sume is embedded in the upper block, and hence H ∼= Z2 ⊕Z2 embedded as the set
of diagonal matrices in SO(3). The normal angle along B+ is 2π/k and a neighbor-
hood of B+ can be described as follows. The homomorphism φk : SO(2) → SO(2),
φk(A) = Ak gives rise to a homomorphism jk : K+

0 � SO(2)→ SO(3), where A ∈ K+
0

goes to φk(A) followed by an embedding into the lower block of SO(3). We can now
define K+ = O(2) for k odd, K+ = O(2)×Z2 for k even and extend the homomor-
phism to jk : K+ → SO(3) such that diag(1,−1) ∈ O(2) goes to diag(−1,1,−1)
and the nontrivial element in Z2 goes to diag(1,−1,−1) when k is even. A neigh-
borhood of the singular orbit on the right is then given by D(B+) = SO(3)×K+ D2

+
where K+ acts on SO(3) via jk, K+

0 acts on D2
+ via φ2, diag(1,−1) ∈ O(2) acts

as a reflection, and Z2 acts trivially. Indeed, we then have SO(3) ×K+ D2
+ =

SO(3)×(K+/ker jk) (D2
+/ker jk) with singular orbit SO(3)/O(2) and normal disk

D2
+/ker jk = D2

+/Zk. Furthermore, ∂D(B+) = SO(3)×K+ S
1
+ = SO(3)/H. Notice

that the element −Id ∈ K+ acts trivially on SO(3)×D2
+ when k is even. Thus the

extra element we added in this case guarantees that for the effective version of the
action, we still have S

1
+ = K+/H.

The vector bundle of self-dual 2-forms can be viewed as follows: Let P be
the SO(4) principal bundle of oriented orthonormal frames in the orbifold tan-
gent bundle of Ok. This frame bundle is a smooth manifold since the finite iso-
metric orbifold groups act freely on frames. SO(4) has two normal subgroups
SU(2)− and SU(2)+, given by left and right multiplication of unit quaternions, with
SO(4)/SU(2)± � SO(3). The SO(3) principal bundles P/SU(2)+ and P/SU(2)−
are then the principal bundles for the vector bundle of self-dual and the vector bundle
of anti–self-dual 2-forms. This is due to the fact that the splitting Λ2V ∼=Λ2

−V ⊕Λ2
+V

for an oriented four-dimensional vector space corresponds to the splitting of Lie al-
gebra ideals so(4) ∼= so(3)⊕ so(3) under the isomorphism Λ2V ∼= so(4). Alterna-
tively, we can first project under the twofold cover SO(4) → SO(3)SO(3) and then
divide by one of the SO(3) factors. The action of SO(4) on P is only almost free
since P/SO(4) = Ok, but we will show that both SU(2)+ and SU(2)− act freely on
P, or equivalently, each SO(3) factor in SO(3)SO(3) acts freely on P/{−Id}. This
then implies that P/SU(2)+ = Hk is indeed a smooth manifold.

The description of the disc bundle D(B+) gives rise to a description of the
corresponding SO(4) frame bundle SO(3) ×K+ SO(4) where the action of K+

on SO(3) is given by jk as above, and the action of K+
0 on SO(4) is given via

SO(2) ⊂ SO(4) : A ∈ SO(2) → (φk(A),φ2(A)) acting on the splitting T+ ⊕T⊥
+ into

tangent space and normal space of the singular orbit. Similarly for the left-hand side
where k = 1. On the left-hand side the X∗

1 direction collapses, T− is oriented by
X∗

2 ,X∗
3 and T⊥

− by γ ′(0),X∗
1 . On the right-hand side the X∗

2 direction collapses, T+ is
oriented by X∗

3 ,X∗
1 and T⊥

+ by γ ′(L),X∗
2 . Furthermore, SO(2) ⊂ O(2) has negative

weights on T±, where we have endowed the isotropy groups on the left and on the
right with orientations induced by X1 and X2, respectively. Indeed, [E12,E13] =−E23
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on the left and [E13,E23] = −E12 on the right. On T⊥
− , the weight is positive, and

on T⊥
+ negative. Hence K±

0 ⊂ SO(3)SO(4) sits inside the natural maximal torus
in SO(3)SO(4) with slopes (1,−1,2) on the left, and (k,−k,−2) on the right. To
make this precise metrically, we can choose as a metric on Hk, the natural connec-
tion metric induced by the Levi–Cevita connection on Ok. A parallel frame is then
a geodesic in this metric. By equivariance under H, the unit vectors X∗

i /|X∗
i | form

such a parallel frame.
Under the homomorphism SO(4) → SO(3)SO(3) and the natural maximal tori

in SO(4) and in SO(3)SO(3), a slope (p,q) circle goes into one with slope (p +
q,−p + q). Hence the slopes of K±

0 in SO(3)SO(3)SO(3) are (1,1,3) on the left,
and (k,−(k + 2),k − 2) on the right. This also implies that the second and third
SO(3) factor each act freely on P/{−Id}. Here we have used the fact that we already
know that SO(4), and thus each SO(3), acts freely on the regular part and hence
freeness only needs to be checked in K+

0 . Notice also that for k even, all slopes in
K+

0 should be divided by 2 to make the circle description effective. If we divide by
the third SO(3) to obtain Hk, the slopes are (1,1) on the left and (k,−(k+2)) on the
right. Finally, notice that the principle isotropy group of the SO(3)SO(3) action on
Hk is again Z2 ⊕Z2 as this is true for the SO(3) action on Ok and SO(4) acts freely
on the regular points in P. This determines the group diagram. For k = 2m−1, it is
the group diagram of the twofold subcover of Pm obtained by dividing G = S3×S3

by its center. Here we have used the fact that conjugation of all groups by (i, i) does
not change K− or H, but changes the signs of the slopes in K+. For k = 2m, this is
the group picture of the twofold subcover of Qm obtained by adding a component
to all 3 isotropy groups, generated, e.g., by ( j, j). In this case, we can change the
slope from (2m,−2m− 2) to (m,m + 1) by conjugating all groups with (1, i). This
finishes our proof. ��

Remarks. (a) The proof also shows that the SO(3) principal bundles P/SU(2)−
corresponding to the vector bundle of anti–self-dual two forms is smooth and has
slopes (1,3) on the left and (k,k−2) on the right. Note that in the case of k = 3, one
obtains the slopes for the exceptional manifold B7 and in the case of k = 4 the ones
for R (up to twofold covers).

(b) In the case of k = 2�, we can regard Ok as an orbifold metric O� on CP
2.

In this case, it follows that the SO(3) principal bundle of the bundle of self-dual
2-forms is Q� itself.

We now explain the relationship to the Hitchin metrics. Recall that a metric on
M is called 3-Sasakian if G = SU(2) or G = SO(3) acts isometrically and almost
freely with totally geodesic orbits of curvature 1. Moreover, for U tangent to the
SU(2) orbits and X perpendicular, X ∧U is required to be an eigenvector of the cur-
vature operator R̂ with eigenvalue 1, in particular the sectional curvatures sec(X ,U)
are equal to 1. In the case we are interested in, where the dimension of M is 7, the
quotient B = M7/G is 4-dimensional and its induced metric is self-dual Einstein
with positive scalar curvature, although it is in general only an orbifold metric. Re-
call that a metric is called self-dual if the curvature operator satisfies R̂ ◦ ∗= ∗◦R̂.
Conversely, given a self-dual Einstein orbifold metric on B4 with positive scalar
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curvature, the SO(3) principal orbifold bundle of self-dual 2-forms on B4 has a
3-Sasakian orbifold metric given by the naturally defined Levi–Cevita connection
metric. See [BG] for a survey on this subject.

Recall that S
4 and CP

2, according to Hitchin, are the only smooth self-dual
Einstein 4-manifolds. The 3-Sasakian metrics they give rise to are the metric on
S

7(1) in the first case, and in the second case the metric on the Wallach space W 7
(2)

described in Section 2. However, in the more general context of orbifolds, Hitchin
constructed in [Hi1] a sequence of self-dual Einstein orbifolds Ok homeomorphic to
S

4, one for each integer k > 0. The metric is invariant under the cohomogeneity one
action by SO(3) from Section 2 and has an orbifold singularity as in the orbifold Ok
discussed earlier. The cases of k = 1,2 correspond to the smooth standard metrics
on S

4 and on CP
2, respectively. Hence the Hitchin metrics give rise to 3-Sasakian

orbifold metrics on the seven-dimensional orbifold H7
k . Here one needs to check

that the orientation we chose above agrees with the orientation in [Hi1]. As we saw
in Theorem 4.1, Hk is actually smooth and the 3-Sasakian metric, as a quotient of
the smooth connection metric on the principal frame bundle, is also smooth. Thus
our candidates Pk and Qk all admit a smooth 3-Sasakian metric. In the context of
3-Sasakian geometry, the examples Pk are particularly interesting since they are two
connected, and so far, the only known 2-connected example in dimension 7 was S

7.
It was shown by O. Dearricott in [De] (see also [CDR]) that a 3-Sasakian metric,

scaled down in direction of the principal G = SO(3) or SU(2) orbits, has posi-
tive sectional curvature if and only if the self-dual Einstein orbifold base has posi-
tive curvature. It is therefore interesting to examine the curvature properties of the
Hitchin metrics, which we will now discuss shortly. The metric is described by the 3
functions Ti(t) = |X∗

i (γ(t))|2 along a normal geodesic γ , since invariance under the
isotropy group implies that these vectors are orthogonal. It turns out that in order to
solve the ODE along γ given by the condition that the metric is self-dual Einstein,
it is convenient to change the arc length parameter from t to r. The metric is thus
described by

gγ(r) = f (r)dr2 +T1(r)dθ 2
1 +T2(r)dθ 2

2 +T3(r)dθ 2
3 ,

where dθi is dual to Xi. In order to solve the ODE, Hitchin uses complex algebraic
geometry on the twistor space of Ok. For general k, the solutions are explicit only in
principal and it is thus a tour de force to prove the required smoothness properties
of the metric. For small values of k though, one finds explicit solutions in [Hi1] and
[Hi2]:

Example 1. The first nonsmooth example is the Hitchin metric with normal angle
2π/3. Here the functions are algebraic:

T1 =
80r2(r6 −2r5 −5r4 −15r3 −20r2 +13r +4)

(3r3 +7r2 + r +1)2(3r3 −13r2 + r +1)
,

T2 =
5r(3r−1)(r−β )(r +β +2)(2−3r− r2 + r3 +5β r)2

(3r3 +7r2 + r +1)2(r2 + r−1)(r2 + r +4)
,
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T3 =
5r(3r−1)(r +β )(r−β +2)(2−3r− r2 + r3 −5β r)2

(3r3 +7r2 + r +1)2(r2 + r−1)(r2 + r +4)
,

f =
5(3r−1)(r2 + r +4)(r +1)2

(r + r2 −1)/(3r3 +7r2 + r +1)2 ,

with β =
√

r+r2−1
r and

√
5−1
2 ≤ r ≤ 1.

Example 2. The simplest example of a nonsmooth Hitchin metric has normal angle
2π/4, where the functions are given by:

T1 =
(1− r2)2

(1+ r + r2)(r +2)(2r +1)
, T2 =

1+ r + r2

(r +2)(2r +1)2 , T3 =
r(1+ r + r2)

(r +2)2(2r +1)
,

f =
1+ r + r2

r(r +2)2(2r +1)2 ,

with 1 ≤ r < ∞.

Example 3. Finally, we have the Hitchin metric with normal angle 2π/6:

T1 =
(3r2 +2r +1)(r2 +2r−1)2(r2 −2r +3)(r2 +1)

(3r2 −2r +1)(r2 −2r−1)2(r2 +2r +3)2 ,

T2 =
(3r2 −2r +1)(r2 −2r +3)(r +1)3(r−1)
(3r2 +2r +1)(r2 +2r +3)2(r2 −2r−1)

,

T3 =
−4(3r2 −2r +1)(3r2 +2r +1)r

(r2 +2r +3)2(r2 −2r−1)(r2 −2r +3)
,

f =
(r +1)(r2 −2r +3)(3r2 +2r +1)(3r2 −2r +1)

r(1− r)(r2 −2r−1)2(r2 +1)(r2 +2r +3)2 ,

with
√

2−1 ≤ r ≤ 1.

In the above formulas, we have corrected and simplified the functions given in
[Hi1] in the case of k = 6. In the case of k = 3, one uses the solution of the Painlevé
equation in [Hi2, p. 28] (with the corrected value w2 = 1+u−u−1) and applies the
general recipe described in [Hi1, p. 194–195] to obtain the form of the metric.

Although one can in principle use the methods in [Hi1] to determine the func-
tions for larger values of k, they quickly become even more complicated. The
above 3 cases are sufficient though to understand the behavior in general. If the
functions are given in arc length parameter, one has sec(γ ′,X∗

i ) = − f ′′i / fi, where
fi(t) = |X∗

i (γ(t))|, and hence positive curvature is equivalent to the concavity of fi.
In Figures 8–10, we therefore have drawn a graph of the length functions fi in arc
length parameter, together with a graph of sec(γ ′,X∗

i ). The pictures are similar, but
notice the difference in scale. One sees that the nonsmooth singular orbit must occur



258 W. Ziller

k=3

0.4

0.160.80.4

0.8

1.4

f3

f1

f2

k=3

–0.5

2

4

0.28 0.8 1.16

∗sec(γ ′,X3)

∗sec(γ ′,X1)

∗sec(γ ′,X2)

Fig. 8 Hitchin metric with normal angle 2π/3.
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Fig. 9 Hitchin metric with normal angle 2π/4.

at t = L since it is necessarily totally geodesic, which implies that the noncollapsing
functions have 0 derivative. The pictures show that the function f1, which vanishes
at the smooth singular orbit, is concave, whereas the other two are slightly convex
near the smooth singular orbit.

For each of the 3 elements g ∈ H, the fixed point set of g is a 2-sphere, since this
is clearly true for the linear action on S

4 corresponding to k = 1. They are isometric
to each other via an element of the Weyl group. Since the circle that commutes with
g acts by isometries on the 2-sphere, it is rotationally symmetric with an orbifold
point at one of the poles. It has positive curvature, except in a small region two thirds
toward this pole. Figure 11 shows the length of the action field induced by the circle
action on this 2-sphere (which is equal to fi/2) in the case of k = 3 and k = 6. Notice
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Fig. 10 Hitchin metric with normal angle 2π/6.
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2L 3L

k=6

0.5

L 2L 3L

Fig. 11 Hitchin metrics on [0,3L].

that it extends from 0 to 3L. These 2-spheres can also be isometrically embedded as
surfaces of revolution in 3-space, which we exhibit in Figure 12.

One can show that, as a consequence of being self-dual Einstein, sec(X∗
i ,X∗

j ) =
sec(γ ′,X∗

k ), when i, j,k are distinct, and that if all 3 are positive, the curvature of
any 2-plane is indeed positive also. Thus the Hitchin metric has positive curvature
wherever the above orbifold 2-sphere has positive curvature. By Dearricott’s theo-
rem, this implies that the induced 3-Sasakian metric on our candidates, scaled down
in direction of the principal SO(3) orbits, has positive sectional curvature on half of
the manifold.

Thus this metric does not yet give the desired metrics of positive curvature on
Pk and Qk. It is also tempting to think that, as in the case of the known actions in
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k=3 k=6

Fig. 12 Fixed point orbifold 2-spheres in Hitchin metrics.

Section 2, simple trigonometric expressions for the 9 functions describing a metric
on Pk, Qk, or R might yield a metric with positive curvature on our candidates. But
this does not seem to be the case either, as already the smoothness conditions and
simple necessary convexity properties require trigonometric functions that are quite
complicated.

It is intriguing that the (noncompact) space of 2-monopoles studied by Atiyah
and Hitchin in [AH] has surprisingly similar properties to the above metric. It car-
ries a self-dual Einstein orbifold metric, which in this case is Ricci flat, i.e., is hy-
perkähler. It is invariant under SO(3) with principal orbits SO(3)/Z2 ⊕Z2 and a
singular orbit RP

2 with normal angle 2π/k. Of the 3 functions describing the met-
ric, one is concave as well, and the other two are not. Thus one of the fixed point sets
of elements in H is a (noncompact) surface of revolution with positive curvature.
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The Sasaki Cone and Extremal Sasakian Metrics

Charles P. Boyer, Krzysztof Galicki, and Santiago R. Simanca

Abstract We study the Sasaki cone of a CR structure of Sasaki type on a given
closed manifold. We introduce an energy functional over the cone and use its critical
points to single out the strongly extremal Reeb vector fields. Should one such vector
field be a member of the extremal set, the scalar curvature of a Sasaki extremal
metric representing it would have the smallest L2-norm among all Sasakian metrics
of fixed volume that can represent vector fields in the cone. We use links of isolated
hypersurface singularities to produce examples of manifolds of Sasaki type, many
of these in dimension five, whose Sasaki cone coincides with the extremal set, and
examples where the extremal set is empty. We end up by proving that a conjecture
of Orlik concerning the torsion of the homology groups of these links holds in the
five-dimensional case.

1 Introduction

The study of a Sasakian structure goes along with the one-dimensional foliation
on the manifold associated to the Reeb vector field. In the case where the orbits
are all closed, the manifold has the structure of an orbifold circle bundle over a
compact Kähler orbifold, which must be algebraic, and which has at most cyclic
quotient singularities. For a long time, techniques from Riemannian submersions,
suitably extended, were used to find interesting canonical Sasakian metrics in this
orbibundle setting. This led to the common belief that the only interesting such met-
rics occurred precisely in this setting. Compact Sasakian manifolds with non-closed
leaves—irregular Sasakian structures—were known to exist, but there was no ev-
idence to suspect they could be had with Einstein metrics as well. It was thought
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reasonable that all Sasaki–Einstein metrics could be understood well by simply
studying the existence of Kähler–Einstein metrics on compact cyclic orbifolds.

The existence of Sasaki–Einstein metrics is of great interest in the physics of
the famous CFT/AdS Duality Conjecture, and the discovery of irregular Sasaki–
Einstein structures [18] was a rather remarkable feat, in particular if we take into
account their rather explicit depiction in coordinates. An attempt to study them us-
ing a treatment inspired in the use of classical Lagrangians, replaced in this context
by a Riemannian functional whose critical points define the canonical metrics we
seek, was started in [13] using the squared L2-norm of the scalar curvature as the
functional in question, with its domain restricted to the space of metrics adapted to
the geometry of the underlying Sasakian structure under consideration. This choice
of Lagrangian is well-known in Kähler geometry, which was and remains a guid-
ing principle to us, and is quite natural since Sasakian geometry sits naturally in
between two Kähler geometries, that of the transversals to the one-dimensional foli-
ations associated to the Reeb vector field, and that of the metric cones inside which
the Sasaki manifolds sits as a base. Not surprisingly, the Sasakian metrics that are
critical points of the Lagrangian we use are those that are transversally extremal in
the sense of Calabi, and several important results known in Kähler geometry have
now a counterpart in the Sasakian context [13, 17] also.

In the theory we developed [13], a given CR structure (D,J) of Sasaki type is the
analogue in the Sasaki context of a complex structure on a manifold of Kähler type,
and the Reeb vector field ξ in a Sasakian structure with (D,J) as underlying CR
structure is the analogue of a choice of a class in the Kähler cone. The Sasaki cone
κ(D,J) of the CR structure arises naturally, and ξ ∈ κ(D,J) is said to be canonical
or extremal if there exists a Sasakian structure (ξ ,η ,Φ,g), with underlying CR
structure (D,J), for which the metric g in the structure is Sasaki extremal. The set
of vector fields in the cone for which this happens is denoted by e(D,J). In this
chapter, we present a number of examples where κ(D,J) = e(D,J), as well as a
number of examples where e(D,J) is the empty set.

In the cases where κ(D,J) = e(D,J), it is natural to ask which is the optimal
choice we could make of a Reeb vector field, be as it may that each one admits
a Sasaki extremal representative. In effect, this question turns out to be natural in
general, even in the cases where e(D,J) is the empty set. We briefly discuss this
here also, introducing the notion of strongly extremal Reeb vector field. A detailed
elaboration of this idea will appear elsewhere.

The specific examples we give are links of isolated hypersurface singularities. For
these manifolds, there is a long-standing conjecture of Orlik whose validity would
describe the torsion of their homology groups. We present a proof of this conjecture
in dimension five, as obtained recently by the second author.

This article developed from partial results obtained by the three authors while
working on an ongoing project. It is presented here by the first and last author in
memory of their friend and collaborator Kris Galicki.



The Sasaki Cone and Extremal Sasakian Metrics 265

2 Preliminaries on Sasakian Geometry

A contact metric structure (ξ ,η ,Φ,g) on a manifold M is said to be a Sasakian
structure if (ξ ,η ,Φ) is normal. A smooth manifold provided with one such structure
is said to be a Sasakian manifold, or a manifold of Sasaki type. We briefly spell out
the meaning of this definition in order to recall the relevant geometric set-up it brings
about. A detailed discussion of Sasakian and contact geometry can be found in [7].

The triple (ξ ,η ,Φ) defines an almost contact structure on M. That is to say, ξ is
a nowhere zero vector field, η is a one form, and Φ is a tensor field of type (1,1),
such that

η(ξ ) = 1 , Φ2 = −1l+ξ ⊗η .

The vector field ξ defines the characteristic foliation Fξ with one-dimensional
leaves, and the kernel of η defines the codimension one sub-bundle D. We have
the canonical splitting

T M = D⊕Lξ , (1)

where Lξ is the trivial line bundle generated by ξ .
The sub-bundle D inherits an almost complex structure J by restriction of Φ, and

the dimension of M must be an odd integer, which we set be 2n+1 here. When for-
getting the tensor Φ and characteristic foliation, the sub-bundle D by itself defines
what is called a contact structure on M.

The Riemannian metric g is compatible with the almost contact structure
(ξ ,η ,Φ), and so we have that

g(Φ(X),Φ(Y )) = g(X ,Y )−η(X)η(Y ).

Thus, g induces an almost Hermitian metric on D. This fact makes of (ξ ,η ,Φ,g)
an almost contact metric structure, and in that case, the canonical decomposition
(1) is orthogonal. The orbits of the field ξ are geodesics, a condition that can be
re-expressed as ξ dη = 0, and so dη is a basic 2-form. We have the relation

g(ΦX ,Y ) = dη(X ,Y ) , (2)

which says that (ξ ,η ,Φ,g) is a contact metric structure. Notice that the volume
element defined by g is given by

dµg =
1
n!

η ∧ (dη)n . (3)

On the cone C(M) = M×R
+ we have the metric

gC = dr2 + r2g ,

and the radial vector field r∂r satisfies the relation

£r∂r gC = 2gC .
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We have also an almost complex structure I on C(M) given by

I(Y ) = Φ(Y )−η(Y )r∂r , I(r∂r) = ξ .

The contact metric structure (ξ ,η ,Φ) is said to be normal if the pair (C(M), I) is
a complex manifold. In that case, the induced almost complex structure J on D is
integrable. Further, gC is a Kähler metric on (C(M), I).

2.1 Transverse Kähler Structure

For a Sasakian structure (ξ ,η ,Φ,g), the integrability of the almost complex struc-
ture I on the cone C(M) implies that the Reeb vector field ξ leaves both, η and Φ,
invariant. We obtain a codimension one integrable strictly pseudo-convex CR struc-
ture (D,J), where D = kerη is the contact bundle and J = Φ|D, and the restriction
of g to D defines a symmetric form on (D,J) that we shall refer to as the transverse
Kähler metric gT . By (2), the Kähler form of the transverse Kähler metric is given
by the form dη . Therefore, the Sasakian metric g is determined fully in terms of
(ξ ,η ,Φ) by the expression

g = dη ◦ (1l⊗Φ)+η⊗η . (4)

The Killing field ξ leaves invariant η and Φ, and the decomposition (1) is orthog-
onal. Despite its dependence on the other elements of the structure, we insist on
explicitly referring to g as part of the Sasakian structure (ξ ,η ,Φ,g).

We consider the set

S(ξ ) = {Sasakian structure (ξ̃ , η̃ ,Φ̃, g̃) | ξ̃ = ξ} , (5)

and provide it with the C∞ compact-open topology as sections of vector bundles. For
any element (ξ̃ , η̃ ,Φ̃, g̃) in this set, the 1-form ζ = η̃ −η is basic, and so [dη̃ ]B =
[dη ]B. Here, [ · ]B stands for a cohomology class in the basic cohomology ring, a ring
that is defined by the restriction dB of the exterior derivative d to the subcomplex
of basic forms in the de Rham complex of M. Thus, all of the Sasakian structures
in S(ξ ) correspond to the same basic cohomology class. We call S(ξ ) the space of
Sasakian structures compatible with ξ , and say that the Reeb vector field ξ polarizes
the Sasakian manifold M [13].

Given a Reeb vector field ξ , we have its characteristic foliation Fξ , so we let
ν(Fξ ) be the vector bundle whose fiber at a point p ∈ M is the quotient space
TpM/Lξ , and let πν : T M → ν(Fξ ) be the natural projection. The background struc-
ture S = (ξ ,η ,Φ,g) induces a complex structure J̄ on ν(Fξ ). This is defined by
J̄X̄ := Φ(X), where X is any vector field in M such that π(X) = X̄ . Furthermore,
the underlying CR structure (D,J) of S is isomorphic to (ν(Fξ ), J̄) as a complex
vector bundle. For this reason, we refer to (ν(Fξ ), J̄) as the complex normal bundle
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of the Reeb vector field ξ , although its identification with (D,J) is not canonical. In
this sense, M is polarized by (ξ , J̄).

We define S(ξ , J̄) to be the subset of all structures (ξ̃ , η̃ ,Φ̃, g̃) in S(ξ ) such that
the diagram

T M Φ̃→ T M
↓πν ↓πν

ν(Fξ ) J̄→ ν(Fξ ),

(6)

commutes. This set consists of elements of S(ξ ) with the same transverse holo-
morphic structure J̄, or with more precision, the same complex normal bundle
(ν(Fξ ), J̄).

2.2 The Sasaki Cone

If we look at the Sasakian structure (ξ ,η ,Φ,g) from the point of view of CR geom-
etry, its underlying strictly pseudo-convex CR structure (D,J), with associated con-
tact bundle D, has Levi form dη .

If (D,J) is a strictly pseudo-convex CR structure on M of codimension one, we
say that (D,J) is of Sasaki type if there exists a Sasakian structure S = (ξ ,η ,Φ,g)
such that D = kerη and Φ|D = J. We consider the set

S(D,J) =

{
S = (ξ ,η ,Φ,g) : S a Sasakian structure

(kerη ,Φ |kerη) = (D,J)

}
(7)

of Sasakian structures with underlying CR structure (D,J).
We denote by con(D) the Lie algebra of infinitesimal contact transformations,

and by cr(D,J) the Lie algebra of the group CR(D,J) of CR automorphisms of
(D,J). If S = (ξ ,η ,Φ,g) is a contact metric structure whose underlying CR struc-
ture is (D,J), then S is a Sasakian structure if, and only if, ξ ∈ cr(D,J).

The vector field X is said to be positive for (D,J) if η(X) > 0 for any
(ξ ,η ,Φ,g) ∈ S(D,J). We denote by cr+(D,J) the subset of all of these posi-
tive fields, and consider the projection

S(D,J) ι→ cr+(D,J)
(ξ ,η ,Φ,g) 	→ ξ

. (8)

This mapping identifies naturally cr+(D,J) with S(D,J). Furthermore, cr+(D,J) is
an open convex cone in cr(D,J) that is invariant under the adjoint action of the Lie
group CR(D,J). The identification (8) gives the moduli space S(D,J)/CR(D,J) of
all Sasakian structures whose underlying CR structure is (D,J). The conical struc-
ture of cr+(D,J) justifies the following definition:
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Definition 2.1. Let (D,J) be a CR structure of Sasaki type on M. The Sasaki cone
κ(D,J) is the moduli space of Sasakian structures compatible with (D,J),

κ(D,J) = S(D,J)/CR(D,J) .

The isotropy subgroup of an element S ∈ S(D,J) is, by definition, Aut(S). It
contains a maximal torus Tk. In fact, we have the following result [13]:

Theorem 2.2. Let M be a closed manifold of dimension 2n + 1, and let (D,J) be
a CR structure of Sasaki type on it. Then the Lie algebra cr(D,J) decomposes as
cr(D,J) = tk + p, where tk is the Lie algebra of a maximal torus Tk of dimension
k, 1 ≤ k ≤ n + 1, and p is a completely reducible Tk-module. Furthermore, every
X ∈ cr+(D,J) is conjugate to a positive element in the Lie algebra tk.

Theorem 2.2 and (8) imply that each orbit can be represented by choosing a
positive element in the Lie algebra tk of a maximal torus Tk. So let us fix a maximal
torus Tk of a maximal compact subgroup G of CR(D,J), and let W denote the
Weyl group of G. If t+k = tk ∩ cr+(D,J) denotes the subset of positive elements in
tk, we have the identification κ(D,J) = t+k /W . Each Reeb vector field in t+k /W
corresponds to a unique Sasakian structure, so we can view t+k /W as a subset of S,
and we have

Lemma 2.3. Let (D,J) be a CR structure of Sasaki type on M, and fix a maximal
torus Tk ∈ CR(D,J). Then we have that

⋂

S∈t+k /W

Aut0(S) = Tk ,

where Aut0(S) denotes the identity component of the isotropy group Aut(S). In
particular, Tk is contained in the isotropy subgroup of every S ∈ t+k /W .

Now the basic Chern class of a Sasakian structure S = (ξ ,η ,Φ,g) is represented
by the Ricci form ρT /2π of the transverse metric gT . Although the notion of ba-
sic changes with the Reeb vector field, the complex vector bundle D remains fixed.
Hence, for any Sasakian structure S ∈ S(D,J), the transverse 2-form ρT/2π asso-
ciated to S represents the first Chern class c1(D) of the complex vector bundle D.

When k = 1, the maximal torus of CR(D,J) is one-dimensional. Since the Reeb
vector field is central, this implies that dimaut(S) = dimcr(D,J) = 1. Hence, we
have that S(D,J) = cr+(D,J) = t+1 = R

+, and S(D,J) consists of the 1-parameter
family of Sasakian structures given by Sa = (ξa,ηa,Φa,ga), where

ξa = a−1ξ , ηa = aη , Φa = Φ , ga = ag+(a2 −a)η⊗η , (9)

and a ∈ R
+, the 1-parameter family of transverse homotheties.

In effect, the transverse homotheties (9) are the only deformations (ξt ,ηt ,Φt ,gt)
of a given structure S = (ξ ,η ,Φ,g) in the Sasakian cone κ(D,J) where the Reeb
vector field varies in the form ξt = ftξ , ft a scalar function. For we then have that the
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family of tensors Φt is constant, and since £ξt Φt = 0, we see that ft must be annihi-
lated by any section of the sub-bundle D. But then (2) implies that d ft = (ξ ft)η , and
we conclude that the function ft is constant. Thus, in describing fully the tangent
space of S(D,J) at S, it suffices to describe only those deformations (ξt ,ηt ,Φt ,gt)
where ξ̇ = ∂tξt |t=0 is g-orthogonal to ξ . These correspond to deformations where
the volume of M in the metric gt remains constant in t and are parametrized by
elements of κ(D,J) that are g-orthogonal to ξ .

The terminology we use here is chosen to emphasize the analogy that the Sasaki
cone is to a CR structure of Sasaki type what the Kähler cone is to a complex
manifold of Kähler type. Indeed, for any point S = (ξ ,η ,Φ,g) in κ(D,J), the
complex normal bundle (ν(Fξ ), J̄) is isomorphic to (D,J). In this sense, the com-
plex structure J̄ is fixed with the fixing of (D,J), the Reeb vector field ξ polarizes
the manifold, and the Sasaki cone κ(D,J) represents the set of all possible po-
larizations. We observe though that when we fix ξ ∈ κ(D,J), the underlying CR
structure of elements in S(ξ , J̄) might change, even though their normal bundles
are all isomorphic to (D,J).

Let ξ ∈ κ(D,J). We may ask if there are canonical representatives of S(ξ , J̄). We
can answer this question using a variational principle, as done in [13]. Let M(ξ , J̄)
be the set of all compatible Sasakian metrics arising from structures in S(ξ , J̄), and
consider the functional

M(ξ , J̄) → R ,

g 	→
∫

M
s2

gdµg .
(10)

Its critical points define the canonical representatives that we seek. Furthermore, by
the identification of κ(D,J) with t+k , we may then single out the set of Reeb vector
fields ξ in t+k for which the functional (10) admits critical points at all.

Definition 2.4. We say that (ξ ,η ,Φ,g) ∈ S(ξ , J̄) is an extremal Sasakian structure
if g is a critical point of (10). A vector field ξ ∈ κ(D,J) is said to be extremal if
there exists an extremal Sasakian structure in S(ξ , J̄). We denote by e(D,J) the set
of all extremal elements of the Sasaki cone and refer to it as the extremal Sasaki set
of the CR structure (D,J).

Notice that (ξ ,η ,Φ,g)∈S(ξ , J̄) is extremal if, and only if, the transversal metric
gT is extremal in the Kähler sense [13]. We also have that e(D,J) is an open subset
of κ(D,J) [13], a Sasakian version of the the openness theorem in Kähler geometry
[27, 38].

3 The Energy Functional in the Sasaki Cone

By Lemma 2.3, given any Sasakian structure (ξ ,η ,Φ,g) in S(D,J), the space of gT -
Killing potentials associated to a maximal torus has dimension k−1. We denote by
Hξ =Hξ ,g(D,J) the vector subspace of C∞(M) that they and the constant functions
span. This is the space of functions whose transverse gradient is holomorphic.
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Given a Sasakian metric g such that (ξ ,η ,Φ,g) ∈ S(D,J), we define the map

C∞(M) → Hξ
f 	→ πg f

(11)

to be the L2-orthogonal projection with Hξ as its range. Then the metric g in
M(ξ , J̄) is extremal if, and only if, the scalar curvature sg = sT

g − 2n is equal to
its projection onto Hξ [39]. Or said differently, if, and only if, sg is an affine func-
tion of the space of Killing potentials. The functional (10) then admits the lower
bound

M(ξ , J̄) ( g 	→
∫

s2
gdµg ≥

∫
(πgsg)2dµg ,

where the right side only depends upon the polarization (ξ ,D,J), and it is only
reached if the metric g is extremal. This reproduces in this context a situation ana-
lyzed in the Kähler case already [40, 41].

We define the energy of a Reeb vector field in the Sasakian cone to be the func-
tional given by this optimal lower bound:

κ(D,J) E→ R

ξ 	→
∫

(πgsg)2dµg ,
(12)

Definition 3.1. A Reeb vector field ξ ∈ κ(D,J) is said to be strongly extremal if
it is a critical point of the functional (12) over the space of Sasakian structures
in κ(D,J) that fix the volume of M. The Sasakian structure (ξ ,η ,Φ,g) is said to
be a strongly extremal representative of κ(D,J) if ξ is strongly extremal, and if
g ∈ S(ξ , J̄) is an extremal representative of the polarized manifold (M,ξ ,J).

4 The Euler–Lagrange Equation for Strongly Extremal Reeb
Vector Fields

We now discuss some of the variational results that play a role in the derivation
of the Euler–Lagrange equation of a strongly extremal Reeb vector field. Complete
details of this derivation will appear elsewhere.

Let us consider a path ξt ∈ κ(D,J), and a corresponding path of Sasakian struc-
tures (ξt ,ηt ,Φt ,gt). The path of contact forms must be of the type

ηt =
1

η(ξt)
η +

1
2

dcϕt , (13)

where ϕt is a ξt-basic function. For convenience, we drop the subscript when we
consider the value of quantities at t = 0. Then, we have that η(ξ ) = 1, ϕ is constant,
and ϕ̇ a ξ -basic function.
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Proposition 4.1. Let (ξt ,ηt ,Φt ,gt) be a path of Sasakian structures that starts at
(ξ ,η ,Φ,g), such that ξt ∈ κ(D,J) and ηt is of the form (13). Then we have that

dµt = 1− t
(

(n+1)η(ξ̇ )+
1
2
∆Bϕ̇

)
dµ +O(t2) ,

and
d
dt

µgt (M) = −(n+1)
∫

(η(ξ̇ ))dµ .

Volume preserving Sasakian deformations are given by variations ξt of the Reeb
vector field whose infinitesimal deformation is globally orthogonal to it, that is to
say, such that η(ξ̇ ) is orthogonal to the constants. Finally,

D2µ(ξ̇ , β̇ ) = (n+1)(n+2)
∫

(η(ξ̇ ))(η(β̇ ))dµ .

Proof. By differentiation of (3), we obtain the variational expression for the volume
form. The expression for the infinitesimal variation of the volume follows by Stokes’
theorem and the one for the Hessian by an iteration of this argument. ��

Proposition 4.2. Let (ξt ,ηt ,Φt ,gt) be a path of Sasakian structures that starts at
(ξ ,η ,Φ,g), such that ξt ∈ κ(D,J) and ηt is of the form (13). Then we have the
expansion

st = sT −2n− t
(

n∆B(η(ξ̇ ))− sTη(ξ̇ )+
1
2
∆2

Bϕ̇ +2(ρT , i∂∂ ϕ̇)
)

+O(t2) ,

for the scalar curvature of gt .

Proof. We have the relation st = sT
t −2n, where sT

t is the scalar curvature of the
transverse Kähler metric dηt . Since the latter is

sT
t = −2(dηt , i∂∂ logdet(dηt))dηt ,

taking the t-derivative, and evaluating at t = 0, we obtain the desired result. Just
notice that the dη-trace of dη̇ is equal to the dη-trace of −η(ξ̇ )dη + i∂∂ ϕ̇ , as the
trace of d(η(ξ̇ ))∧η is zero. ��

We may now sketch the computation of the variation of the functional (12) along
the curve ξt . If the subscript t denotes quantities associated to the Sasakian structure
(ξt ,ηt ,Φt ,gt), we have that

d
dt

E(ξt) = 2
∫

(πt st)
(

d
dt

(πt st)
)

dµt +
∫

(πt st)2 d
dt

dµt ,

and by the results of the previous propositions, the value at t = 0 is given by

d
dt

E(ξt) |t=0= 2
∫

(πs)
[
(−n∆B + sT )η(ξ̇ )+ π̇s

]
dµ− (n+1)

∫
(πs)2η(ξ̇ )dµ .

(14)
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We may compute the variation of π , but need less than that for our purposes.
Indeed, if Gg is the Green’s operator of the metric g, we have that

∫
(πs)π̇sdµ =

∫
(sT −πsT )2iGg∂

∗
g(∂ #πs dη̇) ,

where given a basic function f , ∂ # f is the operator obtained by raising the indices
of the (0,1) form ∂ f using the transversal Kähler metric dη , and since

i∂ #
g πs dη̇ = −∂ (πsη(ξ̇ )) ,

we obtain that
∫

(πs)π̇sdµ =
∫

(sT −πsT )2iGg∂
∗
g(∂ #πs dη̇) = −

∫
(sT −πsT )πsη(ξ̇ )dµ ,

(15)
where the last equality follows because sT −πsT is orthogonal to the constants.

Combining these results, we obtain the following:

Theorem 4.3. Let (ξt ,ηt ,Φt ,gt) be a path of volume preserving Sasakian structures
that starts at (ξ ,η ,Φ,g), such that ξt ∈ κ(D,J), and ηt is of the form (13) with ϕt
a constant. Then we have that

d
dt

E(ξt) |t=0= 2
∫

(πs)
[
(−n∆B +πsT )η(ξ̇ )

]
dµ− (n+1)

∫
(πs)2η(ξ̇ )dµ . (16)

The Reeb vector field ξ ∈ κ(D,J) is a critical point of (12) over the space of defor-
mations with gt of fixed volume if, and only if,

πg
[
−2n∆Bπgsg − (n−1)(πgsg)2]+4nπgsg = λ , (17)

for λ a constant. ��

4.1 Some Examples of Critical Reeb Vector Fields

We may define a character that obstructs the existence of extremal Sasakian struc-
tures (ξ ,η ,Φ,g) ∈ S(ξ , J̄) where the scalar curvature sg of g is constant [13]. This
is analogous to the Futaki invariant [14, 16] in the Kähler category.

Indeed, for any transversally holomorphic vector field ∂ #
g f with Killing potential

f , the Sasaki–Futaki invariant is given by

Fξ (∂ #
g f ) = −

∫
f (sg − s0)dµg , (18)

where g is any Sasakian metric in M(ξ , J̄), sg is its scalar curvature, s0 is the pro-
jection of sg onto the constants. This expression defines uniquely a character on the
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entire algebra of transversally holomorphic vector fields, and if (ξ ,η ,Φ,g) is an ex-
tremal Sasakian structure in S(ξ , J̄), the scalar curvature sg is constant if, and only
if, Fξ ≡ 0.

Proposition 4.4. Suppose that (ξ ,η ,Φ,g) ∈ S(ξ , J̄) is such that πgsg is a constant.
Then, for any other Sasakian structure (ξ , η̃ ,Φ̃, g̃) in S(ξ , J̄), we have that πg̃sg̃ is
constant also, and equal to πgsg.

Proof. The proof follows by the same reasoning used to prove an analogous state-
ment in the Kähler context (cf. [42], Proposition 5). ��

Theorem 4.5. Let ξ ∈ κ(D,J) be such that the Sasaki–Futaki invariant is identi-
cally zero, Fξ ( ·) = 0. Then ξ is a critical point of (12).

Proof. If Fξ ( ·) = 0, then πgsg is constant, and ξ satisfies (17). ��

Example 4.6. Under the assumption that the cone C(M) = M×R
+ is a Calabi–Yau

manifold, the Hilbert action over Sasakian metrics has been extensively analyzed
[29]. When considered as a function of Reeb vector fields of charge n + 1, this
functional is a multiple of the volume,1 and its variation over such a domain is a
constant multiple of the Sasaki–Futaki invariant. Thus, a critical Reeb vector field
ξ has vanishing Sasaki–Futaki invariant, and if (ξ ,η ,Φ,g) is a Sasakian structure
corresponding to it, the function πgsg is necessarily constant. By the convexity of the
volume functional (see Proposition 4.1), the critical Reeb vector field of this func-
tional is unique. We thus see that the critical Reeb field singled out by the Hilbert
action, on this type of special manifolds, must be a critical point of our functional
(12) also, as was to be expected. ��

5 Sasakian Geometry of Links of Isolated
Hypersurface Singularities

Many of the results we discuss from here on involve the natural Sasakian geom-
etry occurring on links of isolated hypersurface singularities. In the spirit of self-
containment, we provide a brief review of the geometry of links in arbitrary
dimension, which we shall use mostly in dimension 5 later on.

Let us recall (cf. Chapters 4 and 9 of [7]) that a polynomial f ∈ C[z0, . . . ,zn]
is said to be a weighted homogeneous polynomial of degree d and weight w =
(w0, . . . ,wn) if for any λ ∈ C

×

f (λw0z0, . . . ,λwn zn) = λ d f (z0, . . . ,zn) .

1 In earnest, this is done in [29] assuming that M is quasi-regular, but the result holds in further
generality. Notice also that in the statement for the charge of the Reeb vector field, we have made
adjustments between the convention we use for the dimension of M and the one in the said refer-
ence.
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We are interested in those weighted homogeneous polynomials f whose zero locus
in C

n+1 has only an isolated singularity at the origin. We define the link L f (w,d)
as f−1(0)∩S

2n+1, where S
2n+1 is the (2n + 1)-sphere in Euclidean space. By the

Milnor fibration theorem [30], L f (w,d) is a closed (n−2)-connected manifold that
bounds a parallelizable manifold with the homotopy type of a bouquet of n-spheres.
Furthermore, L f (w,d) admits a Sasaki–Seifert structure S = (ξw,ηw,Φw,gw) in
a natural way [5, 44]. This structure is quasi-regular, and its bundle (D,J) has
c1(D) = 0. This latter property implies that

c1(Fξw) = a[dηw]B (19)

for some constant a, where Fξw is the characteristic foliation. The sign of a deter-
mines the negative, null, and positive cases that we shall refer to below.

The Sasaki–Futaki invariant (18) is the obstruction for the scalar curvature of the
metric g in an extremal Sasakian structure S = (ξ ,η ,Φ,g) to be constant [13]. One
particular case where this obstruction vanishes is when there are no transversally
holomorphic vector fields other than those generated by ξ itself. In that case, the
Sasaki cone of the corresponding CR structure turns out to be of dimension one. If
the Sasakian structure is quasi-regular, the transversally holomorphic vector fields
are the lifts of holomorphic vector fields on the projective algebraic variety Z =
M/S

1
ξ , where S

1
ξ is the circle generated by the Reeb vector field.

Let us recall that a Sasakian metric g is said to be η-Einstein if

Ricg = λg+νη⊗η

for some constants λ and ν that satisfy the relation λ +ν = 2n. They yield particular
examples of Sasakian metrics of constant scalar curvature, a function that in these
cases is given in terms of λ by the expression sg = 2n(1+λ ).

The only transversally holomorphic vector fields of a negative or a null link of
an isolated hypersurface singularity are those generated by the Reeb vector field.
These links have a one-dimensional Sasaki cone, and by the transverse Aubin–Yau
theorem [11], any point in this cone can be represented by a Sasakian structure
whose metric is η-Einstein (see examples of such links in [7,8]). We thus obtain the
following

Theorem 5.1. Let L f (w,d) be either a negative or null link of an isolated hypersur-
face singularity with underlying CR structure (D,J). Then its Sasaki cone κ(D,J)
is one-dimensional, and it coincides with the extremal Sasaki set e(D,J).

The case of positive links is more complicated. This can be deduced already
from the fact that if we were to have a Sasakian structure S = (ξ ,η ,Φ,g) such
that c1(Fξ ) = a[dη ]B with a > 0 and where g is η-Einstein, then there would exist a
transverse homothety (9) that would yield a Sasaki–Einstein metric of positive scalar
curvature, and generally speaking, these types of metrics are difficult to be had.

In order to understand this case better, we begin by stating the following result
that applies to links in general, and which follows by Corollary 5.3 of [13]:
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Proposition 5.2. Let L f (w,d) be the link of an isolated hypersurface singularity
with its natural Sasakian structure S = (ξw,ηw,Φw,gw). If g ∈ S(ξw, J̄) is an ex-
tremal Sasakian metric with constant scalar curvature, then g is η-Einstein.

By Lemma 5.5.3 of [7], if the weight vector w = (w0, . . . ,wn) of a link L f (w,d)
is such that 2wi < d for all but at most one of the indices, then the Lie algebra aut(S)
is generated by the Reeb vector field ξw. We have the following

Theorem 5.3. Let L f (w,d) be the link of an isolated hypersurface singularity with
2wi < d for all but at most one of the indices, and let (D,J) be its underlying CR
structure. Then the dimension of the Sasaki cone κ(D,J) is one.

Even if we assume that for a given positive link L f (w,d) the hypothesis of
Theorem 5.3 applies, and so its Sasaki–Futaki invariant vanishes identically, there
could be other obstructions preventing the existence of extremal Sasakian metrics
of constant scalar curvature on it. Indeed, as was observed in [19], classical esti-
mates of Bishop and Lichnerowicz may obstruct the existence of Sasaki–Einstein
metrics, an observation that has produced a very effective tool to rule out the exis-
tence of these metrics in various cases. Employing the Lichnerowicz estimates [19]
in combination with the discussion above and some results in [13], we obtain the
following:

Proposition 5.4. Let L f (w,d) be a link of an isolated hypersurface singularity with
its natural Sasakian structure, and let I := |w|−d = (∑ j w j)−d be its index. If

I > n min
i
{wi} ,

then L f (w;d) cannot admit any Sasaki–Einstein metric. In that case, S(ξw, J̄) does
not admit extremal representatives.

Combining Theorem 5.3 and Proposition 5.4, we may obtain examples of pos-
itive links whose Sasaki cones are one-dimensional and whose extremal sets are
empty.

Theorem 5.5. Let L f (w,d) be a positive link of an isolated hypersurface singularity
whose index I satisfies the relation I > n mini {wi}, and such that 2wi < d for all
but at most one of the indices. If (D,J) is its underlying CR structure, we have that
the dimension of the Sasaki cone κ(D,J) is one, and that the extremal set e(D,J) is
empty.

Besides the conditions given above on the weight vector of a link, there are
other interesting algebraic conditions that suffice to prove the existence of extremal
Sasakian metrics on it. These arise when we view the link as a Seifert fibration over
a base X with orbifold singularities. If the Kähler class of the projective algebraic
variety X is a primitive integral class in the second orbifold cohomology group, and
the constant a in (19) is positive, they serve to measure the singularity of the pair
(X ,K−1 +∆), where K−1 is an anticanonical divisor, and ∆ is a branch divisor, and
are known as Kawamata log terminal (Klt) conditions (cf. Chapter 5 of [7]).
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A weighted homogeneous polynomial of the form

f = za0
0 + · · ·+ zan

n , ai ≥ 2 , (20)

is called a Brieskorn–Pham (BP) polynomial. In this case the exponents ai, the
weights wi, and degree are related by d = aiwi for each i = 0, . . . ,n. We change
slightly the notation in this case, and denote by L f (a), a = (a0, . . . ,an), the link that
a BP polynomial f defines. These are special but quite important examples of links.
Their Klt conditions were described in [9]. The base of a BP link L f (a) admits a
positive Kähler–Einstein orbifold metric if

1 <
n

∑
i=0

1
ai

< 1+
n

n−1
min

i, j

{
1
ai

,
1

bib j

}
. (21)

where b j = gcd(a j,C j) and C j = lcm{ai : i �= j}. This condition leads to the find-
ing of a rather large number of examples of Sasaki–Einstein metrics on homotopy
spheres [9, 10] and rational homology spheres [4, 25].

In the special case when the integers (a0, . . . ,an) are pairwise relatively prime,
Ghigi and Kollár [20] obtained a sharp estimate. In this case, the BP link is always
a homotopy sphere, and if we combine the now sharp Klt estimate with Proposition
5.4 above, we see that, when the ais are pairwise relatively prime, a BP link L f (a)
admits an extremal Sasakian metric if, and only if,

n

∑
i=0

1
ai

< 1+n min
i

{
1
ai

}
.

Other applications of the Klt estimate (21) exist [7, 8]. If f is neither a BP poly-
nomial nor a perturbation thereof, alternative estimates must be developed. Further
details can be found in [7].

Notice that in all the link examples we have discussed above, information about
the topology of the underlying manifold is absent. We end this section addressing
that issue in part.

Topological information about links was first given by Milnor and Orlik in [31]
through the study of the Alexander polynomial. They computed the Betti numbers
of the manifold underlying the link of any weighted homogeneous polynomial of an
isolated hypersurface singularity, and in the case of a rational homology sphere, the
order of the relevant homology groups. A bit later, Orlik [32] postulated a combina-
torial conjecture for computing the torsion, an algorithm that we describe next (see
Chapter 9 of [7] for more detail).

Given a link L f (w,d), we define its fractional weights to be
(

d
w0

, · · · , d
wn

)
≡
(

u0

v0
, · · · , un

vn

)
, (22)

where
ui =

d
gcd(d,wi)

, vi =
wi

gcd(d,wi)
. (23)
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We denote by (u,v) the tuple (u0, . . . ,un,v0, . . . ,vn). By (23), we may go between
(w,d) and (u,v). We will sometimes write Lf (u,v) for L f (w,d).

Definition 5.6 (Orlik’s algorithm). Let {i1, . . . , is}⊂ {0,1, . . . ,n} be an ordered set
of s indices, that is to say, i1 < i2 < · · ·< is. Let us denote by I its power set (consist-
ing of all of the 2s subsets of the set), and by J the set of all proper subsets. Given a
(2n+2)-tuple (u,v) = (u0, . . . ,un,v0, . . . ,vn) of integers, we define inductively a set
of 2s positive integers, one for each ordered element of I, as follows:

c /0 = gcd(u0, . . . ,un) ,

and if {i1, . . . , is} ∈ I is ordered, then

ci1,...,is =
gcd(u0, . . . , ûi1 , . . . , ûis , . . . ,un)

∏J c j1,... jt
. (24)

Similarly, we also define a set of 2s real numbers by

k /0 = εn+1 ,

and
ki1,...,is = εn−s+1∑

J
(−1)s−t u j1 · · ·u jt

v j1 · · ·v jt lcm(u j1 , . . . ,u jt )
, (25)

where

εn−s+1 =

{
0 if n− s+1 is even,
1 if n− s+1 is odd,

respectively. Finally, for any j such that 1 ≤ j ≤ r = [max{ki1,...,is}], where [x] is the
greatest integer less or equal than x, we set

d j = ∏
ki1,...,is≥ j

ci1,...,is . (26)

��

Orlik’s torsion conjecture [32] is stated in terms of the integers computed by this
algorithm:

Conjecture 5.7. For a link L f (u,v) with fractional weights (u,v), we have

Hn−1(L f (u,v),Z)tor = Z/d1 ⊕·· ·⊕Z/dr .

This conjecture is known to hold in certain special cases [34, 36].

Proposition 5.8. Conjecture 5.7 holds in the following cases:

1. In dimension 3, that is to say, when n = 2.
2. For Brieskorn–Pham polynomials (20).
3. For f (z) = za0

0 + z0za1
1 + z1za2

2 + · · ·+ zn−1zan
n .
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It is also known to hold for certain complete intersections given by generalized
Brieskorn polynomials [36].

Before his tragic accident, by using Kollár’s Theorem 6.1 below, Kris proved that
Conjecture 5.7 holds in dimension 5 also. We present his argument in the appendix.

6 Extremal Sasakian Metrics in Dimension Five

We start by reviewing briefly some general facts about Sasakian geometry on simply
connected 5-manifolds (cf. Chapter 10 of [7]).

6.1 Sasakian Geometry in Dimension Five

Sasakian geometry in dimension five is large enough to be interesting while remain-
ing manageable, at least in the case of closed simply connected manifolds where we
can use the Smale–Barden classification.

Up to diffeomorphism, Smale [43] classified all closed simply connected
5-manifolds that admit a spin structure and showed they must be of the form

M = kM∞#Mm1 # · · ·#Mmn (27)

where M∞ = S
2×S

3, kM∞ is the k-fold connected sum of M∞, mi is a positive integer
with mi dividing mi+1 and m1 ≥ 1, and where Mm is S

5 if m = 1, or a 5-manifold
such that H2(Mm,Z) = Z/m⊕Z/m, otherwise. The integer k in this expression can
take on the values 0,1, . . ., with k = 0 corresponding to the case where there is no
M∞ factor at all. It will be convenient to set the convention 0M∞ = S

5 below, which
is consistent with the fact that the sphere is the neutral element for the connected
sum operation. The mis can range in 1,2, . . ..

Barden [2] extended Smale’s classification to include the non-spin case also,
where we must add the nontrivial S

3-bundle over S
2, denoted by X∞, and certain

rational homology spheres Xj parameterized by j = −1,1,2, . . . that do not ad-
mit contact structures, and can be safely ignored from consideration when studying
the Sasakian case. Notice that X∞#X∞ = 2M∞, so in considering simply connected
Sasakian 5-manifolds that are non-spin, it suffices to take a connected sum of the
manifold (27) with one copy of X∞, or equivalently, replace at most one copy of M∞
with X∞.

What Smale–Barden manifolds can admit Sasakian structures? A partial answer
to this question has been given recently by Kollár [24]. In order to present this, it is
convenient to describe the torsion subgroup of H2(M,Z) for the manifold M in terms
of elementary divisors rather than the invariant factors in (27). The group H2(M,Z)
can be written as a direct sum of cyclic groups of prime power order

H2(M,Z) = Z
k ⊕
⊕
p,i

(
Z/pi)c(pi)

, (28)
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where k = b2(M) and c(pi) = c(pi,M). These nonnegative integers are determined
by H2(M,Z), but the subgroups Z/pi ⊂ H2(M,Z) are not unique. We can choose
the decomposition (28) such that the second Stiefel–Whitney class map

w2 : H2(M,Z) → Z/2

is zero on all but one of the summands Z/2 j. If we now assume that M carries a
Sasakian structure, by Rukimbira’s approximation theorem [37], M admits a Seifert
fibered structure (in general, nonunique) with an associated Sasakian structure, or a
Sasaki–Seifert structure as referred to in [7]. Kollár [24] proved that the existence of
a Seifert fibered structure on M imposes constraints on the invariants k and c(pi) of
(28) above. Namely, for the primes that appear in the expression, the cardinality of
the set {i : c(pi) > 0} must be less than or equal to k+1. For example, both M2 and
M4 admit Sasakian structures but M2#M4 does not. Other obstructions involving the
torsion subgroup of H2(M,Z) apply as well [7, 24].

The case of positive Sasakian structures is particularly attractive since they pro-
vide examples of Riemannian metrics with positive Ricci curvature. Kollár [25]
(see also [26] in these Proceedings) has shown that positivity greatly restricts the
allowable torsion groups. He proved that if a closed simply connected 5-manifold
M admits a positive Sasakian structure, then the torsion subgroup of H2(M,Z) must
be one of the following:

1. (Z/m)2, m ∈ Z
+,

2. (Z/5)4,
3. (Z/4)4,
4. (Z/3)4, (Z/3)6, or (Z/3)8,
5. (Z/2)2n, n ∈ Z

+.

Conversely, for each finite group G in the list above, there is a closed simply con-
nected 5-manifold M with H2(M,Z)tor = G, and remarkably enough, all of these
manifolds can be realized as the links of isolated hypersurface singularities.

Let us recall that a quasi-regular Sasakian structure can be viewed as a Seifert
fibered structure. In dimension five, Kollár [25] has shown how the branch divisors
Di of the orbifold base determine the torsion in H2(M,Z). For simply connected
5-manifolds, this result is as follows:

Theorem 6.1. Let M5 be a compact simply connected 5-manifold with a quasi-
regular Sasakian structure S, let (Z,∑i(1− 1

mi
)Di) denote the corresponding pro-

jective algebraic orbifold base, with branch divisors Di and ramification index mi,
and let k be the second Betti number of M5. Then the integral cohomology groups
of M5 are as follows:

i 0 1 2 3 4 5

Hi(M5,Z) Z 0 Z
k

Z
k ⊕∑i(Z/mi)2g(Di) 0 Z

where g(D) is the genus of the Riemann surface D (notice that Z/1 is the trivial
group).
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Table 1 Simply connected spin 5-manifolds admitting Sasaki–Einstein metrics.

Manifold M Sasaki–Einstein

kM∞, k ≥ 0 Any k
8M∞#Mm, m > 2 m > 4
7M∞#Mm, m > 2 m > 2
6M∞#Mm, m > 2 m > 2
5M∞#Mm, m > 2 m > 11
4M∞#Mm, m > 2 m > 4
3M∞#Mm, m > 2 m = 7,9 or m > 10
2M∞#Mm, m > 2 m > 11
M∞#Mm, m > 2 m > 11
Mm, m > 2 m > 2
2M5, 2M4, 4M3, M∞#2M4 Yes
kM∞#2M3 k = 0
kM∞#3M3, k ≥ 0 k = 0
kM∞#nM2, k ≥ 0, n > 0 (k,n) = (0,1) or (1,n), n > 0
kM∞#Mm, k > 8, 2 < m < 12

The right column indicates the restriction that ensures that the manifold on the
left carries a Sasaki–Einstein metric.

6.2 Existence of Extremal Metrics

Here we reproduce a table [7] (see Table 1) that lists all simply connected spin
5-manifolds that can admit a Sasaki–Einstein metric (and which are, therefore,
Sasaki extremal). In the first column, we list the type of manifold in terms of Smale’s
description (27), and in the second column we indicate restrictions on these under
which a Sasaki–Einstein structure is known to exist. Any Smale manifold that is not
listed here cannot admit a Sasaki–Einstein metric, but could, in principle, admit an
extremal metric. We list the manifolds but not the number of deformation classes of
positive Sasakian structures that may occur, a number that varies depending upon
the manifold in question. For example, there are infinitely many such deformation
classes on the 5-sphere S

5 and on k(S2 ×S
3), as well as on some rational homology

spheres. On the other hand, there is a unique deformation class of positive Sasakian
structures on the rational homology spheres 2M5 and 4M3 [25, 26], and they both
admit extremal metrics.

6.3 Brieskorn–Pham Links with No Extremal Sasakian Metrics

We now provide a table (Table 2) with examples of Brieskorn–Pham links L f (a)
whose extremal sets are all empty. These are obtained by using Proposition 5.4,
the required estimate on the index being easily checked. We list the link together
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Table 2 Some examples of 5-dimensional Brieskorn–Pham links whose associated space of
Sasakian structures, S(ξ ), does not have extremal Sasakian metrics.

Manifold M Link L f (a) Dimκ

M1 L(2,3,3,6l +1), l ≥ 2 1
M1 L(2,3,3,6l +5), l ≥ 2 1
M1 L(2,2,2,2l +1), l ≥ 2 2
M∞ L(2,2,2,2l), l ≥ 3 2
2M∞ L(2,3,3,2(3l +1)), l ≥ 2 1
2M∞ L(2,3,3,2(3l +2)), l ≥ 2 1
4M∞ L(2,3,3,6l), l ≥ 3 1
6M∞ L(2,3,4,12l), l ≥ 3 1
8M∞ L(2,3,5,30l), l ≥ 3 1
(k−1)M∞ L(2,2,k,2lk), l ≥ 2, k ≥ 3 2
4M2 L(2,3,5,15(2l +1)), l ≥ 2 1
2M∞#M2 L(2,3,4,6(2l +1)), l ≥ 2 1

The last column lists the dimension of their Sasaki cones.

Table 3 Five-dimensional links of isolated hypersurface singularities that do not carry Sasakian
extremal structure.

Manifold M Weight vector w d

3M∞#M2 (2,2(4l +3),6l +5,2(6l +5)), l ≥ 2 4(6l +5)
7M∞ (1,4l +1,3l +1,2(3l +1)), l ≥ 2 4(3l +1)
M4 (4,3(2l +1),4(2l +1),4(3l +1)), l ≥ 5 12(2l +1)

with the range for its parameters, the underlying manifold, and the dimension of the
Sasaki cone κ of the corresponding CR structure. There are infinitely many such
links (or Sasaki–Seifert structures) on each of the manifolds listed.

More examples can be had by considering general weighted homogeneous poly-
nomials f instead. In those cases, we go back to the notation L f (w,d) for the link, w
its weight vector, and d its degree. Their systematic study should be possible by us-
ing the classification of normal forms of Yau and Yu [46]. Here we content ourselves
by giving a few examples. In all of these cases, the Sasaki cone is one-dimensional.

In the first row of Table 3, the existence of positive Sasakian structures on the
Smale–Barden manifold 3M∞#M2 is reported here for the first time. As indicated in
the table, for l ≥ 2 these links do not carry extremal Sasakian metrics. It is unknown
if an extremal Sasakian metric exists when l = 1, and generally speaking, it is not
known whether an extremal Sasakian metric exists at all on 3M∞#M2. A similar
situation occurs for the link L f ((4,5,12,20),40), which gives a positive Sasakian
structure on the manifold 3M∞#M4, and which is not yet known to carry extremal
Sasakian metrics. Thus, it is natural to pose the following:

Question 6.2. Are there positive Sasakian manifolds that admit no extremal
Sasakian metrics?
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6.4 Toric Sasakian 5-Manifolds

The study of contact toric (2n+1)-manifolds goes back to [1], where it was shown
that toric contact structures split into two types, those where the torus action is free,
and those where it is not, with the free action case easily described, and the non-
free case described via a Delzant type theorem when n ≥ 2. A somewhat refined
classification was obtained later [28], and the non-free case (again, for n ≥ 2) was
characterized in [3] by the condition that the Reeb vector field belongs to the Lie
algebra of the (n+1)-torus acting on the manifold. These toric actions were called
actions of Reeb type, and it was proved that every toric contact structure of Reeb type
admits a compatible Sasakian structure. Here we content ourselves with describing
the Sasaki cone for a simple but interesting example. For more on toric Sasakian
geometry, we refer the reader to [12, 15, 17].

Example 6.3. The Wang–Ziller manifold Mp1,p2
k1,k2

[45] is defined to be the total space
of the S

1-bundle over CP
p1 ×CP

p2 whose first Chern class is k1α1 +k2α2, αi being
the positive generator of H2(CP

pi ,Z) with k1,k2 ∈ Z
+. These manifolds all admit

homogeneous Einstein metrics [45], and also admit homogeneous Sasakian struc-
tures [6]. However, they are Sasaki–Einstein only if k1α1 + k2α2 is proportional to
the first Chern class of CP

p1 ×CP
p2 , that is to say, only when k1α1 + k2α2 and

(p1 +1)α1 +(p2 +1)α2 are proportional.
We are interested in Mp,q

k,l as a toric Sasakian manifold and treat the five-

dimensional case M1,1
k1,k2

only. We shall also assume that gcd(k1,k2) = 1, for then

M1,1
k1,k2

is simply connected, and diffeomorphic to S
2 ×S

3. If k1 and k2 are not rel-

atively prime, the analysis of M1,1
k1,k2

can be obtained easily from the simply con-
nected case by taking an appropriate cyclic quotient. We shall also assume that
if (k1,k2) �= (1,1), then k1 < k2, for otherwise we can simply interchange the
two CP

1s.
We wish to find the Sasaki cone for M1,1

k1,k2
. For that, we identify this manifold

with the quotient S
3 ×S

3/S
1(k1,k2), where the S

1 action on S
3 ×S

3 is given by

(x,y) 	→ (eik2θx,e−ik1θy) ,

and points in S
3 are viewed as points in C

2. Alternatively, M1,1
k1,k2

can be obtained
by a Sasakian reduction [21] of the standard Sasakian structure S0 on S

7 by the
S

1(k1,k2) action, the moment map µ : S
7 → R being given by

µ = k2(|z0|2 + |z1|2)− k1(|z2|2 + |z3|2) .

The zero level set is the product S
3(R1)×S

3(R2) of spheres whose radii are given by

R2
i =

ki

k1 + k2
. (29)
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The Sasakian structure on M1,1
k1,k2

induced by this reduction is denoted by Sk1,k2 =
(ξ ,η ,Φ,g), where for ease of notation, we refrain from writing the tensor fields
with the subscripts also.

Let us consider coordinates (z0,z1,z2,z3) in C
4, where z j = x j + iy j. Then the

vector fields

Hi = yi
∂
∂xi

− xi
∂
∂yi

, 0 ≤ i ≤ 3 ,

restrict to vector fields on S
7 that span the Lie algebra t4 of the maximal torus

T 4 ⊂ SO(8). The base space CP
1 × CP

1 of M1,1
k1,k2

is obtained from the zero
level set S

3(R1)× S
3(R2) as the quotient by the free T 2-action given by (x,y) 	→

(eiθ1x,eiθ2 y). Let X̃ denote the vector field on CP
1 generating the S

1-action defined
in homogeneous coordinates by [ζ0,ζ1] 	→ [eiφ ζ0,e−iφ ζ1], and denote by X̃1 and X̃2
the vector field X̃ on the two copies of CP

1. We let X1 and X2 denote the lifts of
these vector fields to aut(Sk1,k2).

The Reeb vector field ξ of Sk1,k2 is that induced by the restriction of H0 + H1 +
H2 +H3 to the zero level set S

3(R1)×S
3(R2) of the moment map µ (see Theorems

8.5.2 and 8.5.3 in [7]). The Lie algebra t3(k1,k2) of the 3-torus of Sk1,k2 is spanned
by the Reeb vector field ξ , and the two vector fields X1 and X2 described above.

We have:

Lemma 6.4. The Sasaki cone κ(Dk1,k2 ,J) for the Wang–Ziller manifold M1,1
k1,k2

is
given by the set of all vector fields

Zl0,l1,l2 = l0ξ + l1X1 + l2X2 , (l0, l1, l2) ∈ R
3 ,

subject to the conditions

l0 > 0, |k1l1 + k2l2| < (k1 + k2)l0.

Proof. The Sasaki cone κ(Dk1,k2 ,J) is equal to the set of {Z ∈ t3 | η(Z) > 0} of
positive vector fields (see Theorem 2.2). The vector fields X1 and X2 are induced on
the quotient M1,1

k1,k2
≈ (S3(R1)× S

3(R2))/S
1(k1,k2) by the restrictions of H0 −H1

and H2 −H3 to S
3(R1)×S

3(R2). So we have

η(Zl0,l1,l2) = η(l0ξ + l1X1 + l2X2) = l0 + l1(|z0|2 −|z1|2)+ l2(|z2|2 −|z3|2) ,

with l0 > 0. The desired result now follows if we use the expression (29) for the
radii. ��

For (l0, l1, l2) = (1,0,0), we obtain the original Kähler structure on the base
CP

1 ×CP
1, with Kähler metric k1ω1 +k2ω2 where ωi is the standard Fubini–Study

Kähler form on the corresponding CP
1 factor. The scalar curvature of this metric

is constant, and therefore, the Reeb vector field ξ on M1,1
k1,k2

is strongly extremal.
Moreover, by the openness theorem [13], there exist an open neighborhood of ξ in
κ(Dk1,k2 ,J) that is entirely contained in the extremal set e(Dk1,k2 ,J). It would be of
interest to determine how big a neighborhood this can be, and how it compares to the
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entire Sasaki cone. Although each M1,1
k1,k2

carries a Sasakian structure Sk1,k2 with an
extremal Sasakian metric of constant scalar curvature, the only one with a Sasaki–
Einstein metric is M1,1

1,1 . This follows from the fact that c1(Dk1,k2) = 2(k2 − k1)x,
where x is the positive generator of H2(S2 ×S

3,Z).

7 Appendix

We begin describing a graphical procedure that generalizes the now well-known
Brieskorn graphs (see Theorem 10.3.5 and Remark 10.3.1 of [7] for a detailed dis-
cussion).

To a given link L f (w,d) = L f (u,v) defined by a weighted homogeneous polyno-
mial f , of weight vector w and fractional weight vector (u,v), we associate a graph
as follows:

Definition 7.1. Consider the following rational Brieskorn polytope

where we think of G(u,v) as a tetrahedron, and

1. we label the vertices with pairs (ui,αi), i = 0,1,2,3, where αi = 1 − 1/v j −
1/vk −1/vl for a set of distinct indices {i, j,k, l},

2. we label the edges with the numbers αi j = gcd(ui,u j)/v jv j,
3. we label the faces with numbers αi jk = gcd(ui,u j,uk)/viv jvk,
4. we label the interior of the tetrahedron with the pair

(t,τ) ≡
(

u0u1u2u3

v0v1v2v3lcm(u1,u1,u2,u3)
,−1+

1
v0

+
1
v1

+
1
v2

+
1
v3

)
.

Furthermore,
5. we define the reduced indices mi to be the factor of ui that is not a factor of any

of the u js associated to the remaining 3 vertices,
6. we define numbers gi so that 2gi +αi is computed from the face opposite to the

vertex (ui,αi) as the product of the edge numbers divided by the face number
minus the sum of the edge numbers,

7. we define κ so that κ + τ − t is the sum of the six edge numbers minus the sum
of four products of edge numbers divided by the face numbers, one such term for
each face.
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Using this associated graph, we can reformulate Orlik’s Conjecture 5.7 in dimen-
sion five as follows:

Conjecture 7.2. The second homology group over Z of a five-dimensional link
L f (u,v) is given by

H2(L(a),Z) = Z
κ ⊕ (Z/m0)2g0 ⊕ (Z/m1)2g1 ⊕ (Z/m2)2g2 ⊕ (Z/m3)2g3 ,

where κ,mi,gi are the integers given in Definition 7.1.

That κ is the second Betti number of the link was known long ago [31]. There
remains to describe the torsion.

Before going any further in this direction, we need to reformulate Kollár’s
Theorem 6.1 for 5-dimensional links L f (w,d). First, let us recall the following two
simple conditions of quasi-smoothness for curves [22] and surfaces [23]:

Proposition 7.3 ([22]). Let Cd ⊂ CP
2(w0,w1,w2) be a curve of degree d defined by

a homogeneous polynomial f . Assume that d > ai, ai integer, i = 0,1,2. Then Cd is
quasi-smooth if for all i ∈ {0,1,2} the following conditions are satisfied:

1. the polynomial f has a monomial zai
i z j for some j (here we allow i = j) of de-

gree d
2. the polynomial f has a monomial of degree d that does not involve zi.

Proposition 7.4 ([22, 23]). A general hypersurface Xd ⊂ CP
3(w0,w1,w2,w3) de-

fined by a homogeneous polynomial f is quasi-smooth if, and only if, all of the
following three conditions hold

1. For each i = 0, . . . ,3, there is an index j such that f has a monomial zmi
i z j ∈

H0(CP
3(w),O(d)). Here j = i is possible.

2. If gcd(wi,w j) > 1, then f has a monomial zbi
i z

b j
j ∈ H0(CP

3(w),O(d)).

3. For every i, j either f has a monomial zbi
i z

b j
j ∈ H0(CP

3(w),O(d)), or f has

monomials zci
i z

c j
j zk and zdi

i z
d j
j zl ∈ H0(CP

3(w),O(d)) with {k, l} �= {i, j}.

We are then ready for the following proposition.

Proposition 7.5. Let L f (w,d) be a link defined by a quasi-smooth weighted homo-
geneous polynomial f = f (z0,z1,z2,z3), with weights w = (w0,w1,w2,w3), and of
degree d. Let L f → Xf ⊂ CP

3(w0,w1,w2,w3) be the associated Seifert fibration.
Consider the sets

Di = Xf ∩{zi = 0} ⊂ CP
2(w0, . . . , ŵi, . . . ,w3) .

Note that Di need not be an orbifold, so pick i ∈ A ⊂ Ω = {0,1,2,3} such that
Di is a quasi-smooth (orbifold) Riemann surface. Then Di can be singular only if
gcd(w0, . . . , ŵi, . . . ,w3) = 1, and we have that

H2(L f ,Z) = Z
κ ⊕∑

i
(Z/mi)2g(Di) ,
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where κ = b2(L f ) = b2(Xf )− 1, and the ramification indices are given by mi =
gcd{w0, . . . , ŵi, . . . ,w3}. In particular, let us set di = d/mi, and let us normalize
the weight vector by w̃i = 1

mi
(w0, . . . , ŵi, . . . ,w3). Then Di ⊂ CP

2(w̃i) is an orbifold
Riemann surface of degree di embedded in the weighted projective 2-space with
weights w̃i, and its genus g(Di) is given by the formula [33, 35]

g(Σ(w̃,d)) =
1
2

( d2

w̃0w̃1w̃2
−d∑

i< j

gcd(w̃i, w̃ j)
w̃iw̃ j

+∑
i

gcd(d, w̃i)
w̃i

−1
)

. (30)

Proof. We only need to show that if Di is singular, then we must have mi = 1 so
that Di ⊂ Xreg

f lies inside the smooth part of Xf . This will follow from the quasi-
smoothness condition on f .

Suppose then that m0 = gcd(w1,w2,w3) > 1, and that D0 is singular. We shall
derive a contradiction.

Since m0 > 1, we have gcd(wi,w j) > 1 for all 1 ≤ i < j ≤ 3. Since Xf ⊂
CP

3(w0,w1,w2,w3) is quasi-smooth, f (z) must contain the following monomial
terms (other than the terms involving z0):

za1
1 z j, za2

2 zk, za3
3 zl , j,k, l ∈ {1,2,3} ,

and
zα1 zβ2 , zγ2zδ3 , zτ3zρ1 .

Note that, for example, za1
1 z0 is not possible as this would mean that

d = w0 +w1a1 ,

and m0 divides d and w1 but not w0. Hence, the polynomial g(z1,z2,z3) =
f (0,z1,z2,z3) will contain these six monomial terms. Note that the degree of g
is d̃ = d/m0, and it has weights w̃i = wi/m0. By Proposition 7.3, it is quasi-smooth.
This contradicts the fact that D0 is assumed to be singular. ��

7.1 Proof of Orlik’s Conjecture in Dimension 5

In order to prove Conjecture 7.2, we only need to show that the (κ,mi,gi)s of
Definition 7.1 are the same as the ones in Proposition 7.5. We need to pass between
the (u,v)-data and the (w,d)-data.

It suffices to prove the needed statement for i = 0. We first observe that (m0,k0) =
(c123,k123). In terms of the (u,v)-data, we have

m0 =
u0gcd(u0,u1,u2)gcd(u0,u1,u2)gcd(u0,u2,u3)gcd(u0,u1,u3)

gcd(u0,u1,u2,u3)gcd(u0,u1)gcd(u0,u2)gcd(u0,u3)
,
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and

2g0 = −1+
(

1
v1

+
1
v2

+
1
v3

)

−
(

u1u2

v1v2lcm(u1,u2)
+

u1u3

v1v3lcm(u1,u3)
+

u2u3

v2v3lcm(u2,u3)

)

+
u1u2u3

v1v2v3lcm(u1,u2,u3)
.

We recall now that

ui =
d

gcd(d,wi)
, vi =

wi

gcd(d,wi)
,

ui

vi
=

d
wi

.

Let us begin with 2g0. The first term is no problem as

1
vi

=
gcd(d,wi)

wi
,

as needed.
Since f is quasi-smooth, gcd(wi,w j) must divide the degree for all i < j. By this,

we have the following

uiu j

viv jlcm(ui,u j)
=

gcd(ui,u j)
viv j

=
gcd(ui,u j)gcd(d,w j)gcd(d,wi)

wiw j

=
gcd
(
ui(gcd(d,wj)gcd(d,wi)),u j(gcd(d,wj)gcd(d,wi))

)
wiw j

=
gcd
(
d gcd(d,w j),d gcd(d,wi)

)
wiw j

=
d gcd

(
gcd(d,w j),gcd(d,wi)

)
wiw j

=
d gcd(wi,w j)

wiw j
,

where the last equality holds because gcd(wi,w j) divides d. Alternatively (an argu-
ment that is simpler), we could get the same result by showing that if gcd(wi,w j)|d,
then

lcm
(

d
gcd(d,wi)

,
d

gcd(d,wi)

)
=

d
gcd(wi,w j)

.

The last term is handled similarly,

u1u2u3

v1v2v3lcm(u1,u2,u3)
=

d2 gcd(w1,w2,w3)
w1w2w3

,

because under the assumption that gcd(wi,w j)|d for all i �= j, we have that
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lcm
(

d
gcd(d,wi)

,
d

gcd(d,wi)
,

d
gcd(d,wk)

)
=

d
gcd(wi,w j,wk)

.

Combining all of these terms, we get that

2g0 = −1+
3

∑
i=1

gcd(d,wi)
wi

−d ∑
1≤i< j≤3

gcd(wi,w j)
wiw j

+
d2 gcd(w1,w2,w3)

w1w2w3
.

If we now re-scale

w̃ =
(w1,w2,w3)

gcd(w1,w2,w3)
, d̃ =

d
gcd(w1,w2,w3)

,

we see that for 0 ≤ i < j < k ≤ 3, we have that ki jk = 2g(Σ(w̃,d̃)), as desired.
It remains to show that m0 = gcd(w1,w2,w3), which we shall leave as an

exercise.
The conjecture follows now by Proposition 7.5. This proposition shows that when

any of the mi > 1, then the corresponding gi is the genus of a quasi-smooth curve
Di, and therefore, 2gi must not only be integral but also equal to twice that genus as
it was shown. When mi = 1, it does not matter what 2gi is as it does not enter into
the torsion formula in either Kollár’s theorem or in Orlik’s algorithm.
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